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A B S T R A C T

We give a necessary condition for photon state transformations in linear optical setups preserving the
total number of photons. From an analysis of the algebra describing the quantum evolution, we find a
conserved quantity that appears in all allowed optical transformations. We give some examples and numerical
applications, with example code, and give three general no-go results. These include (i) the impossibility of
deterministic transformations which redistribute the photons from one to two different modes, (ii) a proof
that it is impossible to generate a perfect Bell state with an arbitrary ancilla from the Fock basis and (iii) a
restriction for the conversion between different types of entanglement (converting GHZ to W states). These
tools and results can help in the design of experiments for optical quantum state generation.
Overview and summary of the results

Linear optical systems acting on 𝑛 photons in 𝑚 different modes offer
a rich evolution and their study is not only interesting in its own right,
but has applications to linear optics quantum computing [1,2] and in
boson sampling, a proposed demonstration that quantum systems can
perform tasks impossible for any classical device [3,4].

These simple optical setups are sometimes called linear optics multi-
ports or linear interferometers and appear in many experiments in both
classical and quantum optics.

In this work we study the transformations of photon number states
of the form |

|

𝑛1 … 𝑛𝑚⟩ in a system with 𝑚 modes where mode 𝑖 has 𝑛𝑖
photons. We give a necessary condition for an allowed transformation

|

|

𝜓in⟩ =
𝑀
∑

𝑖=1
𝛼𝑖 |𝑖⟩ → |

|

𝜓out⟩ =
𝑀
∑

𝑖=1
𝛽𝑖 |𝑖⟩ (1)

for general superpositions of all the possible states of the form |𝑖⟩ =
|

|

|

𝑛𝑖1 … 𝑛𝑖𝑚
⟩

with ∑𝑀
𝑗=1 𝑛

𝑖
𝑗 = 𝑛. The condition can be also used for mixed

states.
The criterion shows the limitations of linear optical interferometers

and can be used to derive a few no-go results. For instance, we show
that it is impossible to generate a Bell state deterministically from a
separable photon number input in heralded schemes with any number
of ancillary modes and photons.
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These results come from an analysis of the density matrix of the
input and output states in terms of the algebra that gives the effective
Hamiltonians of the evolution in linear optical systems. The adjoint
representation of the Lie groups and algebras that describe the prob-
lem have quantities that are conserved under linear optical evolution.
We give an explicit formulation of the resulting necessary condition
for a valid transformation, which can be used to identify impossible
transitions from a given input to a target optical state. The examples
in this paper, as well as general functions to compute the conserved
quantities, are available for Python as an extension to the QOptCraft
open software [5].

First we introduce the theory of quantum linear optical interfer-
ometers (Section ‘‘Quantum evolution in linear optical systems’’) and
their description in terms of Lie algebras (Section ‘‘Preliminaries: The
image algebra’’). Then, in Section ‘‘The adjoint map: invariants in linear
optical transformations’’, we find an invariant associated to valid opti-
cal transformations with linear optics which results from an analysis
of the adjoint map. Section ‘‘Allowed and forbidden transformations’’
gives the main result of the paper: a necessary condition for allowed
transformations between photon number states in linear interferome-
ters. Section ‘‘Explicit formulae for the tangent invariant of a pure state
and consequences’’ presents some closed formulae for the criterion. We
conclude by giving three consequences of the necessary condition. In
Section ‘‘Transitions from 𝑛 photons in a single mode to 𝑛 − 𝑘 and 𝑘
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photons in two different modes are forbidden’’ we show it restricts
the possible transformation between states in the Fock basis. Section
‘‘Impossibility of Bell state generation from separable photon number
states with photon number ancillary states’’ gives an impossibility result
for the generation of dual-rail Bell states from separable photon number
states using linear optics, even for an arbitrary number of ancillary pho-
tons and modes. Section ‘‘Impossibility of exact transformation between
dual-rail GHZ states and W states with photon number ancillas’’ has a
similar proof for the impossibility of converting between different types
of entanglement for GHZ and W states. We close the paper with an
overview of the results in Section ‘‘Closing remarks’’.

Quantum evolution in linear optical systems

Classically, a linear interferometer acting on 𝑚 modes (or ports) is
ompletely described by an 𝑚 × 𝑚 unitary scattering matrix 𝑆 [6,7].

In quantum optics, a basic problem is determining the effect of a
inear interferometer on number states |

|

𝑛1,… , 𝑛𝑚⟩ where the 𝑖th mode
as 𝑛𝑖 photons and ∑𝑚

𝑖 𝑛𝑖 = 𝑛. Each photon number state and each mode
s orthogonal to the rest. The relevant Hilbert space for all the possible
tates, H𝑚,𝑛, is isomorphic to C𝑀 with 𝑀 = dimC H𝑚,𝑛 =

(𝑚+𝑛−1
𝑛

)

.
For a fixed number of photons and modes, 𝑀 corresponds to all the

ossible ways of distributing the 𝑛 indistinguishable photons into the 𝑚
odes. The dimension of the Hilbert space corresponds to the ways of
lacing 𝑛 balls into 𝑚 boxes and it is sometimes called the number of
eak compositions of 𝑛 into 𝑚 (all the combinations of 𝑘 nonnegative
umbers that sum to 𝑛) or multiset coefficients.

The quantum evolution in H𝑚,𝑛 is described by an 𝑀 × 𝑀 uni-
ary matrix 𝑈 which is derived from 𝑆 using a photonic homomor-
hism 𝜑𝑛,𝑚(𝑆) that goes from the unitary group 𝑈 (𝑚) into 𝑈 (𝑀).
here are different equivalent definitions of this homomorphism and

ts properties [3,8–10].
For a linear 𝑚-port, 𝑆 has only 2𝑚2−1 degrees of freedom, while, in

rder to generate any possible 𝑀 ×𝑀 matrix 𝑈 we need to be able to
et 2𝑀2 − 1 degrees of freedom. Except for trivial cases when 𝑛 = 1 or
= 1, linear optics cannot produce all the quantum operations which

re possible in H𝑚,𝑛 [11]. When 𝑚 = 1, the multiport is reduced to
phase shifter 𝑒𝑖𝜙 and all the possible operations are trivial. When
= 1, 𝑈 = 𝜑(𝑆) = 𝑆 and then any desired quantum evolution is

ossible (but this is not very useful as the number of modes would
qual the dimension of the Hilbert space). Once we know 𝑆, there
xist multiple methods that describe explicit implementations using
nly beam splitters and phase shifters [12–16].

For any given 𝑈 and fixed 𝑛 and 𝑚, it is possible to determine if
here is any linear system which can provide the desired evolution and,
f that is the case, find a suitable scattering matrix 𝑆 [17].

In this paper, we study a different problem: whether an input state
𝜓in⟩ =

∑𝑀
𝑖=1 𝛼𝑖 |𝑖⟩ for all the |𝑖⟩ possible states in the form |𝑖⟩ =

𝑛𝑖1 … 𝑛𝑖𝑚
⟩

with ∑𝑀
𝑗=1 𝑛

𝑖
𝑗 = 𝑛 can be taken to an output state |

|

𝜓out⟩ =
𝑀
𝑖=1 𝛽𝑖 |𝑖⟩.

reliminaries: The image algebra

In certain applications, the linear multiport is best described in
erms of the Hermitian matrices giving the effective Hamiltonians that
rovide an alternative description of the evolutions 𝑆 and 𝑈 [18,19].
e can define two effective Hamiltonians 𝐻𝑆 and 𝐻𝑈 so that we can

ecover the unitary matrices through exponentiation with 𝑆 = 𝑒𝑖𝐻𝑠 and
= 𝑒𝑖𝐻𝑈 . The skew-Hermitian matrices 𝑖𝐻𝑆 ∈ u(𝑚) and 𝑖𝐻𝑈 ∈ u(𝑀)

ive in the algebras u(𝑚) and u(𝑀) associated to the unitary groups of
he scattering matrix 𝑆 and the full quantum evolution 𝑈 in the larger
ilbert space with 𝑛 photons.

We are limited to the image of the photonic homomorphism 𝜑.
ny unitary that can be realized with lossless linear interferometers
reserving the total photon number 𝑈 ∈ im𝜑 can be described as the
xponential of a skew-Hermitian matrix 𝑖𝐻𝑈 ∈ im𝑑𝜑 from the image
ubalgebra of u(𝑚) which is smaller than u(𝑀) in systems with more
2

han one photon or one mode.
ptical realizations

Any linear interferometer with 𝑚 modes is completely described by
n 𝑚 × 𝑚 unitary scattering matrix 𝑆 which has a limited number of
egrees of freedom, 2𝑚2 − 1. This means that, except for trivial cases
hen 𝑛 = 1 or 𝑚 = 1, linear multiports can only provide a limited

ubset of all the possible operations over 𝑛 photons in 𝑚 modes, which
re described by 𝑀 ×𝑀 unitary matrices 𝑈 with 2𝑀2 − 1 degrees of
reedom [11].

The scattering matrices 𝑆 are elements of the unitary group 𝑈 (𝑚)
nd any general evolution 𝑈 on H𝑚,𝑛 is an element of the unitary group
𝑈 (𝑀). The subgroup of all the operations which can be implemented

ith linear optics is described by the image subgroup of 𝜑𝑚,𝑀 , namely
m𝜑𝑚,𝑀 = {𝐵 ∈ 𝑈 (𝑀) ∶ ∃𝐴 ∈ 𝑈 (𝑚) such that 𝜑𝑚,𝑀 (𝐴) = 𝐵}.

efinition 1. A matrix 𝑈 ∈ 𝑈 (𝑀) is an (𝑚, 𝑛)-optical realization if
∈ im𝜑𝑚,𝑀 .

The map 𝜑𝑚,𝑀 is a differentiable group homomorphism [3] inducing
n algebra homomorphism, 𝑑𝜑𝑚,𝑀 . The commutative diagram

u(𝑚) u(𝑀)

𝑈 (𝑚) 𝑈 (𝑀)

𝑑𝜑𝑚,𝑀

exp exp

𝜑𝑚,𝑀

relates the unitary groups 𝑈 (𝑚) and 𝑈 (𝑀) containing the scattering
matrix 𝑆 and the 𝑛-photon evolution operator 𝑈 , respectively, to the
algebras u(𝑚) and u(𝑀) whose elements correspond to skew-Hermitian
matrices 𝑖𝐻𝑆 and 𝑖𝐻𝑈 which give an equivalent description of the
evolution through exponentiation of the Hamiltonians 𝐻𝑆 and 𝐻𝑈 [18,
19].

The image algebra can be described from the differential 𝑑𝜑𝑚,𝑀
(𝑖𝐻𝑆 ) =

∑

𝑗𝑘 𝑖𝐻𝑆𝑗𝑘�̂�
†
𝑗 �̂�𝑘 for 𝑖𝐻𝑆 ∈ u(𝑚) (see [19] for the details), where

�̂�†𝑖 and �̂�𝑖 are the photon creation and annihilation operators for mode
𝑖 respectively.

The image algebra

Consider the canonical basis of u(𝑚) {|1⟩ = |1, 0,… , 0⟩ , |2⟩ =
0, 1,… , 0⟩ ,… , |𝑚⟩ = |0,… , 0, 1⟩}. The matrices

𝑒𝑗𝑘 ∶=
𝑖
2
(

|𝑗⟩ ⟨𝑘| + |𝑘⟩ ⟨𝑗|
)

for 𝑘 ≤ 𝑗 = 1,… , 𝑚; (2)

𝑓𝑗𝑘 ∶=
1
2
(

|𝑗⟩ ⟨𝑘| − |𝑘⟩ ⟨𝑗|
)

for 𝑘 < 𝑗 = 1,… , 𝑚,

for a basis of u(𝑚) and the matrices

𝑑𝜑𝑚,𝑀 (𝑒𝑗𝑘) =
𝑖
2
(

�̂�†𝑗 �̂�𝑘 + �̂�
†
𝑘�̂�𝑗

)

≠ 0,

𝜑𝑚,𝑀 (𝑓𝑗𝑘) =
1
2
(

�̂�†𝑗 �̂�𝑘 − �̂�
†
𝑘�̂�𝑗

)

≠ 0,

ive a basis for the image algebra d = im 𝑑𝜑𝑚,𝑀 ⊂ u(𝑀) (the map 𝑑𝜑𝑚,𝑀
s injective). We can label the 𝑚2 elements of the basis of the image
lgebra as:

𝑏𝑛𝑗 = 𝑖�̂�𝑗 for 𝑗 = 1,… , 𝑚;

𝑒
𝑗𝑘 =

𝑖
2
(

�̂�†𝑗 �̂�𝑘 + �̂�
†
𝑘�̂�𝑗

)

for 𝑘 < 𝑗 = 1,… , 𝑚;

𝑓
𝑗𝑘 =

1
2
(

�̂�†𝑗 �̂�𝑘 − �̂�
†
𝑘�̂�𝑗

)

for 𝑘 < 𝑗 = 1,… , 𝑚. (3)

We consider projection into each basis element using the real inner
roduct, a positive definite symmetric bilinear form,

𝑢, 𝑣⟩ ∶= 1
2
tr(𝑢†𝑣 + 𝑣†𝑢). (4)

For our skew-Hermitian matrices, ⟨𝑢, 𝑣⟩ = −tr(𝑢𝑣) and the product is
symmetric, as ⟨𝑢, 𝑣⟩ = −tr(𝑢𝑣) = −tr(𝑣𝑢) = ⟨𝑣, 𝑢⟩, and it is equivalent
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to the Hilbert–Schmidt inner product. This inner product induces a
positive definite norm:

⟨𝑢, 𝑢⟩ = tr(𝑢†𝑢) = ‖𝑢‖2. (5)

This gives a metric that is Riemannian and bi-invariant.

Orthonormalization. A simple example
The basis of im 𝑑𝜑𝑚,𝑀 given in Eq. (3) is not orthonormal, even if

it was derived from the orthonormal canonical basis of u(𝑚). We can
see an example for a linear interferometer with two photons and two
modes (𝑚 = 𝑛 = 2). Take the state basis {|20⟩ , |11⟩ , |02⟩} with

|20⟩ =
⎛

⎜

⎜

⎝

1
0
0

⎞

⎟

⎟

⎠

, |11⟩ =
⎛

⎜

⎜

⎝

0
1
0

⎞

⎟

⎟

⎠

, |02⟩ =
⎛

⎜

⎜

⎝

0
0
1

⎞

⎟

⎟

⎠

. (6)

For this state order, the basis of the image algebra can be written as
the matrices

𝑏1 = 𝑏𝑒1,2 =
𝑖
2
(�̂�†1�̂�2 + �̂�

†
2�̂�1) =

𝑖
2

⎛

⎜

⎜

⎜

⎝

0
√

2 0
√

2 0
√

2
0

√

2 0

⎞

⎟

⎟

⎟

⎠

,

2 = 𝑏𝑛1 = 𝑖�̂�1 = 𝑖
⎛

⎜

⎜

⎝

2 0 0
0 1 0
0 0 0

⎞

⎟

⎟

⎠

,

3 = 𝑏𝑛2 = 𝑖�̂�2 = 𝑖
⎛

⎜

⎜

⎝

0 0 0
0 1 0
0 0 2

⎞

⎟

⎟

⎠

,

4 = 𝑏
𝑓
1,2 =

1
2
(�̂�†1�̂�2 − �̂�

†
2�̂�1) =

1
2

⎛

⎜

⎜

⎜

⎝

0 −
√

2 0
√

2 0 −
√

2
0

√

2 0

⎞

⎟

⎟

⎟

⎠

. (7)

he elements are determined by the chosen state order. The first ele-
ent of 𝑏1 (first column and first row) is computed from ⟨20| 𝑏1 |20⟩ =
20| 𝑖2

√

2 |11⟩ = 0. ⟨11| 𝑏1 |20⟩ = ⟨11| 𝑖2
√

2 |11⟩ = 𝑖
√

2
2 gives the second

olumn of the first row. Repeating this procedure we can get all the
iven matrices.

This is a complete basis for the image algebra, but unlike the basis of
(𝑚) defined in (2), it is not orthonormal. We can quickly see ⟨𝑏2, 𝑏2⟩ =
≠ 1 and ⟨𝑏2, 𝑏3⟩ = 1 ≠ 0.

We can orthonormalize the basis using the Gram–Schmidt process
o get a series of orthonormal matrices 𝑐𝑖 with 𝑖 = 1,… , 𝑚2. In the
alculations of the following sections, an orthonormal basis helps when
omputing the projections of elements of the larger algebra into the
mage algebra without counting twice the contributions of parts of the
riginal skew-Hermitian matrix.

he adjoint map: invariants in linear optical transformations

Let Ad𝑈 ∶ u(𝑀) → u(𝑀) be the adjoint map defined by Ad𝑈 (𝑣) =
𝑣𝑈†. We denote by d the subalgebra 𝑑𝜑𝑚,𝑀 (u(𝑚)) ⊆ u(𝑀). Notice that
𝜑𝑚,𝑀 ∶ u(𝑚) → d is a bijection.

A crucial result, proved in [17], is that only the unitaries which
an be obtained with linear optics define an adjoint map that takes the
lements of d into d.

heorem 1. 𝑈 ∈ im𝜑𝑚,𝑀 ⟺ Ad𝑈 ∣d is an automorphism.

This gives a way to determine whether a concrete 𝑈 ∈ 𝑈 (𝑀) is an
3

lement of im𝜑𝑚,𝑀 or not [17].
onserved quantities
The inner product in u(𝑀) allows the decomposition of u(𝑀) in the

rthogonal subspaces

(𝑀) = d⊕ d⟂.

he subspace d⟂ contains all the matrices in u(𝑀) orthogonal to the
lements of the image subalgebra d with respect to our inner product.
hence, for any skew-Hermitian matrix 𝑣 ∈ u(𝑀) we can define a
nique decomposition

= 𝑣𝑡 + 𝑣𝑝, (8)

here 𝑣𝑡 ∈ d is called the tangent component of 𝑣 and 𝑣𝑝 ∈ d⟂ the
erpendicular component.

We can choose two orthonormal bases {𝑐𝑡𝑖} and {𝑐𝑝𝑗 } for d and d⟂.
ection ‘‘The image algebra’’ gives a method to create a basis {𝑐𝑡𝑖} with
ndices 𝑖 = 1,… , 𝑚2. We can then complete a basis for u(𝑀) and take
he remaining elements {𝑐𝑝𝑗 } with 𝑗 = 1,… ,𝑀2−𝑚2 for the basis of the
rthogonal complement of d.

With these two bases we have a complete description of 𝑣 in terms
f projections to the tangent and perpendicular subspaces with

=
𝑚2
∑

𝑖=1
𝛼𝑡𝑖𝑐

𝑡
𝑖 +

𝑀2−𝑚2
∑

𝑗=1
𝛼𝑡𝑗𝑐

𝑝
𝑗 (9)

or 𝛼𝑡𝑖 = ⟨𝑐𝑡𝑖 , 𝑣⟩ and 𝛼𝑝𝑗 = ⟨𝑐𝑝𝑗 , 𝑣⟩.
For the adjoint map under any 𝑈 ∈ im𝜑𝑚,𝑀 the projection into the

angent and perpendicular subspaces are preserved as can be shown in
he following proposition:

roposition 1. The following statements are equivalent:

(1) 𝑈 ∈ im𝜑𝑚,𝑀 .
(2) For any 𝑣 ∈ u(𝑀), Ad𝑈 (𝑣𝑡) = 𝑈𝑣𝑡𝑈† ∈ d.
(3) For any 𝑣 ∈ u(𝑀), Ad𝑈 (𝑣𝑝) = 𝑈𝑣𝑝𝑈† ∈ d⟂.

roof. The proof of the equivalence (1) ⟺ (2) is done by Theorem 1.
bserve that, if we assume 𝑈 ∈ im𝜑𝑚,𝑀 , then Ad𝑈 (𝑣𝑡) ∈ d since 𝑣𝑡 ∈ d

y Theorem 1. On the other hand, if Ad𝑈 (𝑣𝑡) ∈ d for any 𝑣 ∈ u(𝑀),
hen for any 𝑤 ∈ d we have that Ad𝑈 (𝑤) ∈ d, since 𝑤𝑡 = 𝑤, and by
heorem 1 we conclude 𝑈 ∈ im𝜑𝑚,𝑀 .

To prove the equivalence (2) ⟺ (3) we only have to observe the
ollowing relation:

Ad𝑈 (𝑣𝑡), Ad𝑈 (𝑣𝑝)⟩ =
1
2
tr
(

(

𝑈𝑣𝑡𝑈
†)† 𝑈𝑣𝑝𝑈

† +
(

𝑈𝑣𝑝𝑈
†)† 𝑈𝑣𝑡𝑈

†
)

= 1
2
tr
(

𝑈
(

𝑣†𝑡 𝑣𝑝 + 𝑣
†
𝑝𝑣𝑡

)

𝑈†
)

= 1
2
tr
(

𝑣†𝑡 𝑣𝑝 + 𝑣
†
𝑝𝑣𝑡

)

= ⟨𝑣𝑡 𝑣𝑝⟩ = 0.

hen, Ad𝑈 (𝑣𝑡) ∈ d if and only if Ad𝑈 (𝑣𝑝) ∈ d⟂. □

orollary 1. Let 𝑈 ∈ im𝜑𝑚,𝑀 . Let 𝑣 be an element of u(𝑀). Denote by
= 𝑈𝑣𝑈†. Then:

1. ‖𝑣𝑡‖ = ‖𝑤𝑡‖,
2. ‖𝑣𝑝‖ = ‖𝑤𝑝‖.

roof. The definition of 𝑤 and the decomposition of u(𝑀) = d ⊕ d⟂
ield

= 𝑤𝑡 +𝑤𝑝 = 𝑈𝑣𝑈† = 𝑈 (𝑣𝑡 + 𝑣𝑝)𝑈† = 𝑈𝑣𝑡𝑈
† + 𝑈𝑣𝑝𝑈†.

ince the decomposition of 𝑤 is unique and Proposition 1 implies that
𝑣𝑡𝑈† ∈ d and 𝑈𝑣𝑝𝑈† ∈ d⟂, we conclude that

𝑡 = 𝑈𝑣𝑡𝑈
†, 𝑤𝑝 = 𝑈𝑣𝑝𝑈

†.

herefore

𝑤 ‖

2 = ‖𝑈𝑣 𝑈†
‖ = 1 tr

(

(

𝑈𝑣 𝑈†)† 𝑈𝑣 𝑈†
)

= tr
(

𝑈𝑣†𝑣 𝑈†
)

= tr
(

𝑣†𝑣
)

𝑡 𝑡 2 𝑡 𝑡 𝑡 𝑡 𝑡 𝑡
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= ⟨𝑣𝑡, 𝑣𝑡⟩ = ‖𝑣𝑡‖
2,

and

‖𝑤𝑝‖
2 = ‖𝑈𝑣𝑝𝑈

†
‖ = 1

2
tr
(

(

𝑈𝑣𝑝𝑈
†)† 𝑈𝑣𝑝𝑈

†
)

= tr
(

𝑈𝑣†𝑝𝑣𝑝𝑈
†
)

= tr
(

𝑣†𝑝𝑣𝑝
)

= ⟨𝑣𝑝, 𝑣𝑝⟩ = ‖𝑣𝑝‖
2. □

Corollary 1 leads us to the definition of a tangent invariant

𝐼𝑡(𝑣) ∶= ‖𝑣𝑡‖
2 =

𝑚2
∑

𝑖=1
|⟨𝑣, 𝑐𝑡𝑖⟩|

2, (10)

and a perpendicular invariant

𝐼𝑝(𝑣) ∶= ‖𝑣𝑝‖
2 =

𝑀2−𝑚2
∑

𝑗=1
|⟨𝑣, 𝑐𝑝𝑗 ⟩|

2, (11)

which are conserved under the adjoint map for a 𝑈 ∈ im𝜑𝑚,𝑀 in the
following sense:

Corollary 2. If 𝑈 ∈ im𝜑𝑚,𝑀 and 𝑣 ∈ u(𝑀), then

1. The tangent invariant is conserved under adjoint transformations as

𝐼𝑡(Ad𝑈 (𝑣)) = 𝐼𝑡(𝑣).

2. Similarly, the perpendicular invariant is conserved under adjoint
transformations as

𝐼𝑝(Ad𝑈 (𝑣)) = 𝐼𝑝(𝑣).

These quantities remind of the ‘‘energies’’ in Fourier series expan-
sions and will be conserved under linear optical transformations 𝑈 ∈
im𝜑𝑚,𝑀 .

Allowed and forbidden transformations

The existence of conserved quantities gives us a necessary criterion
that identifies when a particular input photonic state cannot be taken to
a desired output state using only linear optics. We just need to describe
the evolution in terms of skew-Hermitian matrices.

Density matrix description

Consider the density matrices of the states going through the linear
interferometer

𝜌 =
𝑛
∑

𝑖=1
𝑝𝑖 |𝜓⟩ ⟨𝜓| , (12)

where we have a statistical mixture so that we can find the pure state
|𝜓⟩ with a probability 𝑝𝑖. These matrices are Hermitian and we can
always define a skew-Hermitian matrix 𝑣 = 𝑖𝜌 ∈ u(𝑀) which, in gen-
eral, will have components both in the tangent and the perpendicular
subalgebras.

The evolution of the state represented by the density matrix 𝜌 under
a unitary 𝑈 ∈ 𝑈 (𝑀) is

𝜌→ 𝑈𝜌𝑈†. (13)

Introducing an 𝑖 factor, we can see the output state 𝑖𝜌out = 𝑖𝑈𝜌in𝑈†

corresponds to the effect of the adjoint map on the input. As any
operation 𝑈 ∈ im𝜑𝑚,𝑀 must preserve 𝐼𝑡 and 𝐼𝑝 we have a necessary
condition for the transition 𝜌in → 𝜌out to be possible.

Theorem 2. If an input density matrix 𝜌in can be taken to 𝜌out using a
linear optical system then:

𝐼𝑡(𝑖𝜌in) = 𝐼𝑡(𝑖𝜌out) (14)

and
4

𝐼𝑝(𝑖𝜌in) = 𝐼𝑝(𝑖𝜌out) (15) C
for the invariants defined in Eqs. (10)–(11) which result from taking the
sum of the squared projection coefficients of the density matrices into the
tangent (image algebra) and perpendicular subspaces.

This is a general result which includes mixed input states, which are
also described as Hermitian matrices and evolve following Eq. (13).
If the input state is a pure state, then the norm of the corresponding
matrix is 1, as ⟨𝑖𝜌, 𝑖𝜌⟩ = tr(𝜌2) = 1.

On the other hand

⟨𝑖𝜌, 𝑖𝜌⟩ =

⟨

⎛

⎜

⎜

⎝

𝑚2
∑

𝑖
⟨𝑖𝜌, 𝑐𝑡𝑖⟩𝑐

𝑡
𝑖 +

𝑀2−𝑚2
∑

𝑗
⟨𝑖𝜌, 𝑐𝑝𝑗 ⟩𝑐

𝑝
𝑗

⎞

⎟

⎟

⎠

,

⎛

⎜

⎜

⎝

𝑚2
∑

𝑖
⟨𝑖𝜌, 𝑐𝑡𝑖⟩𝑐

𝑡
𝑖 +

𝑀2−𝑚2
∑

𝑗
⟨𝑖𝜌, 𝑐𝑝𝑗 ⟩𝑐

𝑝
𝑗

⎞

⎟

⎟

⎠

⟩

. (16)

The inner product is linear and the cross products ⟨𝑐𝑡𝑖 , 𝑐
𝑝
𝑗 ⟩ = 0 for any

valid pair of 𝑖 and 𝑗. In our orthonormal bases ⟨𝑐𝑡𝑖 , 𝑐
𝑡
𝑗⟩ and ⟨𝑐𝑝𝑖 , 𝑐

𝑝
𝑗 ⟩ are 0

or any 𝑖 ≠ 𝑗 and 1 for 𝑖 = 𝑗. This means

𝑖𝜌, 𝑖𝜌⟩ =
𝑚2
∑

𝑖
|⟨𝑖𝜌, 𝑐𝑡𝑖⟩|

2 +
𝑀2−𝑚2
∑

𝑗
|⟨𝑖𝜌, 𝑐𝑝𝑗 ⟩|

2 = 𝐼𝑡(𝜌) + 𝐼𝑝(𝜌) (17)

nd 𝐼𝑝(𝑖𝜌) = 1 − 𝐼𝑡(𝑖𝜌) for pure states. For mixed states

𝑡(𝑖𝜌) + 𝐼𝑝(𝑖𝜌) = tr(𝜌2) < 1. (18)

s linear optical evolution does not induce any measurement or loss of
oherence, transitions between two mixed states with density matrices
1 and 𝜌2 with tr(𝜌21) ≠ tr(𝜌22) are impossible. Apart from the direct
hysical argument, we can see that, if Eq. (18) is satisfied, then the two
ixed states cannot preserve both the tangent and the perpendicular

nvariant. Their sums have to give different values of tr(𝜌2) meaning at
east one of the invariants is different for 𝜌1 and 𝜌2.

xample for two photons and two modes

We can see a direct application of this result for the state space
escribed in Section ‘‘Orthonormalization. A simple example’’. We con-
ider all the states in the Fock basis {|20⟩ , |11⟩ , |02⟩} and compute the
um of the coefficients of the projection to each basis state numerically.
e used the basis matrix calculation in the Python quantum linear

ptics simulation package QOptCraft [20], which has been expanded
o add new custom functions created for this purpose [5].

For the states in the Fock basis, we get the invariants

𝑡(𝑖 |20⟩ ⟨20|) = 0.83333, 𝐼𝑡(𝑖 |11⟩ ⟨11|) = 0.33333,

𝑡(𝑖 |02⟩ ⟨02|) = 0.83333.

We can see, for instance, that it should be possible to go from |20⟩
o |02⟩ and back, which is, indeed, trivial. If we imagine the modes
re different paths for the light, swapping the positions of the first
nd second paths gives the desired operation. However, we see it is
mpossible to go exactly from |11⟩ to |20⟩ or |02⟩. Superpositions can be
eached. In Hong–Ou–Mandel interference in a balanced beam splitter,
n input |11⟩ becomes |20⟩−|02⟩

√

2
.

As expected, 𝐼𝑡
(

𝑖
2 (|20⟩ − |02⟩)(⟨20| − ⟨02|)

)

= 0.33333 =
𝑡(𝑖 |11⟩ ⟨11|).

he invariant conservation condition is necessary but not sufficient. Coun-
erexample: NOON states

While one might be tempted to expect the invariant conservation to
e also a sufficient condition, we can easily prove this is not the case.

onsider the so-called NOON states of the form
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|

𝑁𝑂𝑂𝑁𝑛⟩ =
|𝑛0⟩ + |0𝑛⟩

√

2
(19)

with 𝑛 photons in two modes. These states have applications to quan-
tum metrology [21,22], quantum sensing [23], to the study of Bell-type
inequalities [24] and in precision interferometry [25], to name a few.

We start from the no-go result in [26]: if we take from a separable
input state with 𝑁 modes, including ancillas, we cannot obtain a NOON
state using only linear optics if any mode has a number of photons
greater than the total number of measured photons in the ancillary
modes 𝑀 plus 1. If we have no ancillary modes 𝑁 = 𝑚 = 2 and 𝑀 = 0
and then it is only possible to generate NOON states from input states
with no more than one photon in any given mode. If 𝑛 > 2 there is no
input with less than two photons and |

|

𝑁𝑂𝑂𝑁𝑛⟩ cannot be produced
from any input state in the Fock basis.

However, numerical tests for inputs |

|

|

𝑛
2
𝑛
2

⟩

and a desired output
|

|

𝑁𝑂𝑂𝑁𝑛⟩ return the same values for the tangent invariant. For in-
stance, our numerical calculations give the same invariant for the
separable inputs and the corresponding NOON states [5]:

𝐼𝑡(|11⟩ ⟨11|) = 𝐼𝑡(||𝑁𝑂𝑂𝑁2⟩ ⟨𝑁𝑂𝑂𝑁2
|

|

) = 0.33333,

𝐼𝑡(|22⟩ ⟨22|) = 𝐼𝑡(||𝑁𝑂𝑂𝑁4⟩ ⟨𝑁𝑂𝑂𝑁4
|

|

) = 0.20000,

𝐼𝑡(|33⟩ ⟨33|) = 𝐼𝑡(||𝑁𝑂𝑂𝑁6⟩ ⟨𝑁𝑂𝑂𝑁6
|

|

) = 0.14286,

𝐼𝑡(|44⟩ ⟨44|) = 𝐼𝑡(||𝑁𝑂𝑂𝑁8⟩ ⟨𝑁𝑂𝑂𝑁8
|

|

) = 0.11111,

𝐼𝑡(|55⟩ ⟨55|) = 𝐼𝑡(||𝑁𝑂𝑂𝑁10⟩ ⟨𝑁𝑂𝑂𝑁10
|

|

) = 0.09090,

but only the first transformation is possible (which is basically the
Hong–Ou–Mandel interference from the previous section and a phase
shift).

Explicit formulae for the tangent invariant of a pure state and
consequences

The value of the tangent invariant of a given state can be computed
explicitly from a closed formula.

Theorem 3. Given a pure state |𝛹⟩ ∈ H𝑚,𝑛, the tangent invariant of the
associated density matrix is

𝐼𝑡(𝑖𝜌𝛹 ) =𝐶1(𝑚, 𝑛) + 𝐶2(𝑚, 𝑛)
∑

𝑖<𝑗

(

⟨�̂�†𝑖 �̂�𝑗⟩𝛹 ⟨�̂�
†
𝑗 �̂�𝑖⟩𝛹 − ⟨�̂�𝑖⟩𝛹 ⟨�̂�𝑗⟩𝛹

)

,

with

𝐶1(𝑚, 𝑛) =
(𝑚𝑛 + 1)𝛤 (𝑚 + 1)𝛤 (𝑛 + 1)

𝛤 (𝑚 + 𝑛 + 1)
,

2(𝑚, 𝑛) =
2𝛤 (𝑚 + 2)𝛤 (𝑛)
𝛤 (𝑚 + 𝑛 + 1)

.

The proof is given in Appendix ‘‘Proof of Theorem 3’’. For states
which have a succinct description in the Fock (number state) basis, this
approach can be more efficient than doing the computations with the
algebra basis. We examine a few immediate results in the next sections.

Reduced criterion for allowed transformations

We can use Theorem 3 to give a simpler criterion for allowed
transformations.

Corollary 3. Let 𝑈 ∈ im𝜑𝑚,𝑀 . Suppose that

|

|

𝛹 ′⟩ = 𝑈 |𝛹⟩ .

Then
∑

𝑖<𝑗

(

⟨�̂�†𝑖 �̂�𝑗⟩𝛹 ′ ⟨�̂�†𝑗 �̂�𝑖⟩𝛹 ′ − ⟨�̂�𝑖⟩𝛹 ′ ⟨�̂�𝑗⟩𝛹 ′

)

=
∑

(

⟨�̂�†𝑖 �̂�𝑗⟩𝛹 ⟨�̂�
†
𝑗 �̂�𝑖⟩𝛹 − ⟨�̂�𝑖⟩𝛹 ⟨�̂�𝑗⟩𝛹

)

. (20)
5

𝑖<𝑗
Here we have the sums of the expected values of pairs of creation
and destruction operators and photon number operators

⟨�̂�𝑖⟩𝛹 = ⟨𝛹 | �̂�𝑖 |𝛹⟩ and ⟨�̂�†𝑖 �̂�𝑗⟩𝛹 = ⟨𝛹 | �̂�†𝑖 �̂�𝑗 |𝛹⟩ . (21)

Even if we have a superposition of many photon number states, the
nly terms that are not zero are the terms of the expected values of the
hoton number operator for each mode (counting the photons in those
odes) and the interaction of states which are ‘‘one photon away’’ from

ach other. In ⟨𝛹 | �̂�†𝑖 �̂�𝑗 |𝛹⟩ we get ⟨𝛹 |𝛷⟩ for a transformed state |𝛷⟩
here we have moved one photon from mode 𝑗 to mode 𝑖. If, after
oving one photon, none of the states in |𝛷⟩ goes back to |𝛹⟩, the

xpected value will be zero. This simplifies exact calculations for many
tates of interest, as we will see in the following sections.

ransitions from 𝒏 photons in a single mode to 𝒏−𝒌 and 𝒌 photons
n two different modes are forbidden

We can use Corollary 3 to prove a few general no-go results for
inear optics. In this section we show that transformation between
hoton number states from the Fock basis are, in general, forbidden if
he total number of photons 𝑛 is not equally divided into the 𝑚 modes

(the sets with the number of photons in the occupied modes that sum
to 𝑛 are different).

Corollary 4. A Fock state input with 𝑛 photons in just one of a total of
𝑚 ≥ 2 modes cannot be exactly transformed into an output state with 𝑛− 𝑘
photons in one mode and 𝑘 photons in a second mode using only linear
optics for any 𝑘 > 0.

Proof. Corollary 3 implies that, for states in the photon number basis,
we only need to worry about the sum
∑

𝑖<𝑗
⟨�̂�𝑖⟩𝛹 ⟨�̂�𝑗⟩𝛹 =

∑

𝑖<𝑗
𝑛𝑖𝑛𝑗 . (22)

Without any loss of generality, we can assume we are transforming
an input |𝑛0…0⟩ into |(𝑛 − 𝑘)𝑘0…0⟩. Imagine a linear optical system
where the modes correspond to different physical paths for the photons.
We can always reorder the mode number by switching the paths. This
corresponds to a linear interferometer with a scattering matrix 𝑆 that is
a permutation matrix, which is always possible. This is true in general.
For any state transition we just need to look into one of the possible
permutations of each state.

From Eq. (22) we can see the sum is 0 for |𝑛0…0⟩ and (𝑛 − 𝑘)𝑘 for
|(𝑛 − 𝑘)𝑘0…0⟩; the latter is 0 only if 𝑘 = 0 or 𝑛 = 𝑘 (the trivial cases
where we have the original state or a permutation). □

The result can be easily generalized to other Fock states. Consider
all the restricted partitions of the photon number 𝑛 up to 𝑚 terms, i.e. all
the ways to write 𝑛 as a sum of, at most, 𝑚 integers. We can imagine that
each partition into 𝑘 elements corresponds to the state |

|

𝑛1 ⋯ 𝑛𝑘0⋯ 0⟩.
Eq. (22) tells us that most of the exact transformation between states in
the Fock basis corresponding to different partitions (and their permuted
versions) are forbidden.

For instance, the state with 𝑛 photons in one mode has a 0 sum in
Eq. (22). Any other state from the photon number basis has at least
two occupied modes and a sum greater than 0. This means the |𝑛0⋯ 0⟩
state cannot be transformed deterministically into a single state with a
different photon distribution.

Most of the transitions for states corresponding to different parti-
tions can be shown to be impossible with numerical experiments [5].
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While there are some transformations that would satisfy Eq. (22),
like going from |330⟩ to |114⟩ with terms that sum to 9, it is not
lear they are not a result of the symmetry in the definition for the
nvariant, like in the counterexample in Section ‘‘The invariant conser-
ation condition is necessary but not sufficient. Counterexample: NOON
tates’’ for NOON states. We conjecture that, in the given example, the
ransformation is indeed impossible, but it remains an open problem to
tudy the behaviour as the number of photons and modes grows.

In general, the result is in line with the expected bunching and
ntibunching behaviour of photons in beam splitters: photons from
ock states tend to stick together in the outputs, unless we admit su-
erpositions of different Fock states, and finding systems that separate
hotons is not trivial.

mpossibility of Bell state generation from separable photon num-
er states with photon number ancillary states

Bell states are a crucial resource in quantum information. They are
key element in Ekert’s quantum key distribution [27], quantum tele-
ortation [28], entanglement swapping [29], superdense coding [30]
r quantum secure direct communication [31,32]. Also, they can be
sed in universal quantum computation with linear optics [33] and are
fundamental ingredient in quantum networks [29,34] or distributed

ecure quantum machine learning [35].
While they can be generated with nonlinear processes at mod-

rate rates [36,37], there is a strong interest in creating entangled
ell states with linear optics acting on simple input states. There are
any different probabilistic proposals [38–40] conditioned on certain
easurement results. Most proposals include a herald: a recognizable

ncillary state that, when measured in part of the output modes,
uarantees the unmeasured modes contain the desired Bell state. These
chemes have a limited probability of success, which is given by the
robability of finding the herald state in the measurement. We can
onder whether this is a limitation of the resources and if using

arger state spaces with more modes and ancillary photons would allow
o generate a Bell state with certainty from simple input states. We
ive a negative answer for a large family of heralded schemes which
xpand previous impossibility proofs for systems with two and three
hotons [41].

If we consider two-level systems, or qubits, with basis states |0⟩ and
1⟩, a Bell state is defined as
|00⟩ + |11⟩

√

2
.

This is an entangled state where a measurement in the given computa-
tional basis will always produce the same result on both qubits. We
consider the analogue in linear optics for dual-rail encoding with a
photon number description |0⟩ ≡ |01⟩ and |1⟩ ≡ |10⟩. The desired Bell
tate is
|0101⟩ + |1010⟩

√

2

here we have four orthogonal photonic modes. The most usual phys-
cal realization of this state is two separate paths with two orthogonal
olarizations having a state of the form
|𝐻⟩1 |𝐻⟩2 + |𝑉 ⟩1 |𝑉 ⟩2

√

2

or horizontally and vertically polarized photons, but the description in
erms of four modes also covers more general situations.

We cannot produce this output state as a subsystem of the output
odes even if we use any number of ancillary photons and modes when

he input is a state from the Fock basis. The only assumption is that the
utput in the measured ancillary modes must also be a state in the Fock
asis.
6

Corollary 5. An input Fock state |𝜓⟩ = |

|

𝑛1 … 𝑛𝑚⟩ cannot be determin-
istically transformed with linear optics into an output Bell state with an
ancilla

|

|

𝜓 ′⟩ = 1
√

2

(

|1010⟩ + |0101⟩
)

|

|

aux ′⟩ ,

here |

|

aux ′
⟩ = |

|

|

𝑛′5 𝑛
′
6 … 𝑛′𝑚

⟩

is the ancilla.

Proof. This result is proved after the application of formula (20) in
Corollary 3. First, note that ⟨�̂�†𝑖 �̂�𝑗⟩ = 0 , since the two Fock states in
|

|

𝜓 ′
⟩ are more than one photon away from each other. Thus, we only

need to compute the terms containing ⟨�̂�𝑖⟩:

�̂�𝑖⟩𝜓 = 𝑛𝑖 , 𝑖 = 1,… , 𝑚 ;

�̂�𝑖⟩𝜓 ′ = 1
2
, 𝑖 = 1,… , 4 ;

⟨�̂�𝑖⟩𝜓 ′ = 𝑛′𝑖 , 𝑖 = 5,… , 𝑚 .

To prove the impossibility, we only need to make sure that the
difference between the invariants is non-zero. The sum ∑

𝑖<𝑗⟨�̂�𝑖⟩⟨�̂�𝑗⟩ has
an integer value for |𝜓⟩. It is also an integer for |

|

𝜓 ′
⟩ when 𝑖, 𝑗 = 5,… , 𝑚.

The only terms with, possibly, non-integer terms are those involving
⟨�̂�𝑖⟩ = 1∕2 . First,
∑

𝑖=1…4
𝑗=5…𝑚

⟨�̂�𝑖⟩𝜓 ′ ⟨�̂�𝑗⟩𝜓 ′ = 1
2
4

∑

𝑗=5…𝑚
𝑛′𝑗

turns out to be also an integer. Only the term independent of the
auxiliary state is to make a crucial difference:
∑

𝑖<𝑗
𝑖,𝑗=1…4

⟨�̂�𝑖⟩𝜓 ′ ⟨�̂�𝑗⟩𝜓 ′ = 1
2
1
2
4(4 − 1)

2
= 3

2
;

which means that the invariants will always be, at least, 1∕2 apart from
ach other. We conclude that the transition is, indeed, impossible. □

While this is a strong negative result there are two important
aveats. First, we require the herald to be a fixed state from the Fock
asis. There could be a superposition of Fock states in the ancilla that
uarantees a deterministic Bell state in the first four modes. However,
he proof also excludes any of these superpositions that can be gen-
rated using linear optics and any single Fock state, as they can be
onverted back into Fock states with the inverse transformation in the
ncillary modes. These states can always be converted into the states
overed in the proof with the inverse linear system in the ancillary
odes and, if we can reach them, then the original fixed state may be

lso attained. Second, the proof only restricts deterministic generation
f Bell states. It is still open if there is an upper limit on the maximum
robability of success in heralded schemes that add a larger number
f photons or modes. We leave it for future investigation whether
he relative differences between two invariants can be related to this
robability of success.

mpossibility of exact transformation between dual-rail GHZ states
nd W states with photon number ancillas

The same technique can be used to prove the impossibility of transi-
ioning from a state |GHZ⟩ = (|000⟩+ |111⟩)∕

√

2 encoded in dual-rail to
a state |W⟩ = (|100⟩+|010⟩+|010⟩)∕

√

3 also in dual-rail encoding. These
states are already known to be entangled in inequivalent ways, meaning
that one cannot use local operations and classical communication to
transform one into the other [42].
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Corollary 6. A GHZ state with a state number ancilla,

|GHZ⟩ |𝑎𝑢𝑥⟩ = |010101⟩ + |101010⟩
√

2
|

|

𝑛7 … 𝑛𝑚⟩ ,

cannot be deterministically transformed with linear optics into a W state
with any state number ancilla,

|W⟩

|

|

𝑎𝑢𝑥′
⟩

=
|100101⟩ + |011001⟩ + |010110⟩

√

3
|

|

|

𝑛′7 … 𝑛′𝑚
⟩

.

roof. In a similar fashion to the previous proof, we show that the
erms in the invariant arising from |GHZ⟩ and |W⟩ give a different
on-integer value, while the remaining terms are all integers:

�̂�𝑖⟩GHZ = 1
2
, 𝑖 = 1,… , 6 ;

⟨�̂�𝑖⟩W = 1
3
, 𝑖 = 1, 3, 5 ;

⟨�̂�𝑖⟩W = 2
3
, 𝑖 = 2, 4, 6 .

his yields a different invariant for the first 6 modes:

𝑖<𝑗
⟨�̂�𝑖⟩GHZ ⟨�̂�𝑗⟩GHZ = 15

4
≠
∑

𝑖<𝑗
⟨�̂�𝑖⟩W ⟨�̂�𝑗⟩W = 11

3
.

The remaining terms involving the auxiliary photons result in integers;
thus, the invariants can never be equal. □

This result is consistent with the intuition that converting between
ifferent families of entangled states requires entangling gates, which
ould allow universal quantum computation with linear optics, which

s impossible without the assistance of measurement and postcorrection
r nonlinear systems.

losing remarks

We have described a necessary criterion that, for any two given
nput states, identifies when it is impossible to transform one into the
ther using only linear optical devices.

For states which are a superposition of few photon number states,
he explicit formulas can be efficiently computed, even for large state
paces. For general density matrices there are numerical methods based
n the projections on well-defined subspaces.

Both methods have been added as functions in the open software
ackage QOptCraft [20] and we have made available some self-guided
xample demonstrations [5].

The closed formulas can be used to give general theoretical no-
o results for quantum linear optics that include the impossibility of
ost transitions between photon number states with a different photon
istribution between the possible modes, the impossibility of the exact
eralded generation of Bell states from separable Fock inputs and the
mpossibility of exactly transforming between GHZ and W states with
ixed ancillary photon number states.

These results have applications to optical quantum state genera-
ion. Advanced entangled optical states are a basic resource in optical
uantum computation and quantum communication protocols. Having
formal description of the limitations can help in the search for optical

ystems producing interesting output states.
Finally, the software for numerical computation can also help in

he automated search for a target output. Computer assisted methods
an find useful quantum states of light and there is a growing field of
esearch working with linear optics [43–51]. The given transformation
riterion can be useful as a screening method that can quickly weed out
mpossible inputs without the need to work with the whole state space.
7
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ote added

After acceptance, it has been brought to our attention the paper
‘Multiphoton states related via linear optics’’ from Piotr Migdał et
l. [52], that studies the same problem and finds a series of conserved
uantities in linear optical transformations using a particle description
nstead of the mode description we employ.

ppendix. Proof of Theorem 3

To prove Theorem 3, first of all we need to show the following
roposition:

roposition 2. Consider the following basis for d,

𝑏𝑗 ∶=𝑏𝑛𝑗 = 𝑖�̂�𝑗 for 𝑗 = 1,… , 𝑚;

𝑐𝑗𝑘 ∶=𝑏𝑒𝑗𝑘 =
𝑖
2
(

�̂�†𝑗 �̂�𝑘 + �̂�
†
𝑘�̂�𝑗

)

for 𝑘 < 𝑗 = 1,… , 𝑚;

𝑗𝑘 ∶=𝑏
𝑓
𝑗𝑘 =

1
2
(

�̂�†𝑗 �̂�𝑘 − �̂�
†
𝑘�̂�𝑗

)

for 𝑘 < 𝑗 = 1,… , 𝑚, (23)

s well as the inner product

𝑢, 𝑣⟩ ∶= 1
2
tr(𝑢†𝑣 + 𝑣†𝑢) (24)

for any 𝑢, 𝑣 ∈ u(𝑀). We have that

⟨𝑏𝑖, 𝑏𝑗⟩ =
{

𝐴 if 𝑖 = 𝑗
𝐵 if 𝑖 ≠ 𝑗

𝑏𝑘, 𝑐𝑖𝑗⟩ = ⟨𝑏𝑘, 𝑑𝑙𝑚⟩ = ⟨𝑐𝑖𝑗 , 𝑑𝑙𝑚⟩ = 0

⟨𝑐𝑖𝑗 , 𝑐𝑙𝑚⟩ = ⟨𝑑𝑖𝑗 , 𝑑𝑙𝑚⟩ =
1
2
𝛿𝑖𝑙𝛿𝑗𝑚 (𝐵 + 𝐶) ,

(25)

where

𝐴 ∶=
(𝑚 + 2𝑛 − 1)𝛤 (𝑚 + 𝑛)

𝛤 (𝑚 + 2)𝛤 (𝑛)
,

𝐵 ∶=
𝛤 (𝑚 + 𝑛)

𝛤 (𝑚 + 2)𝛤 (𝑛 − 1)
,

∶=
𝛤 (𝑚 + 𝑛)

.

𝛤 (𝑚 + 1)𝛤 (𝑛)
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Proof. Observe that the given basis is not orthonormal for the case of
𝑛 > 1. Indeed,

⟨𝑏𝑖, 𝑏𝑖⟩ = tr
(

�̂�𝑖�̂�𝑗
)

=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑖�̂�𝑗 |𝑛1,… , 𝑛𝑚⟩,

⟨𝑏𝑖, 𝑐𝑗𝑘⟩ = tr
(

�̂�𝑖𝑐𝑗𝑘
)

=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑖𝑐𝑗𝑘|𝑛1,… , 𝑛𝑚⟩ = 0,

⟨𝑏𝑖, 𝑑𝑗𝑘⟩ = tr
(

�̂�𝑖𝑑𝑗𝑘
)

=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑖𝑑𝑗𝑘|𝑛1,… , 𝑛𝑚⟩ = 0,

⟨𝑐𝑖𝑗 , 𝑐𝑙𝑚⟩ =
1
4
tr
(

(

�̂�†𝑖 �̂�𝑗 + �̂�
†
𝑗 �̂�𝑖

)(

�̂�†𝑙 �̂�𝑚 + �̂�†𝑚�̂�𝑙
)

)

=
𝛿𝑖𝑚𝛿𝑙𝑗 + 𝛿𝑖𝑙𝛿𝑗𝑚 + 𝛿𝑗𝑚𝛿𝑖𝑙 + 𝛿𝑗𝑙𝛿𝑖𝑚

4
tr
(

�̂�𝑚 + �̂�𝑚�̂�𝑙
)

= 1
2
𝛿𝑖𝑙𝛿𝑗𝑚tr

(

�̂�𝑚 + �̂�𝑚�̂�𝑙
)

= 1
2
𝛿𝑖𝑙𝛿𝑗𝑚

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑚 + �̂�𝑚�̂�𝑙|𝑛1,… , 𝑛𝑚⟩,

⟨𝑐𝑖𝑗 , 𝑑𝑙𝑚⟩ =
−𝑖
4
tr
(

(

�̂�†𝑖 �̂�𝑗 + �̂�
†
𝑗 �̂�𝑖

)(

�̂�†𝑙 �̂�𝑚 − �̂�†𝑚�̂�𝑙
)

)

= 0,

⟨𝑑𝑖𝑗 , 𝑑𝑙𝑚⟩ =
1
2
𝛿𝑖𝑙𝛿𝑗𝑚tr

(

�̂�𝑚 + �̂�𝑚�̂�𝑙
)

= 1
2
𝛿𝑖𝑙𝛿𝑗𝑚

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑚 + �̂�𝑚�̂�𝑙|𝑛1,… , 𝑛𝑚⟩.

(26)

ecause of the independence in the particular mode, and assuming that
here are at least two modes, we have

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑖�̂�𝑗 |𝑛1,… , 𝑛𝑚⟩ =

{

𝐴 if 𝑖 = 𝑗
𝐵 if 𝑖 ≠ 𝑗

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑚 + �̂�𝑚�̂�𝑙|𝑛1,… , 𝑛𝑚⟩ = 𝐶 + 𝐵

ith

𝐴 ∶=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�

2
1|𝑛1,… , 𝑛𝑚⟩,

𝐵 ∶=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�1�̂�2|𝑛1,… , 𝑛𝑚⟩,

∶=
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�1|𝑛1,… , 𝑛𝑚⟩.

(27)

herefore,

⟨𝑏𝑖, 𝑏𝑗⟩ =
{

𝐴 if 𝑖 = 𝑗
𝐵 if 𝑖 ≠ 𝑗

𝑏𝑘, 𝑐𝑖𝑗⟩ = ⟨𝑏𝑘, 𝑑𝑙𝑚⟩ = ⟨𝑐𝑖𝑗 , 𝑑𝑙𝑚⟩ = 0

⟨𝑐𝑖𝑗 , 𝑐𝑙𝑚⟩ = ⟨𝑑𝑖𝑗 , 𝑑𝑙𝑚⟩ =
1
2
𝛿𝑖𝑙𝛿𝑗𝑚 (𝐵 + 𝐶) .

(28)

To finish the proof of the proposition we only have to calculate the
values of 𝐴,𝐵, 𝐶 given in (27). An easy computation using Mathemat-
ica [53] shows that

𝐴 =
𝑛
∑

𝑘=0
(𝑛 − 𝑘)2

(

𝑚 + 𝑘 − 2
𝑘

)

=
(𝑚 + 2𝑛 − 1)𝛤 (𝑚 + 𝑛)

𝛤 (𝑚 + 2)𝛤 (𝑛)
,

=
𝑛
∑

𝑘=0
(𝑛 − 𝑘)

(

𝑚 + 𝑘 − 2
𝑘

)

=
𝛤 (𝑚 + 𝑛)

𝛤 (𝑚 + 1)𝛤 (𝑛)
.

Moreover,

𝑀𝑛2 =
∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|

𝑚
∑

𝑖=1
�̂�𝑖

𝑚
∑

𝑗=1
�̂�𝑗 |𝑛1,… , 𝑛𝑚⟩

=
𝑚
∑

𝑖=1

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�

2
𝑖 |𝑛1,… , 𝑛𝑚⟩

+
𝑚
∑

𝑖≠𝑗

∑

𝑛1+𝑛2+⋯+𝑛𝑚=𝑛
⟨𝑛1,… , 𝑛𝑚|�̂�𝑖�̂�𝑗 |𝑛1,… , 𝑛𝑚⟩
8

=𝑚𝐴 + 𝑚(𝑚 − 1)𝐵
and finally,

𝐵 = 1
𝑚(𝑚 − 1)

(

𝑀𝑛2 − 𝑚𝐴
)

=
𝛤 (𝑚 + 𝑛)

𝛤 (𝑚 + 2)𝛤 (𝑛 − 1)
. □

Once the above proposition is proved we are ready to show Theo-
em 3. Given a pure state |𝛹⟩ consider the associated density matrix
𝛹 = |𝛹⟩ ⟨𝛹 |, then 𝑖𝜌𝛹 belongs to u(𝑀) and has a tangent component
𝑡 ∈ d. In our basis therefore,

𝑡 = 𝑣𝑖𝑡𝑏𝑖 + 𝑣
𝑙𝑚
𝑡 𝑐𝑙𝑚 + 𝑣𝛼𝛽𝑡 𝑑𝛼𝛽 ,

here we use the Einstein summation convention. Hence

𝑡(𝑖𝜌𝛹 ) = ⟨𝑣𝑡, 𝑣𝑡⟩ = ⟨𝑖𝜌𝛹 , 𝑣𝑡⟩ = ⟨𝑖𝜌𝛹 , 𝑣
𝑖
𝑡𝑏𝑖 + 𝑣

𝑙𝑚
𝑡 𝑐𝑙𝑚 + 𝑣𝛼𝛽𝑡 𝑑𝛼𝛽⟩

= 𝑣𝑖𝑡⟨𝑖𝜌𝛹 , 𝑏𝑖⟩ + 𝑣
𝑙𝑚
𝑡 ⟨𝑖𝜌𝛹 , 𝑐𝑙𝑚⟩ + 𝑣

𝛼𝛽
𝑡 ⟨𝑖𝜌𝛹 , 𝑑𝛼𝛽⟩

= 𝑣𝑖𝑡⟨𝑖𝑏𝑖⟩𝛹 + 𝑣𝑙𝑚𝑡 ⟨𝑖𝑐𝑙𝑚⟩𝛹 + 𝑣𝛼𝛽𝑡 ⟨𝑖𝑑𝛼𝛽⟩𝛹 ,

(29)

here

𝑖𝑏𝑖⟩𝛹 = ⟨𝛹 | 𝑖𝑏𝑖 |𝛹⟩ , ⟨𝑖𝑐𝑙𝑚⟩𝛹 = ⟨𝛹 | 𝑖𝑐𝑙𝑚 |𝛹⟩ , and

𝑖𝑑𝑟𝑜⟩𝛹 = ⟨𝛹 | 𝑖𝑑𝑟𝑜 |𝛹⟩ .

n the other hand, using (28) we have

𝑖𝑏𝑖⟩𝛹 = ⟨𝑏𝑖, 𝑖𝜌𝛹 ⟩ = ⟨𝑏𝑖, 𝑣𝑡⟩ = 𝑣𝑗𝑡 ⟨𝑏𝑖, 𝑏𝑗⟩ = 𝑔𝑖𝑗𝑣
𝑗
𝑡

here 𝑔 is the matrix with elements 𝑔𝑖𝑗 = ⟨𝑏𝑖, 𝑏𝑗⟩. Then,
𝑗
𝑡 = 𝑔𝑗𝑖⟨𝑖𝑏𝑖⟩𝛹 ,

ith 𝑔𝑖𝑗 =
(

𝑔−1
)

𝑖𝑗 . After an algebraic manipulation we obtain

𝑔−1
)

𝑖𝑗 =

⎧

⎪

⎨

⎪

⎩

𝑚−2+𝛼
𝐵(𝛼−1)(𝑚−1+𝛼) if 𝑖 = 𝑗

−1
𝐵(𝛼−1)(𝑚−1+𝛼) if 𝑖 ≠ 𝑗

(30)

ith 𝛼 = 𝐴∕𝐵. Analogously,

𝑖𝑐𝑖𝑗⟩𝛹 = ⟨𝑐𝑖𝑗 , 𝑖𝜌𝛹 ⟩ = ⟨𝑐𝑖𝑗 , 𝑣𝑡⟩ = 𝑣𝑙𝑚𝑡 ⟨𝑐𝑖𝑗 , 𝑐𝑙𝑚⟩ =
1
2
(𝐶 + 𝐵)𝑣𝑖𝑗𝑡 .

herefore
𝑖𝑗
𝑡 = 2

𝐵 + 𝐶
⟨𝑖𝑐𝑖𝑗⟩𝛹 , (31)

nd similarly,

𝛼𝛽
𝑡 = 2

𝐵 + 𝐶
⟨𝑖𝑑𝛼𝛽⟩𝛹 . (32)

hen (29) can be rewritten as

𝑡(𝑖𝜌𝛹 ) =
𝑚 − 2 + 𝛼

𝐵(𝛼 − 1)(𝑚 − 1 + 𝛼)

𝑚
∑

𝑖=1
⟨�̂�𝑖⟩

2
𝛹

− 1
𝐵(𝛼 − 1)(𝑚 − 1 + 𝛼)

∑

𝑖≠𝑗
⟨�̂�𝑖⟩𝛹 ⟨�̂�𝑗⟩𝛹

+
∑

𝑖<𝑗

2
𝐵 + 𝐶

⟨𝑖𝑐𝑖𝑗⟩
2
𝛹 +

∑

𝑖<𝑗

2
𝐵 + 𝐶

⟨𝑖𝑑𝑖𝑗⟩
2
𝛹 .

(33)

sing elementary manipulations we have

𝑡(𝑖𝜌𝛹 ) =
(𝑚 − 2)𝐵 + 𝐴

(𝐴 − 𝐵)((𝑚 − 1)𝐵 + 𝐴)
𝑛2 − 2

𝐴 − 𝐵
∑

𝑖<𝑗
⟨�̂�𝑖⟩𝛹 ⟨�̂�𝑗⟩𝛹

+ 2
𝐵 + 𝐶

∑

𝑖<𝑗
⟨�̂�†𝑖 �̂�𝑗⟩𝛹 ⟨�̂�

†
𝑗 �̂�𝑖⟩𝛹 ,

(34)

ut then

1(𝑚, 𝑛) ∶=
(𝑚 − 2)𝐵 + 𝐴

(𝐴 − 𝐵)((𝑚 − 1)𝐵 + 𝐴)
𝑛2 =

(𝑚𝑛 + 1)𝛤 (𝑚 + 1)𝛤 (𝑛 + 1)
𝛤 (𝑚 + 𝑛 + 1)

,

𝐶2(𝑚, 𝑛) ∶=
2

𝐴 − 𝐵
=

2𝛤 (𝑚 + 2)𝛤 (𝑛)
𝛤 (𝑚 + 𝑛 + 1)

= 2
𝐵 + 𝐶

,

and the theorem is proved.
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