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Abstract. Given ε > 0, a continuous linear functional ϕ on C(X) is said to
be ε-disjointness preserving if |ϕ(f)ϕ(g)| ≤ ε whenever f, g ∈ C(X) satisfy
‖f‖∞ = ‖g‖∞ = 1 and fg ≡ 0. In this paper we provide the exact maximal
distance from ε-disjointness preserving linear functionals to the set of weighted
point evaluation functionals.

1. Introduction

In [8], B.E. Johnson studied whether approximately multiplicative functionals
on certain commutative Banach algebras can be approximated by multiplicative
functionals. He showed that this question of stability for multiplicatively functionals
is true on several classical algebras called AMNM algebras (almost multiplicative
maps are near multiplicative maps). The algebra of continuous functions on a
compact Hausdorff space or the group algebra of a locally compact abelian group
belong to this class. Later, in [9], he pursued a similar study for approximately
multiplicative maps defined between certain Banach algebras (AMNM pairs).

Recently, G. Dolinar ([4]), in the spirit of the papers by B.E. Johnson cited
above, considered a more general problem: the stability of disjointness preserving
mappings defined between spaces of continuous functions. Let us first recall that a
linear operator T : C(X) −→ C(Y ), with X and Y (nonempty) compact Hausdorff
spaces, is said to be disjointness preserving (or separating) if, given f, g ∈ C(X),
fg ≡ 0 yields (Tf)(Tg) ≡ 0. Clearly every weighted composition map is disjointness
preserving. Reciprocally, it is well known (see, for instance, [6], [1], [5], [7]) that if
a disjointness preserving operator is continuous, then it is a weighted composition
(where, as usual, the spaces of continuous functions are considered to be endowed
with the sup norm ‖·‖∞).

On the other hand, given ε > 0, a continuous linear operator T : C(X) −→ C(Y )
is said to be approximately disjointness preserving or ε-disjointness preserving ([4])
if ‖(Tf)(Tg)‖∞ ≤ ε whenever f, g ∈ C(X) satisfy ‖f‖∞ = ‖g‖∞ = 1 and fg ≡ 0
(or, equivalently, if ‖(Tf)(Tg)‖∞ ≤ ε ‖f‖∞ ‖g‖∞ whenever fg ≡ 0).
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3164 JESÚS ARAUJO AND JUAN J. FONT

One of the main results in [4] can be stated as follows: Let ε > 0 and let
T : C(X) −→ C(Y ) be an ε-disjointness preserving operator with ‖T‖ = 1. Then
there exists a weighted composition map S : C(X) −→ C(Y ) such that

‖T − S‖ ≤ 20
√
ε.

Recently, in [2], we have generalized completely Dolinar’s result by proving that

a bound for the stability of weighted composition operators is indeed
√
17ε/2 rather

than 20
√
ε. An example is provided to show that

√
17ε/2 is, in fact, a sharp bound.

In [3], among other things, we pursue our study of how far apart an ε-disjointness
preserving operator can be from the set of all weighted composition operators.

In both manuscripts ([2], [3]) we assume that Y has at least two points, but in
this paper we focus on continuous disjointness preserving linear functionals, that
is, the case when Y has just one point (so, if C(X)′ denotes the space of linear and
continuous functionals on C(X), ϕ ∈ C(X)′ is said to be ε-disjointness preserving
if |ϕ(f)ϕ(g)| ≤ ε whenever f, g ∈ C(X) satisfy ‖f‖∞ = ‖g‖∞ = 1 and fg ≡ 0).
G. Dolinar also studied the stability of continuous disjointness preserving linear
functionals on C(X) and proved the following result ([4, Theorem 1]): Let ε > 0
and let ϕ ∈ C(X)′ be ε-disjointness preserving with ‖ϕ‖ = 1. Then there exists
ψ ∈ C(X)′ disjointness preserving such that

‖ψ − ϕ‖ ≤ 3
√
ε.

Remark that, in this context, disjointness preserving linear functionals on C(X)
are precisely those of the form αδx, where α belongs to the scalar field K (= R or
C) and δx is the evaluation functional at the point x ∈ X, that is, δx(f) := f(x)
for every f ∈ C(X).

In this paper we show that the situation in the context of continuous linear
functionals is quite different from the general case treated in [2, 3], but, before
stating our main result, we need some notation:

Throughout X is assumed to have at least two points.
Given ϕ ∈ C(X)′ and r > 0, B(ϕ, r) and B(ϕ, r) denote the open and the

closed balls of center ϕ and radius r, respectively. We will write λϕ to denote the
measure which represents ϕ. For a regular measure λ, we will denote by |λ| its total
variation.

We denote by ε−DP (X) the set of all norm one ε-disjointness preserving func-
tionals on C(X) and by WE (X) the subset of C(X)′ of elements of the form αδx,
where α ∈ K and x ∈ X.

For each n ∈ N, we define

ωn :=
n2 − 1

4n2

and
An := [ω2n−1, ω2n+1) .

We now introduce the map oX : [0, 1/4) −→ R, which depends on cardX (the
cardinality of X), as follows: For n ∈ N and ε ∈ An,

oX(ε) :=

⎧⎪⎨
⎪⎩

2n−1−
√
1−4ε

2n if 2n ≤ cardX,
2m−1−

√
1−4ε

2m if cardX = 2m < 2n,
2m−2
2m−1 if cardX = 2m− 1 < 2n.

In this paper we prove, basically, that the maximal distance between elements
ϕ ∈ ε −DP (X) and the set WE (X) is oX(ε), and that this distance is attained.
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Consequently, this result improves [4, Theorem 1] (cited above) by providing a
sharp bound. We also study the behavior of this maximal distance for small and
large ε (that is, those ε close to 0 and 1/4, respectively).

2. Main results

We begin this section by stating our main result.

Theorem 2.1. Let 0 < ε < 1/4. If ϕ ∈ ε−DP (X), then

B (ϕ, oX(ε)) ∩WE (X) 	= ∅.
On the other hand, there exists ϕ ∈ ε−DP (X) such that

B (ϕ, oX(ε)) ∩WE (X) = ∅.

Remark 2.1. Sometimes the information given by the number ε is redundant in that
ε is too “large” with respect to the cardinality of X. This happens, for instance,
when X is a set of k points, where k ∈ N is odd. This is the reason why the
definition of oX does not necessarily depend on ε.

Remark 2.2. If ϕ ∈ C(X)′ has norm 1, then it is 1/4-disjointness preserving and,
as a consequence, studying ε-disjointness functionals is meaningless for ε ≥ 1/4. To
see this, notice that if f, g ∈ C(X) satisfy ‖f‖∞ = ‖g‖∞ = 1 and fg ≡ 0, then
‖f + αg‖∞ = 1 for every α ∈ K with |α| = 1, which implies that |ϕ(f) + αϕ(g)| ≤ 1
and, in particular, |ϕ(f)|+ |ϕ(g)| ≤ 1. Hence, |ϕ(f)| |ϕ(g)| ≤ 1/4, and we are done.

The next result allows us to see which points in (0, 1) are those possible “maximal
distances” we mentioned above. Obviously, the injectivity of oX indicates that each
“maximal distance” corresponds to exactly one ε−DP (X).

For n ∈ N, we put

αn :=
n− 1

n
, βn :=

n2 − 2

n2 + n
.

It is easy to see that α2n−1 < β2n < α2n for every n ∈ N. We also define VX :⋃∞
n=1 [α2n−1, α2n) −→ [0, 1/4) as

VX(δ) := n (1− δ) (1− n (1− δ))

for each δ ∈ [α2n−1, α2n).

Proposition 2.2. We have

im oX :=

⎧⎪⎨
⎪⎩

⋃∞
n=1 [α2n−1, β2n) if X is infinite,

([α1, β2)∪· · · ∪ [α2m−1, β2m)) ∪ [β2m, α2m) if cardX=2m ∈ N,

([α1, β2)∪· · · ∪ [α2m−3, β2m−2)) ∪ {α2m−1} if cardX=2m− 1 ∈ N.

Also, if X is infinite or cardX is even, then oX is injective, and if cardX =
2m − 1, then oX is injective exactly in [0, ω2m−1). The inverse of oX (where it
exists) is given by the restriction of VX to im oX when X is infinite or cardX is
even, and to im oX \ {α2m−1} when cardX = 2m− 1.

In particular, the above comments apply for everyX (with at least two points, as
assumed) when ε is small enough, namely when ε ∈ A1. In this case the restriction of
the map VX defined above takes the form VX : (0, 1/3) −→ (0, 2/9), δ 
→ VX(δ) :=
δ(1− δ). Notice that, in fact, VX(δ) is the variance of a Bernoulli random variable
of mean δ.
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The following results are now immediate.

Corollary 2.3. Let

A := {ϕ : ∃ ε < 1/4 such that ϕ ∈ ε−DP (X)}

and

M := sup {dist(ϕ,WE (X)) : ϕ ∈ A} .
Then M = 1 if X is infinite and M = (k − 1)/k if k := cardX is finite. Also

the supremum is attained if and only if X is a finite set with cardX odd.

Corollary 2.4. We have

lim
ε→0+

oX(ε)

ε
= 1

and

lim
ε→ 1

4
−

oX(ε)

ε
=

{
4 if X is infinite,

4(k−1)
k if k := cardX is finite.

3. Some other results and proofs

Suppose that X is a finite set of k elements and that ϕ ∈ C(X)′ has norm 1.
Then it is immediate that there exists a point x ∈ X with |λϕ({x})| ≥ 1/k. We
next see that this result can be sharpened when k is even and ϕ ∈ ε−DP (X), and
also when X has “many” elements (being finite or infinite).

For the sake of completeness, we first provide three technical lemmas whose
proofs can be found in [2].

Lemma 3.1 ([2, Lemma 2.1]). Let 0 < ε < 1/4. Let ϕ ∈ ε −DP (X) be positive.
If C is a Borel subset of X, then

λϕ(C) /∈
(
1−

√
1− 4ε

2
,
1 +

√
1− 4ε

2

)
.

If ϕ ∈ C(X)′, then we put |ϕ| (f) :=
∫
X
fd |λϕ| for every f ∈ C(X).

Lemma 3.2 ([2, Lemma 2.2]). Given ϕ ∈ C(X)′, then |ϕ| is a positive linear
functional on C(X) with ‖|ϕ|‖ = ‖ϕ‖. Moreover, if ε > 0 and ϕ ∈ ε − DP (X),
then |ϕ| ∈ ε−DP (X) and λ|ϕ| = |λϕ|.

Lemma 3.3 ([2, Lemma 2.3]). Let 0 < ε < 1/4. Let ϕ ∈ ε−DP (X). Then there
exists x ∈ X with

|λϕ({x})| ≥
√
1− 4ε.

Furthermore, if 0 < ε < 2/9, then there exists a unique x ∈ X with

|λϕ({x})| ≥
1 +

√
1− 4ε

2
.

Proposition 3.4. Let 0 < ε < 1/4. Suppose that X is a finite set of cardinality
k ∈ 2N. If ϕ ∈ ε−DP (X), then there exists x ∈ X such that

|λϕ({x})| ≥
1 +

√
1− 4ε

k
.



STABILITY OF WEIGHTED POINT EVALUATION FUNCTIONALS 3167

Proof. By Lemma 3.2, we can assume, without loss of generality, that ϕ is positive.
Suppose that k = 2m, m ∈ N. Notice that there cannot be m different points
x1, . . . , xm ∈ X with

λϕ({xi}) ∈
(
1−

√
1− 4ε

k
,
1 +

√
1− 4ε

k

)

for every i ∈ {1, . . . ,m}, because otherwise

λϕ({x1, . . . , xm}) ∈
(
1−

√
1− 4ε

2
,
1 +

√
1− 4ε

2

)
,

which contradicts Lemma 3.1. This implies that there exist at least m + 1 points
whose measure belongs to[

0,
1−

√
1− 4ε

k

]
∪
[
1 +

√
1− 4ε

k
, 1

]
.

Suppose that at least m different points x1, . . . , xm ∈ X satisfy the inequality
λϕ({xi}) ≤

(
1−

√
1− 4ε

)
/k. Then λϕ({x1, . . . , xm}) ≤

(
1−

√
1− 4ε

)
/2, and con-

sequently we have that λϕ(X \ {x1, . . . , xm}) ≥
(
1 +

√
1− 4ε

)
/2. Since

X \ {x1, . . . , xm} has m points, this obviously implies that there exists
x ∈ X \ {x1, . . . , xm} with λϕ({x}) ≥

(
1 +

√
1− 4ε

)
/k, and we are done. �

Proposition 3.5. Let 0 < ε < 1/4, and let n ∈ N be such that ε ∈ An. Suppose
that cardX ≥ 2n. If ϕ ∈ ε−DP (X), then there exists x ∈ X such that

|λϕ({x})| ≥
1 +

√
1− 4ε

2n
.

Proof. Let D := {x ∈ X : |λϕ({x})| > 0}. It is clear that D is a countable set,
and, by Lemma 3.3, it is nonempty. Let M := {1, . . . ,m} if the cardinality of
D is m ∈ N, and let M := N otherwise. It is obvious that we may assume that
D = {xi : i ∈ M} and that |λϕ({xi+1})| ≤ |λϕ({xi})| for every i.

Next let

J :=

{
j ∈ M :

j∑
i=1

|λϕ({xi})| <
1

2

}

and

R :=
∑
i∈J

|λϕ({xi})| .

We have that R ≤ 1/2, and by Lemma 3.1 applied to the functional associated
to |λϕ|, we get R < 1/2. Take any open subset U of X containing all xi, i ∈ J,

such that |λϕ| (U) < 1/2, that is, |λϕ| (U) ≤
(
1−

√
1− 4ε

)
/2, and suppose that

|λϕ({x})| <
√
1− 4ε for every x /∈ U . Then there exist open sets U1, . . . , Ul in X,

l ∈ N, such that X = U ∪ U1 ∪ · · · ∪ Ul and |λϕ| (Ui) <
√
1− 4ε for every i. If we

consider, for i ∈ {1, . . . , l}, bi := |λϕ|
(
U ∪

⋃i
j=1 Uj

)
, then we see that there must

be an index i0 with

bi0 ∈
(
1−

√
1− 4ε

2
,
1 +

√
1− 4ε

2

)
,

which contradicts Lemma 3.1.
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We deduce that there exists j ∈ M, j /∈ J, such that |λϕ({xj})| ≥
√
1− 4ε. By

the way we have taken D, this implies that |λϕ({xi})| ≥
√
1− 4ε for every i ∈ J,

and obviously J must be finite, say J = {1, . . . ,m0}.
Let us now see that m0 ≤ n− 1. We have that since ε < ω2n+1, then

√
1− 4ε >

1/ (2n+ 1), which implies that

n
√
1− 4ε >

1−
√
1− 4ε

2
.

Consequently, if m0 ≥ n, then we get

R =

m0∑
i=1

|λϕ({xi})|

≥ n
√
1− 4ε

>
1−

√
1− 4ε

2
,

which is impossible, as we said above. We conclude that m0 ≤ n− 1.
On the other hand, taking into account that

m0+1∑
i=1

|λϕ({xi})| ≥
1 +

√
1− 4ε

2
,

we have that

(m0 + 1) |λϕ({x1})| ≥
1 +

√
1− 4ε

2
,

which implies that

n |λϕ({x1})| ≥
1 +

√
1− 4ε

2
.

As a consequence we get

|λϕ({x1})| ≥
1 +

√
1− 4ε

2n
,

and we are done. �

Proof of Theorem 2.1. Let us show the first part. By Propositions 3.4 (see also
the comments at the beginning of Section 3) and 3.5, there exists x ∈ X with
|λϕ({x})| ≥ 1− oX(ε). If we define ψ := λϕ({x})δx, then we are done.

Let us now prove the second part. Suppose that ε belongs to An, n ∈ N. It is
clear that this fact implies that (2n− 1)

√
1− 4ε ≤ 1.

If cardX ≥ 2n, then we can pick 2n distinct points x1, x2, . . . , x2n in X and
define the map ϕ ∈ C(X)′ as

ϕ :=
1 +

√
1− 4ε

2n

(
2n−1∑
i=1

δxi

)
+

1− (2n− 1)
√
1− 4ε

2n
δx2n

.

It is easy to see that ‖ϕ‖ = 1. On the other hand, let f, g ∈ C(X) satisfy
‖f‖∞ = ‖g‖∞ = 1 and fg ≡ 0. Let Af := {xi : f(xi) 	= 0, i = 1, . . . , 2n} and
Ag := {xi : g(xi) 	= 0, i = 1, . . . , 2n}, and suppose without loss of generality that
Af = {x1, . . . , xk} and Ag = {xk+1, . . . , x2n} (1 ≤ k ≤ 2n− 1). Obviously

|ϕ(f)| ≤ k

2n

(
1 +

√
1− 4ε

)
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and

|ϕ(g)| ≤ 2n− k − 1

2n

(
1 +

√
1− 4ε

)
+

1− (2n− 1)
√
1− 4ε

2n

= 1− k

2n

(
1 +

√
1− 4ε

)
.

Now, it is straightforward to check that if Nk := (k/2n)
(
1 +

√
1− 4ε

)
, then

Nn−1 ≤ 1 − Nn. Consequently, since the map f(x) := x(1 − x) is increasing in
[0, 1/2], the maximum value of Nk (1−Nk) is attained when k = n. Thus we
conclude that

|ϕ(f)ϕ(g)| ≤ 1

2

(
1 +

√
1− 4ε

)(
1− 1

2

(
1 +

√
1− 4ε

))
= ε.

The rest is easy.
To study the cases when cardX < 2n, put X := {x1, . . . , xk}. Suppose first that

k is even. Since (2n − 1)
√
1− 4ε ≤ 1, we have (k − 1)

√
1− 4ε < 1. As above, we

can easily see that if we define the map ϕ as

ϕ :=
1 +

√
1− 4ε

k

(
k−1∑
i=1

δxi

)
+

1− (k − 1)
√
1− 4ε

k
δxk

,

then we are done.
Suppose finally that k is odd. It is clear that if we define

ϕ :=
1

k

(
k∑

i=1

δxi

)
,

then ϕ is a norm one element of C(X)′ and is ωk-disjointness preserving, which
implies that it is ε-disjointness preserving. It is also easy to see that ‖ϕ− ψ‖ ≥
1− 1/k for every weighted evaluation functional ψ on C(X). �
Proof of Proposition 2.2. First, when cardX ≥ 2n, we have that

oX(ε) =
2n− 1−

√
1− 4ε

2n

for all ε ∈ An, and α2n−1 := oX (ω2n−1) and β2n := limε→ω−
2n+1

oX (ε), so oX (An) =

[α2n−1, β2n).
Also

n (1− oX(ε)) =
1 +

√
1− 4ε

2
,

and consequently
ε = n (1− oX(ε)) (1− n (1− oX(ε))) ,

so VX(oX(ε)) = ε for all ε ∈ An.
On the other hand, if cardX = 2m ∈ N, then

oX(ε) =
2m− 1−

√
1− 4ε

2m

for every ε ∈ [ω2m+1, 1/4). This means that oX [ω2m+1, 1/4) = [β2m, α2m) and that,
for ε ∈ [ω2m+1, 1/4),

ε = m (1− oX(ε)) (1−m (1− oX(ε))) ,

so the inverse of oX on [β2m, α2m) is also given by VX .
All other details are straightforward. �
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