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ABSTRACT

Potentiostatic impedance spectroscopy (IS) is a well-known tool for characterization of materials and electronic devices. It can be complemented
by numerical simulation strategies relying on drift-diffusion equations without any equivalent circuit-based assumptions. This implies the time-
dependent solutions of the transport equations under small perturbation of the external bias applied as a boundary condition at the electrodes.
However, in the case of photosensitive devices, a small light perturbation modulates the generation rate along the absorber bulk. This work
then approaches a set of analytical solutions for the signals of IS and intensity modulated photocurrent and photovoltage spectroscopies, intensity
modulated photocurrent spectroscopy (IMPS) and intensity modulated photovoltage spectroscopy (IMVS), respectively, from one-sided p-n
junction solar cells at the open-circuit. Subsequently, a photoimpedance signal named “light intensity modulated impedance spectroscopy” (LIMIS
¼ IMVS/IMPS) is analytically simulated, and its difference with respect to IS suggests a correlation with the surface charge carrier recombination
velocity. This is an illustrative result and the starting point for future more realistic numerical simulations.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5139571

The concept of impedance as a transfer function in the form of a
ratio between two complex magnitudes has been widely tackled, since
its introduction by Heaviside.1 The most typical application comprises
the study of the electrical current response to small voltage perturba-
tion, as in standard potentiostatic impedance spectroscopy (IS) where
the impedance itself Z has units of Ohms.2 IS is a well-known and
established characterization technique for the evaluation of the resis-
tive, capacitive, and inductive features of materials and electronic devi-
ces. Particularly, on photovoltaic solar cells, IS typically informs on the
recombination modes,3 the doping densities,4,5 deep defect levels,6 and
the density of states.7

One of the most common practices in solar cell characterization
is to measure potentiostatic IS at an open-circuit (OC) condition
under a series of steady-state direct current (“dc”) mode illumination
intensities. By this way, assisted by numerical circuit theory calcula-
tions, the recombination resistance Rrec, chemical capacitance Cl, and

characteristic lifetimes s can be evaluated, among other parameters.3,8,9

Also, drift-diffusion numerical calculations have been reported solving
the time-dependent continuity and Poisson’s equations under small
perturbation of the bias boundary condition at the electrodes.10–13

Alternatively, in photosensitive samples, the current or voltage
responses to small light intensity perturbations can also be studied, which
are the cases of intensity modulated photocurrent spectroscopy
(IMPS)14–25 and intensity modulated photovoltage spectroscopy
(IMVS),20,21,26–28 respectively. IMVS and IMPS individually characterize
the current and voltage responsivities WJ and WV , respectively. Similar to
IS, we can take the ratio IMVS/IMPS to define light intensity modulated
impedance spectroscopy (LIMIS). This relation was first introduced by
Song and Macdonald29 who measured the spectra on n-Si in KOH solu-
tion, validating the transfer function by Kramers–Kronig transformation.
Later, Halme30 applied the concept to dye sensitized solar cells, conclud-
ing the approximate equivalence between IS and LIMIS. Furthermore, in
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our simultaneous and complementary study,8 we measured LIMIS in all-
solid-state silicon, organic, and perovskite solar cells and numerically sim-
ulated LIMIS spectra with the circuit-based approach, showing qualitative
and quantitative differences between IS and LIMIS. These differences
were shown to imply corrections to the evaluation of the carrier lifetimes
and the empirical form of the Shockley equation.

Understanding the difference between the transfer functions
resulting from IS and LIMIS demands a model able to reproduce
and explain the experimental patterns. Thus, the accurate solving of the
drift-diffusion equations would possibly be the best resource, requiring
the use of numerical methods to reproduce the frequency-dependent
signals around the OC steady-state under dc illumination. In the case of
LIMIS, or individually IMPS and IMVS, the complete development of
the time dependent numerical solutions is still in early phases,10 and
such a task is beyond the scope of this paper. Instead, the focus is
set here on the analytical solution for the particular case of one-sided
abrupt p-n junction thin film solar cells. This model is of special interest
regarding the moderately doped p-type base in contact with a highly
doped n-type emitter, which is the usual case for p-nþ silicon solar cells.

In this article, we further analyze the LIMIS concept at OC and
solve the drift-diffusion equations in an analytical approximation for
the one-sided p-n junction solar cells that suggest a correlation
between the surface recombination velocity and the difference between
IS and LIMIS. These analytical results complement the typical equiva-
lent circuit-based approach studies and set a starting point for future
numerical drift-diffusion simulations.

Introducing the formalism, with the notation in Table S1, the
supplementary material provides a helpful step-by-step description of
the following deductions. Additionally, in Sec. S1.2., the continuity
equation (S9) is shown with the drift and diffusion terms, the Poisson
equation, the drift-diffusion currents, and the boundary conditions
(S10) for the electrostatic potential u and the current in the assump-
tion of Ohmic contacts for the solution of the numerical problem. The
numerical problem is beyond the scope of this work, and so we pro-
ceed with our analytical deductions.

Now, let us first consider a sinusoidal ~V tð Þ small perturbation
applied to a generic sample at steady-state voltage V . Then, the current
response around the steady-state value J Vð Þ may be / phase shifted
as ~J ¼ ~J

�� ��exp �i/½ �; resulting in the impedance as

Z xð Þ ¼
~V tð Þ
~J tð Þ

¼
~Vj j
~J
�� �� exp i/½ �; (1)

with i being the imaginary number. Now, instead, the perturbation
can be done by a light source in photosensitive samples. Then, a small
perturbation ~Pin tð Þ ¼ ~Pin

�� ��exp ixt½ � can be added to the given dc inci-
dent light power density Pin. Upon this perturbation, both current and
voltage signals can be recorded, and so the current responsivity trans-
fer function is

WJ xð Þ ¼
~J

~Pin
¼

~J
�� ��
~Pin

�� �� exp i/J

� �
; (2)

and, at OC (J ¼ 0), the modulated photovoltage signal ~Voc

¼ ~Voc

�� ��exp i/V½ � gives the voltage responsivity transfer function as

WV xð Þ ¼
~Voc

~Pin
¼

~Voc

�� ��
~Pin

�� �� exp i/V½ �: (3)

Equations (2) and (3) define by themselves IMPS and IMVS, respec-
tively. These techniques have been earlier introduced,14–17,23,27,31 and
there have been recent studies on photovoltaic solar cells.21,22,24,28,32

Now, as discussed before,8 it can be advantageous to combine IMPS
and IMVS in addition to individually analyze them. Therefore, we
obtain light intensity modulated impedance spectroscopy (LIMIS) as

ZW xð Þ ¼ WV

WJ
¼

~Voc

�� ��
~J
�� �� ei /V�/Jð Þ ¼ ZWj jei/W : (4)

From the drift-diffusion equations in the perfect selectivity approxima-
tion and the above definitions, we can deduct the alternating current
(“ac”) mode for the modulated currents2

~J ffi q
ðL
0

~G � ~n
1
s
þ 2bn0 þ ix

� �� �
dx: (5)

Also, parting from the typical Voc definition and using the McLaurin
series, the modulated photovoltage can be found as27

~Voc ffi 2
kBT
q

~n
n0
; (6)

where q is the elementary charge, kBT is the thermal energy, L is the
effective distance between electrodes or effective current integration
length, ~G is the ac generation rate, s is the nonradiative surface/
Shockley-Read-Hall (SRH) recombination lifetime, b is the second
order direct free carrier recombination coefficient (typically, radiative
recombination coefficient), n is the steady-state overequilibrium con-
centration (under dc bias and/or illumination), and ~n is the complex
ac amplitude response to ~V or ~Pin; which includes the phase shift /n,
i.e., ~n ¼ ~nj jexp i/n½ �.

Accordingly, the task here is to solve the transport equations to
obtain n and ~n for the dc and ac solutions and then substitute in
(1)–(6). Here, we highlight that IS and LIMIS are different regarding
“where” the perturbation is applied. In IS, ~V directly affects the u
boundary condition, which defines the electric field n after Poisson’s
equation. Later, its effect will be particularly related to recombination
and its influence in the space charge region in the continuity equation.

On the other hand, the perturbed term in LIMIS is directly affect-
ing the continuity equation via the generation rate G along the effective
absorber layer bulk section. Assuming a light intensity independent
incident light spectrum, G can be expressed in dc and ac real terms as

G tð Þ ¼ G þ ~G eixt ¼ Wsc

q L
Pin þ ~Pin e

ixt
	 


; (7)

where L is the effective absorber layer thickness where the current is
integrated and Wsc is the photocurrent responsivity at the short-circuit
that depends on the incident light spectrum, the absorption coefficient,
and the geometry of the absorbing materials. Note that ~G ¼ ~Gj j and
~Pin ¼ ~Pin

�� �� are the perturbation, and similar to ~V , we will omit the
modulus notation in the next. Also, note that only in thin film devices,
(7) can be properly approached to a space independent constant G;
otherwise, the Beer–Lambert law should be considered, resulting in a
G x; tð Þ dependency. For example, the use of space constant G gives a
rough approximation in p-nþ silicon solar cells, which are of special
interest for our model. Subsequently, the inclusion of ~G in the conti-
nuity equation defines the diffusion currents out of the space charge
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region or in situations dominated by low field effects. This can be par-
ticularly significant for the current boundary condition.

Keeping this in mind, the analytical solution of the charge carrier
concentrations around OC under ~V and ~G perturbations, for IS and
LIMIS, respectively, can be found by structuring the solutions in the
form

n tð Þ ¼ n0 þ ~n exp ixt½ �; (8)

where n0 ¼ n þ n0, with n0 being the dark equilibrium concentration.
In p-nþ junction devices, expression (8) indicates electron density in
the p-doped base and, analogously, it would be the hole concentration
in the n-side of pþ-n junction cells.

The current boundary condition can be taken as Dd~n=dx ffi Sr~n
in the form of Ohmic contact selectivity with diffusion coefficient D
(negligible drift current), where minority carriers recombine with sur-
face recombination velocity Sr . No significant difference was consid-
ered between IS and LIMIS regarding the Sr constraint.

On the other hand, the potential boundary condition was chosen
as the depletion approximation, expressing how the different measur-
ing ways ideally affect the charge carrier distributions and hence the
energy diagram. This is summarized in Fig. 1. For IS, the ~V small per-
turbation changes the dc depletion region width w and ac amount ~w
and creates small charge carrier gradients around the steady-state OC
distribution. For the IMVS, the ~G small perturbation also changes ~w
around w, but without gradients, and so the charge profile is flat all
the time. Finally, for IMPS, no change on w is assumed and the oppo-
site gradient of the energy bands takes place.

Accordingly, the solution of the transport equations with the
above boundary conditions approaches the impedance from IS at
OC as

Z xð Þ ffi 2kBT

q2LdG

1

~c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ i

x
x0

r ; (9)

where Ld ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
D=x0

p
is the low frequency diffusion length, x0

¼ s�2 þ 4Gb
	 
1=2

is a characteristic recombination frequency, and ~c
is a surface recombination factor as (S24.c) in the supplementary
material.

Subsequently, the voltage and current responsivities can be
deducted as

WV xð Þ ¼ 2
kBT

qG

1

1þ i
x
x0

� � ; (10a)

WJ xð Þ ¼ qLdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ i

x
x0

r ~c 1� ~dð Þ; (10b)

with the complex diffusion length ~Ld ¼ Ld 1þ ix=x0ð Þ1=2 and

~d ¼ Sr
e

w
~Ld � e

L�w
~Ld

� 
D
~Ld
þ Sr þ

D
~Ld
� Sr

� �
e

L
~Ld

� � : (10c)

Note that (10) shows how both functions behave with arc-shaped
spectra since WV / 1þ ix=x0ð Þ�1 and WJ / 1þ ix=x0ð Þ�1=2.
Interestingly, (10) also suggests that at the low frequency limit, WV

/ G
�1

but WJ should be nearly G-independent. Interestingly, if we
weigh the predominant recombination term in x0 and apply the bino-
mial series approximation, the low frequency limit from IMVS spectra
can be used to straightforwardly evaluate the ideality factorm since

WV ffi m
kBT

qG
: (10d)

In our simultaneous work,8 we showed the agreement of (10d) withm
obtained by IS and photocurrent-photovoltage curves of silicon,
organic, and perovskite solar cells. However, while the IMPS low fre-
quency limit (10b) seems to describe well the experiment for silicon
solar cells, in the case of organic and perovskite solar cells, it fails, given
that the p-i-n junction type is not in agreement with the hypothesis of
depletion approximation and Eq. (5).

Subsequently, from (10a) and (10b), it is easy to obtain our
LIMIS transfer function as

ZW xð Þ ffi 2kBT

q2LdG

1

~c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ i

x
x0

r
1� ~dð Þ

: (11)

Expression (11) for LIMIS is different from (9) for IS in only a factor,
and so we can obtain the IS-LIMIS normalized impedance difference as

DZW ¼
ZW � Z

Z
¼

~d

1� ~d
; (12)

which is directly proportional to Sr , as evident in (10c) and more
explicitly in (S35) in the supplementary material, meaning that DZW

as (12) may inform on the surface recombination at the electrodes.

FIG. 1. Voltage boundary condition in the depletion approximation as illustrated by
the charge carrier (left) and energy diagram (right) for the perturbations around the
open-circuit for IS, IMVS, and IMPS, as indicated. The dashed lines represent the
perturbed quantities. EC and EV are the minima and maxima of the conduction and
valence bands, respectively.
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The model was used to simulate IS and LIMIS spectra from a p-n
junction solar cell, whose full characterization can be found in our
simultaneous work.8 The experiments were performed with a
Zennium Pro/PP211 impedance setup, from Zahner. The sample was
a commercial 4 cm2 silicon solar cell, also from Zahner, which facili-
tates the reproduction of our results. The cell was set under dc illumi-
nation intensity (Zahner LSW-2 white LED light source) until thermal
equilibrium was reached, and sequentially, a small ac light perturba-
tion was applied at the same frequencies for IMVS and IMPS measure-
ments. For IMVS, the equipment sets the open-circuit (no absolute
current is flowing) and the ac photovoltage signal is measured. For
IMPS, the dc voltage corresponding to Voc is applied (the absolute dc
current is around nanoampere or lower), and the current signal at that
bias due to the photocurrent modulation is measured. For IS, the mea-
surement is idem to IMPS, except that the small perturbation is the ac
voltage. Then, a series of dc illumination intensities are explored.

Figure 2 shows the experimental data and simulations in the
Nyquist plot representation for the simulation parameters in Table S2
of the supplementary material. In all cases, the critical parameter
defining the difference between both spectra was Sr , but further ele-
ments should be noted.

In a first example, Fig. 2(a) shows two spectra where IS and
LIMIS are very similar; only the latter shows a slightly higher resis-
tance. These patterns can be well simulated toward low frequencies by
our model. The effect of reducing Sr is illustrated with dotted-dashed
lines, indicating how LIMIS approaches IS, while DZW is lessened.
This is a “fingerprint” pattern for evaluating recombination velocity at
the interfaces under moderate illumination rates, where RLIMIS�RIS.
Also, in Fig. 2(a), with dashed lines, we illustrate the role of increasing
recombination via reducing the Shockley-Read-Hall lifetime s of
increasing the band-to-band recombination coefficient b. This results
in the decrease in the impedances and the sign inversion of DZW,
meaning that IS may deliver more impedance than LIMIS, an already
observed feature.8 Here, the same value for extra series resistance Rs

was added to the real parts of both impedances.
In Fig. 2(b), we highlight the resistances RIS and RLIMIS corre-

sponding to the IS and LIMIS spectra, respectively. In this case, the situ-
ation is not so different from that observed in Fig. 2(a), with being
RLIMIS lightly higher than RIS. However, differently, the LIMIS spectrum
is significantly right shifted in what seems to be a series resistance effect
at higher frequencies. The understanding of this feature is of particular
difficulty due to the experimental limitations for measuring IMPS and
IMVS and the reported more complex spectra shapes.8 Also, it cannot
be explained by our model, and so an extra term Zs

0 was added to the
Re ZW xð Þ½ � in addition to the Rs, in common with the IS spectra.

Then, Fig. 2(c) displays the situation where RLIMIS is no longer
higher than RIS, but still the Zs

0 effect delivers a larger low frequency
impedance from LIMIS with respect to IS. This situation better charac-
terizes the case of higher illumination intensities. Remarkably, once
more, Sr enhances the impedance difference between LIMIS and IS, as
illustrated with the dotted-dashed lines in Fig. 2(c). Larger recombina-
tion velocity results in a higher absolute DZW, most typically DZW > 0
at moderate or DZW < 0 under higher illumination intensities.

The above discussion reflects how our model may be comple-
mented with further considerations in order to successfully reproduce
the experiment. From our results, the DZW parameter is first presented
as a perspective figure of merit for the characterization of solar cells,

here found to inform on Sr . However, future generalizations of this
model may illustrate other parameters of interest from the experimen-
tal DZW.

In summary, the time-dependent analytical solutions for the con-
tinuity equation considering diffusion currents in a one-sided p-n
junction solar cell were found around the open-circuit steady-state
upon small bias and light perturbations. This allowed us to show ana-
lytical expressions for the transfer functions of the potentiostatic
impedance IS and the photoimpedance LIMIS. The difference between
LIMIS and IS respective impedances resulted directly proportional to

FIG. 2. Experimental spectra (dots) and our model simulations (lines) for IS, and
LIMIS characterization of a standard p-n junction silicon solar cell at different illumi-
nation intensities Pin. The effects when Sr=5 and Sr � 3 are shown in (a) and (c),
respectively. The measuring conditions and simulation parameters are summarized
in Table S2 in the supplementary material.
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the interface recombination velocity. The model was used to simulate
experimental spectra from a silicon solar cell showing good agreement,
mainly at lower frequencies. Extra experimental features as a series
resistancelike right-shifting in the LIMIS Nyquist plots point out the
limitations of the model toward high frequencies, suggesting the need
for more realistic and numerical approaches.

See the supplementary material for the complete step-by-step
deduction of the solutions of the transport equations and the simula-
tion parameters.
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