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Abstract

We study the existence of linear and non-linear conservation laws in biochemical
reaction networks with mass-action kinetics. It is straightforward to compute
the linear conservation laws as they are related to the left null-space of the
stoichiometry matrix. The non-linear conservation laws are difficult to identify
and have rarely been considered in the context of mass-action reaction networks.
Here, using Darboux theory of integrability we provide necessary structural
(i.e. parameter independent) conditions on a reaction network to guarantee the
existence of non-linear conservation laws of certain type. We give necessary
and sufficient structural conditions for the existence of exponential factors with
linear exponents and univariate linear Darboux polynomials. This allows us to
conclude that a non-linear first integrals (similar to Lotka-Volterra system) only
exists under the same structural condition. We finally show that the existence
of such a first integral generally implies that the system is persistent and has
stable steady states. We illustrate our results by examples.
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1. Introduction

Typical models of biochemical reaction networks are systems of polynomial
ordinary differential equations (ODEs). Generally, these systems cannot be
solved explicitly and, except some special cases [8] 25], little is know about their
solution structure. In many applications it is important to know the qualitative
aspects of the reaction network; whether the solutions are periodic, attracted
towards some steady states, or persistent. An approach is to look for first inte-
grals (or conservation laws), quantities depending on the state variables that are
conserved over time. In connection with reaction networks, first integrals have
been used to demonstrate various phenomena including oscillatory behaviour
[25], chaos [24] and Turing instability [22].

Here our aim is twofold. Firstly, we are interested in finding sufficient and /or
necessary structural conditions — that is, conditions that are independent of
the parameters — for the existence of non-linear first integrals. Secondly, we
study the relationship between the existence of non-linear first integrals and the
qualitative aspects of the reaction network. We make use of the Darboux theory
of integrability [B [6], which is a powerful tool for determining the non-linear
first integrals [I8] [16].

Regarding our first aim, we give the necessary and sufficient structural con-
dition for the existence of exponential factors of the form E(z) = exp(d_, w;z;),
w; € R. Further, we characterize reaction networks that admit a linear Darboux
polynomials (see Definition [I2) of the form F(z) = z; from which we deduce the
existence of non-nonlinear first integrals. Regarding our second aim, we show
that the existence of a first integral (of a certain form) for a conservative system
implies that it is persistent and has a unique non-attracting, but stable, steady
state in each stoichiometric compatibility class.

Although the use of linear conservation laws in reaction network theory is
common, the non-linear first integrals have rarely been considered, with the
exception of some special cases [15], I, 17, 1T 12 20]. Quadratic first integrals

have been characterized in [20]. Ideally, one would like to give structural condi-



35

40

45

50

55

tions for the existence of first integrals (of certain forms) - irrespectively of the
reaction rate constants. Our results can be seen as a first step in this direction,
which is analogous to the deficiency zero and one theorems that give structural
conditions for the existence of steady states [§] and the persistence criteria [2].

In general, it is difficult to prove the existence or non-existence of Darboux
first integrals, which often depends on the reaction rate constants in complicated
ways [I1}, 12, [I7, 10]. We hope that this paper would inspire further work
to characterize the existence and form of non-linear first integrals for reaction
networks. As our results show, non-linear first integrals might be useful to study

qualitative aspects of the dynamics.

2. Reaction networks with mass-action kinetics

Here we define a reaction network and show how to construct a system of

polynomial ODEs describing the evolution of the species concentrations.

2.1. Reaction networks

Denote by N the set of non-negative integers and by R~ (R>¢) the set of
positive (non-negative) real numbers. Let e; be the ith unit vector of R™. For
r = (x1,...,2,) € R%; and o = (ovq,...,0a,) € R", let 2* = [, 2. If
a; > 0foralli=1,...,n, we allow € RY,. In the following, € denotes an

open set in R”.
Definition 1 (Reaction network). A reaction network is a triplet (S,C, R):
(a) S ={A1,...,A,} has n elements, the species.

(b) C has p elements, the complezes, being linear combinations of species,

y=a1A1+...+a, A, €C, witha; eN,;i=1,...,n.

(¢) R has m elements, the reactions, and each reaction r € R is an ordered

pair of distinct complexes, written y — 4’. Therefore R C C x C.
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In the following we assume that the sets S,C and R are ordered. It is
common to assume that C only contains complexes which are part of reactions
and S only contains species which are part of complexes. In that case S and
C are determined by R. For later use we define the set of reactant complexes
C'={yeCly— 1y € R} CC, that is, the complexes on the left hand side of

the reactions.

Example 1 (Volpert’s network). Consider the following reaction network [25]:

Al + AQ — 2A2, A2 + A3 — 2143, A3 + Al — 2A1 (1)

It has six complexes C = {A; + A2,245, A + A3,2A3, A3 + A1,2A;} and three
species S = {A1, Ag, As}.

A reaction network (S,C,R) has a natural representation in terms of a (di-
rected) graph, as in Example [I} where the vertices are the complexes and the
(directed) edges between vertices are the reactions. The connected components
of the undirected graph are called linkage classes and the strongly connected
components of the directed graph are called terminal linkage classes. In Exam-
ple [1| there are three linkage classes (e.g., A1 + A3 — 2As) and three terminal
linkage classes (e.g.,2A452).

2.2. Stoichiometric subspace and compatibility class

Consider a reaction network (S,C,R). Identify each species A; with the
i-th unit vector in N”, that is, the vector with one in the i-th entry and zero
elsewhere. Thus, a complex y = a3 A1 +. ..+ a, A, is identified with the element
(a1,...,ap) of R™.

For the j-th reaction y; — y;-, we let y; = y; —y; € R™ be the net production

of species in the reaction. The vector ; is referred to as the j-th reaction vector.

Definition 2 (Stoichiometry matrix). The stoichiometry matriz I' is defined as

the n x m matrix whose columns are the reaction vectors I' = (1, Y2,...,Vm)-

Definition 3 (Stoichiometric subspace). The stoichiometric subspace is the

vector subspace S C R" defined as S = span{vi,...,Ym}-
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Definition 4 (Stoichiometric compatibility class). The stoichiometric compat-
ibility classes are the affine subspaces of R™ defined by (z + S) N RY,, where

T e Rgo.

2.3. Reaction networks with mass-action kinetics

Let (S,C,R) be a reaction network. Denote by x; the concentration of the
species A; and by z(t) = (x1(t),...,z,(t)) the vector of species concentrations.
Before we show how to describe the time evolution of the vector of concentra-
tions, we need some preliminary definitions and notation.

A rate function for a reaction y; — y}, for j = 1,...,m, is some function
vi(z): RY; — R that describes the instantaneous change in the species
composition z = (z1,...,z,) due to this reaction.

A kinetics V is an assignment to each reaction y; — y;-, j=1,...,m, of a
rate function v;(x): RY; — R>o. We can think of V' as a set of rate functions
indexed by the elements of the reaction set, that is V = {v;(z): j = 1,...,m}.
Let v(z) = (v1(x),...,vm(x)) be the vector of rate functions. We will also refer

to the function v(x): R%, — RZ, as the kinetics.

Definition 5 (ODE system of a reaction network). Let (S,C, R) be a reaction
network. The evolution of the concentrations z(t) = (z1(t),...,x,(t)) under

the kinetics V is given by the ODE system

dr & "
= =2 vi(@)y =Tv(), and z(0) =zo € RL, (2)
j=1
where v(x) = (vi(x),...,vm(x)) is the vector of the rate functions.

It follows from ([2)) that the evolution of the species concentrations is confined

to the stoichiometric subspace
x(t) € (vg +S)NRE,,  where z(0) = xo.

Non-negativity of the solutions follows from the assumption that the rate func-

tions are non-negative, in particular at the boundary of RY, [21].
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We are particularly interested in mass-action kinetics.

Definition 6 (Mass-action kinetics). A kinetics is called mass-action if the rate

functions take the form

n
(@) =k [ [ 27" = kja¥s, (3)
i=1
where y; = (®j1,...,;n), and k; > 0 is a positive reaction rate constant. We
denote the vector of reaction rate constants by x = (k1,...,km).

Remark 7. Note that the total degree of a mass-action rate function v, ;(x)

is deg(ve,j(2)) = Doiy i

Example 2 (Volpert’s network, part 2). Consider the reaction network given
in with mass-action kinetics. The corresponding system of ODEs is given
by

kszix3 — k12122

Cfi—f =Tv.(x) = | kyz1ze — koxoxs | (4)
koxoxs — ksx123
where
-1 0 1 krz12:
L= 1 -1 0] and wv(z)= | kozozs
0 1 -1 kszixs

2.4. Linear conservation laws

Proposition 8. Let be an ODE system for a reaction network. For any

row vector w = (w1, wa, . ..,wy) such that wT' =0, the quantity

n
H = E Wi T;
i=1

is a linear conservation law. Moreover, there are at least s = n — rank(T")

independent linear conservation laws.
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Proof. We have

dH dx
Yy =wTlv(z) = 0.

The left null-space of I' has dimension s, hence there must be at least s inde-

pendent linear conservation laws. O

Example 3. Consider the reaction network
k?l k2
A1 — Ag, Al — Ag. (5)

In this case, s = 1 as H; = x1 + x2 + x3 is a conserved quantity corresponding
to the vector w! = (1,1,1). It is easy to see that Hy = koo — k123 is another
linear conservation law for all k = (ki, ko) € R%, although w? = (0, k2, —k;) is
not in the null-space of I. The two vectors w' and w? are linearly independent

for all reaction rate constants.

Theorem 9 (see [9]). Let S, = span(I'v;(R%)) C S for a reaction network
with mass-action kinetics, as in . If the number of linkage classes equals the
number of terminal linkage classes, then S, = S and the number of independent

linear conservation laws is s = n — rank(T").

Example 4. In the reaction network of Example 3| there is one linkage
class but two terminal linkage classes (A; and As), hence the proposition does

not apply. As a second example, consider the reaction network
}Cl k2
Ay 240, A 0. (6)

The function H = x is a linear conservation law if k1 = ko, but w = (1) is not
in the left null-space of I, that is, w is not of the form in Proposition [8} Indeed
s =0. If k1 # ko then there are no linear conservation laws. Indeed, S, ) = R,

while S(/ﬂ,k‘z) = {0} for kl 75 k2.

Example 2] (see also Example has three linkage classes and three terminal
linkage classes, and hence there is only s = 1 conservation law for all k, namely

H =21+ 22+ 3.
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Theorem [J gives a structural condition that guarantees the existence of pre-
cisely s linear independent conservation laws, which can be chosen independently
of k. In general, the linear conservation laws depend on the kinetics. Under
mass-action kinetics this dependence can be made precise, as alluded to in the
examples above. For a given k, let T'; be the m X p’-matrix (p’ being the number
of reactant complexes in C) with column corresponding to the reactant complex

y € C' given by

> kilys — ), (7)

J=Ly;=y
such that & = T'v.(2) = 32 cor 20701 =, k() — y;)2¥. Then, the linear con-
servation laws are of the form H = Y " | w;x;, where w = (wq,...,w,) is in
the left null-space of 'y, [9], and there are s,, = n — rank(T';) such independent

conservation laws. For example in the reaction network @, we have
I'= (1 — 1) and F,.{ = (klf kg)

(T is 1 x 2-dimensional and Ty, is 1 x 1-dimensional), resulting in the conservation

laws previously stated.

3. Non-linear conservation laws via Darboux theory

The theory developed by Darboux [B] [6] is one of the most useful tools
for identifying the first integrals of polynomial differential equations. Here we
review the main elements of the Darboux theory and show how it can be applied
to search for non-linear conservation laws of the reaction networks with mass-
action kinetics.

We start by considering an n-dimensional polynomial differential system

diCl

= Pi@),.. " = Pua), (8)

where x = (z1,...,2,) € R™ and P;(x) € R[z] are polynomials in . Whenever

convenient we omit the argument x in P; = P;(x) and other functions of x.
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For any system of differential equations we define a derivation

0 0
D=P—+...+P,—. 9
18171 + + axn ( )

The derivation evaluated at a C'-function H: 2 — R, where  can be taken to

be RZ, is denoted by

OH oH

The degree of system , or of the derivation @D, is defined as
d = max(deg(Py),...,deg(P,)),

where deg(P) denotes the degree of polynomial P.

Remark 10. Consider a reaction network with mass-action kinetics and assume
that none of the monomials in the rate functions vanish in the expression of P;,

i=1,...,n. According to Remark [7] the degree of the system is

d' = max (Z ajily; = (o1, ), y; — yé) . (10)
i=1
Even if the hypotheses of Theorem [J] hold, it can still be that some monomi-
als vanish. This is the case for the network 24 —1s 3A,2A LEIN A A LN
B,B LIIN 2A, which has one linkage class and one terminal linkage class. If
k1 = ko, then d = 1, and if k; # ko, then d = 2, but we always have d’ = 2.
We refer to d' as the structural degree of the system. In general d < d'.

There always exists reaction rate constants x such that d = d'.

Definition 11 (First integral). We say that a C'-function H: Q — R, where
Q C R™, is a first integral of system , or of the derivation D, if D(H) = 0,

and H is not locally constant on any positive Lebesgue measure subset of €.

Definition 12 (Darboux polynomial). A Darboux polynomial of system is
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a polynomial F' € C[z], such that

for some cofactor K € Clx].

Remark 13. A polynomial first integral is also a Darboux polynomial with
cofactor K = 0. If the degree of the derivation @D is d, then the degree of any
cofactor in is bounded by d — 1.

Definition 14 (Exponential factor). An exponential factor of system is a
function E = exp(G/F), with F, G € Clx], such that

OF OF

for some cofactor L € C[z], where the degree of L is lower than the degree of
D. A linear exponential factor is an exponential factor such that £ =1 and G

is a linear function of x.

Remark 15. Note that F' in the expression E = exp(G/F) is a Darboux
polynomial. Moreover it can be easily shown that D(G) = KrG + LF, where
K is the cofactor of F. If E is a linear exponential factor, then D(G) = L as
F=1and Kr =0.

The Darboux theory of integrability relates the number of Darboux polyno-
mials and exponential factors with the existence of a Darboux first integral [26].
A Darbouzx function is a product of complex powers of Darboux polynomials and
exponential factors. Note that a rational function (a ratio of two polynomials)
is a special case of a Darboux function. A Darboux first integral is a Darboux

function that is a first integral according to Definition|L]]

Theorem 16. Assume that a derivation D of degree d admits r Darbouz poly-
nomials F;, i = 1,...,r, and s exponential factors E;, j = 1,...,s. Let

N = (”+g_1). Then the following statements hold.

10
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(a) Ifr+ s> N+ 1, then the derivation D admits a Darboux first integral.
(b) If r+ s > N + n, then the derivation D admits a rational fist integral.

Theorem[16[a) is due to Darboux [6, /5], whereas Theorem [16](b) is attributed
to Jouanolou [14]. Theorem[16]reduces the task of identifying the first integrals
of a differential system to computing its Darboux polynomials.

As an illustration of the bound in Theorem a) consider the case n = 2,
that is, a system in two variables. As noted earlier, for Darboux polynomials

F; with cofactors K; and exponential factors E; with cofactors L;, we have
max{deg K1,...,deg K,.,deg Ly, ...,deg Ly} < d — 1.

Since the number of linearly independent polynomials in two variables of degree
at most d—1 is (d'QH), there must be a linear combination of cofactors summing

to zero, whenever r + s is strictly bigger than (d‘;). Hence Theorem |16| applies.

Theorem 17. Assume that the derivation D admits r Darboux polynomials F;
with respective cofactors K;, i = 1,...,r, and s exponential factors E; with
respective cofactors Lj, j = 1,...,s. If there exist A\i,...,  \p,p1,..., s in C,

such that not all are zero and
Z/\iKZ‘-FZ/JjLJ‘ :0, (12)
i=1 j=1
then the Darboux function
Bx) = B FNE{ B

s a first integral of , provided ® is not locally constant on any positive

Lebesgue measure subset of its domain of definition.

Proof. We first note that if ®(x) is a first integral, then the composition F/(®(x))

is another first integral, where F' is any C'-function. Now we prove that log ®

11
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is a first integral. We have

D(log®) = Y _AD(log F;) + > _ 11;D(log E;)
i=1 j=1

= Z A 2UE) | Z pj—2> Z MK+ Z 1L
The theorem follows from . O

4. Linear exponential factors

Now, we characterize the linear exponential factors with non-zero cofactors
for a given reaction network (S,C,R) with mass-action kinetics.

Let E = exp(G), with G € C[z], be an exponential factor with cofactor L €
Clz]. According to Definition [14| and Remark the degree of L is lower than
that of D and D(G) = L. Hence the monomials of highest degree in Py,..., P,
(under mass-action kinetics) must vanish in the sum D(G) = > | P; gf = L.
This observation leads to the following statement.

Proposition 18. Let be an n-dimensional ODE system for a reaction net-
work with mass-action kinetics, vi(x) = (V51(2), ..., Vem()), as in , and
let d' be the structural degree of the system, as in . Further, let T = (T'!,T?)
be the stoichiometric matriz with the columns potentially reordered such that
I'! consists of the columns for which deg(v, ;)(z) = d', j = 1,...,m, and I'?
consists of the remaining columns. Then, for any row vector w = (w1, ...,wy)

such that wI'' = 0, the quantity
E =exp(G), with G= ijxj
j=1

is a linear exponential factor with cofactor L = wI?v2(z). Moreover, there are
at least s' = rank(I') — rank(T'!) independent linear exponential factors with

non-zero cofactors.

12
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Proof. Let T'' be n x m;-dimensional and I'2 be n x my-dimensional, such that
my + mg = m. Further, let v,(z) = (vi(z),v2(z)) be the vector of rate func-
tions potentially reordered to reflect the reordering of I' = (I'!,T'?), that is,
deg(v) ;(x)) =d', j=1,...,my, and deg(v? ;(x)) < d', j =my +1,...,m. For
E = exp(G@) with G = Y | w;x; as in the statement of the proposition, we
have D(E) = ED(G) and
D(G) = éﬂgﬂi = wlv,(z) = w0 (z).

As deg(vg’j(x)) <d,j=mi+1,...,m, then deg(D(G)) < d’, where d’ is the
degree of the derivation. Hence F is a linear exponential factor with the desired
cofactor.

There are at least n — rank(I'!) linearly independent exponential factors of
this kind. However, not all of these have non-zero cofactor. Any linear conser-
vation law gives rise to a linear exponential factor with zero cofactor. Hence,
discounting the linear conservation laws for which wIl' = 0 yields that there are
at least (n —rank(I'!)) — (n —rank(T")) = rank(T") — rank(T'!) independent linear

exponential factors with non-zero cofactor. O

If rank(T") = rank(T'!) (which is the case if all reactions have the same order,
that is, deg(v, ;(z)) = > aj; =d forall j =1,...,m), then the proposition

does not give any non-trivial linear exponential factors.

Remark 19. We can also state a parameter dependent version of Proposition
Let d, be the degree of the system for a given k, I',, be defined as in and
[, = ('L, T2) be a partition of ', defined in Proposition Then Proposition
holds with d' replaced by d,, and T' = (I'!,T'?) replaced by I',, = (I'},T'2).
Consider the reaction network defined by the reactions R! = {y; — yé\ j =
1,...,m}, corresponding to the columns of I''. Theorem |§| gives conditions
under which S' = span{vi,...,vm,} and S} = span{T''vl(z)} are identical

subspaces (as well as S = S,,).

13
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Example 5. Returning to the example of Remark we have

1 -1 —2 1
0 0 1 -1

rt=

hence £ = exp(z2) is a linear exponential factor with cofactor wl?v?(x) =
ksxy — kg and w = (0,1). Also
k1 — ko —2ks ks

Fi = s FQ = 5 for k’l 75 kg,
0 ks —ka

and we reach the same conclusion as in the first case. Here d,, = d’ = 2. Finally,

9ky  k
Tl = S for Ky = ke,
ks —ky

with T2 empty and there are no linear exponential factors. Here d,, = 1 < d'.

5. Darboux integrability and reaction network structure

Here we explore a connection between the existence of certain Darboux poly-

nomials and a structure of reaction networks.

Theorem 20. Let be an n-dimensional ODE system for a reaction network
with mass-action kinetics, as in . Then for 1 < i < n the following statements

are equivalent:
(i) F = x; is a Darboux polynomial with cofactor K € R[z].
(ii) If af; > 0, then aj; >0 for all j =1,...,m.

Proof. Assume (ii). Consequently z; is a factor of (aj; — ay;)x%, if the term is

not zero. If O‘;'z' = 0 and ay; > 0, then z; is also a factor of (oz;-i —aj)zY¥ =

—aj;x¥ by definition of mass-action kinetics. Hence P; = Z;.n:l(a;i — oj)aYs
factorises as P; = Kux; for some polynomial K € R[z]. If P; is zero, then K =0

and (i) is proved.

14
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Conversely, assume (i), that is, P, = Kx; (which can be zero), for some
K € R[z], and ; > 0 for some j = 1,...,m. We need to show that a;; > 0.
Assume the opposite that a;; = 0. Then by definition of mass-action kinetics
a}iijyj is a term in P; not involving x;. Hence it must cancel with terms from
other reactions with the same monomial 2%/, that is, 0 = >, yj,:yj}(a;-,i -
ari)kj Y. Since z; is not a factor of z¥%, we have aj; = 0, and hence 0 =
Z{j’:yj,=yj} okt > ol ki) implying of; = 0, and we have reached a

contradiction. O

Condition (ii) is independent of the parameters of the reaction network, and
hence it is fulfilled for all rates x or for none at all. Thus, we have given a
structural characterisation of networks with Darboux polynomial F' = x;.

System @ fulfils all three statements of Theoremwith K =ki —ko. Also
system fulfils all three statements of Theorem [20| for ¢ = 1, that is, F' = x

is a Darboux polynomial.

Example 6 (Volpert’s network, part 3). Consider Volpert’s reaction network

with mass-action kinetics. By Theorem finding

21
<3+3 )+1:5

Darboux polynomials guarantees the existence of a conservation law. However,
fewer suffice if the linear combination of their cofactors equals to zero, see The-
orem The system admits the Darboux polynomials F;(xz) = xz; for i = 1,2,3

with cofactors
Ky = ksxg — kixo, Ko =kix1 — koxz, K3 = kowoy — kzxy.

Since the above cofactors are linearly dependent ko K7 + k3 Ko + k1 K3 = 0, the
network admits, according to Theorem the Darboux first integral

_ k2, k3 K
Hy =225 23",

15
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for any values of the reaction rate constants k1, k2, k3 > 0. In addition, according
to Proposition 8| and Theorem [0} there is one independent linear conservation

law HO =1 +1‘2 +SE3.

Theorem 21. Consider a reaction network with mass-action kinetics with rate

constants k. If it admits the first integral H =[], mg\"e‘sm, Ai, 0; € C, then
(i) (01,...,0,)TL =0, with T'L as in Remark ,
(ii) if af; > 0 then ayi > 0 for all j=1,...,m and i € I = {k|\; # 0}.

Proof. (i) For all x € RZ, log(H) is well defined. If H is a first integral then
so is log(H) = Y"1, Ailog(x;) + 0;x;, which implies that

Ai -
[log(H)} Z P+ Z Pis; =0, (13)
el i=1
where I = {k|\; # 0}. Let § = (61,...,0,). If P, = 0 for all i € I, then
Z?:l §;x; is a conservation law and § ', = 0, hence also § 'L = 0. If P; # 0 for
some i € I then, with G =", §;x;, the derivation

n A
D(G) ;m ;in
has degree less than that of the system, because x; divides P; for all ¢ € I.
Hence FE = €% is an exponential linear factor and 6I': = 0 according to Remark
and Proposition
(ii) If H is a first integral then z; is a Darboux polynomial of P; for i € T
[7]. Then (ii) follows from Theorem O

The proof shows that under the assumptions of the theorem, there is a linear
combination of cofactors for the Darboux polynomials F; = x; and the linear
exponential factors G = eZi=1%%: G; = %% yielding the first integral H. The
converse statement in general is not true, see Example [0

If the stoichiometric space fulfils S* = S}, then 'L can be replaced by I'l.

In that case (d1,...,d,) might be chosen independently of the rate constants.

16
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The same is not true for the constants (Aq,...,\,).
Example 7 (Lotka-Volterra network). Consider the following version of the
Lotka-Volterra system in RZ,,

A Foa A A, 204, A, 20

Since Theorem ii) holds for this system, F} = z1 and Fy = x5 are Darboux

polynomials. The corresponding cofactors are
Kl :klfkg"EQ, Kgikgxlfkg.

Using Proposition we find that £ = exp(xz; + x2) is a linear exponential
factor with cofactor L = kyz1 — kszo. (In fact, it is the only linear exponential

factor with non-zero cofactor.) Note that koL + k3 Ky + k1 Ko = 0, hence
H = ghaghiehe(mtan) (4 40) e RZ,

is a first integral of the reaction network, which is well known [25]. By consid-

ering H'/*> | we have 6, = §, = 1.

A species that is involved in its own production or degradation is said to
be autocatalytic [3]. Condition (ii) therefore says that the given species in the
network need to be autocatalytic. The reaction network in Example[7)is perhaps
a very simple example of this. The general Lotka-Volterra equation can also be

made to have this property:

Example 8 (General Lotka-Volterra network). The general Lotka-Volterra

equation takes the form

n
T; =1;T; + E Qi T %5, 1=1,...,n,

j=1
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see [13]. The equation is consistent with a reaction network by defining
A, 2524, for r; >0, and A; M) 0 for r; <O,

Ai+Ajai>2Ai+Aj for a;; >0, and Ai—&-AjMAj for a;; <O,

where i, =1,...,n, and ¢ = j is allowed. If a;; = —aj; for some i, j, then the
two reactions might be lumped into one reaction as in Example [7}

The reaction network does not have any linear conservation laws unless r; =
0 for all i = 1,...,n. Since Theorem ii) holds for this system, F; = x; is
Darboux polynomial for all ¢ = 1,...,n. In the following we assume a;; # 0
for at least one pair of i, 5. We first order the bimolecular reactions and define
the unique (i, ji) such that a;, ;, 7 0 for the kth reaction. By construction of
the reaction network, there is at most one other reaction, say the k’th reaction,

such that (i, ji') = (jk,ir). Then the matrices I't and 'L become

(Fl)ik = sign(a,j,), and (Fi)lkk = Gipip s (F;)jkk = Gj i

In particular, there is only one non-zero element in each column of I'!, and at
most two non-zero elements in each column of T'L. In this case, for notational
convenience, this column appears twice in 'L, one for reaction k and one for the
corresponding reaction k' with indices (iyr, jr/) = (Ji, ix)-

If the ith species is not used in any of the bimolecular reactions, then the
ith unit vector e; fulfils e,I'! = ¢;I'L = 0. For I'!, these vectors are the only
vectors fulfilling wI'' = 0. For I'. there might be additional (reaction rate
dependent) vectors fulfilling wI'L = 0. This depends on the rank of T'L. If there
are sufficiently many we might invoke Theorem [I7] and conclude the existence

of a non-trivial first integral.

Example 9 (Reversible network). Consider the following reaction network with

mass-action kinetics

2A1 + Ay Ly AL+ 245, Ay + 245 225 24, + A,

18
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The reaction network is said to be reversible because the second reaction is
the first reversed. Although Theorem ii) holds and Fy; = xy and Fy =
o are Darboux polynomials with cofactors K; = klxg — koz129 and Ky =
—kim129 + kox?, respectively, they are not linearly dependent and there is no
first integral as in Theorem Since H = z1 + x5 is a linear conservation
law, we can reduce the system to a one dimensional ODE, which cannot have
a conservation law as in Theorem [21] (unless trajectories are constant). In this

case rank(I") = rank(I'!) = 1, so Proposition [18| cannot assist further.

It follows from the so-called deficiency zero theorem that the network in
Example [0] has precisely one steady state in each stoichiometric compatibility
class (given by H = x1 4+ z3), which is asymptotically stable. The system does

not admit periodic orbits as it is one dimensional [g].

6. Conservation laws and reaction network dynamics

Here we show by examples how to apply the Darboux method to determine
non-linear conservation laws of mass-action reaction networks. We demonstrate
how first integrals can be used to study dynamic properties of the system. For
that purpose we use different generalizations of Volpert’s reaction network (Ex-
ample |1)) that fall into the class of reaction networks characterized in Theorem
120)

We start with a definition of persistence and a lemma.

Definition 22 (Persistence). An ODE system for a reaction network is said to
be persistent if any trajectory starting from a positive initial point is bounded

away from the boundary of R%, that is,
liminfz;(t) >0 for i=1,...,n.
t—o0

Lemma 23. Consider a reaction network with mass-action kinetics and reaction
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rate constants k. Assume the system admits the following first integrals

n
H, :fo""e‘sﬂ’i, H;, = Zwixi, k=1,...,r,
i=1 =
where 7 € N, w;, A; > 0 are positive constants, §; € C, Uy_,I, = {1,...,n},
NIy =0 for k # k', and there are no other linearly independent linear first
integrals. Then the system is persistent.

In addition, if 5; = 0 for all i, then there exists at least one stable pos-

*

*) in each stoichiometric compatibility class

itive steady state x* = (z%,...,x

(determined by Hy, k=1,...,r), given by

*

AiHj,
l‘,

reJR e, k=1,...rm
Wi ) jer, A

No trajectories apart from the steady state x(t) = x*, t > 0, are attracted
towards x*, that is, there exists € > 0, depending on the initial condition z(0),

such that |z(t) — x*| > € for all t > 0.

Proof. By assumption Hy > 0 for all k = 1,...,r. It follows that each concen-
tration x;, ¢ € Iy, is bounded by 0 < z; < M := max{M} | k =1,...,r}, where
My, = Hiy/min{w; | i € I}, and from Hy that z; cannot get arbitrarily close
to zero as this would imply that at least one other concentration, say x;, would
become arbitrarily large, contradicting that 2; < M for all j. Hence the system

is persistent.

Choose an element iy, € I}, for each k and define J;, = I,. \ {ir}. By inserting

wi, x4y, = Hi, — ZieJk w;x; into Hy with ; = 0 we obtain

Hy ﬁwi‘ = ﬁ(wia:i))‘i = ﬁ H(wﬂi))\i
i=1 i=1 k=1icl,
= ﬁ [(Hk - Z Wixi)Aik H (Wﬂfi)ki] ) (14)
k=1 i€ Jy i€Jg

From the log sum inequality [4], it follows that attains its global maxi-
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mum at z* = (z3,...,2%), where

xf:&7 1€y, k=1,...,m1.
Wi Zje]k Aj

Any trajectory starting out at x* must remain there, hence z* is a positive
steady state in the given stoichiometric class, say C. The steady state is also
stable, which follows from the following argument. Let B.(z*) be the open
ball with centre z* and radius € > 0. For all ¢ > 0 there exists § > 0 such that
Ls ={x € C|Ho(z*)— Ho(z) < 6} C Bc(z*). If this was not so then there would
be € > 0 and a sequence (z, 0 )n>1 With z,, € C\B(z*) and Ho(z*)—Ho(zy) <
dn. As C is compact the sequence (x,)p>1 has an accumulation point, say
x' € C\Be(x*), such that x,,;, — 2" as n; — oo for a subsequence (z,,);>1. Since
Hy is continuous as a function of z, it follows that Ho(z,,;) — Ho(z') = Ho(z™),
as d, — 0 for n — co. However, then 2’ = o* as x* is unique, contradicting that
z' € C'\ Be(z*). Consequently, Ls = {z € C|Ho(z*) — Ho(z) < 6} C B(z*).
This implies, that if 2(0) € Ls then z(t) € Ls for all t > 0, and that z* is stable.

For the last part, consider the right hand side of as a continuous
function of (z;)ics, J = Uj_Ji (with fixed values of Hy,..., Hy). Assume
some trajectory x(t) converges towards z* as ¢ — oco. Hence by continuity,
Hy(x(t)) — Ho(x*) as t — oo. Since Hp is constant along trajectories, it fol-

lows that Ho(z(t)) # Ho(z*), unless x(t) = x*. O

Remark 24. In [2] (see also [19]), a structural condition for persistence is
introduced. A siphon ¥ C S is a subset of the species set with the property
that if A; € 3 and a;j > 0 for some reaction R;, then there is a species Ay € ¥
such that az; > 0 for the same reaction. If all siphons of the network contain
the species of a linear first integral, then the network is persistent. Any species
A; for which aj; > 0 constitutes a siphon, but ¥ = {4;} will only contain the
support of a linear first integral if the concentration x; of A; is constant through

time.
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6.1. Generalized Volpert network, example A

Consider the following chemical reaction network

k3i_2 k3i—1 i
Ar+Ag =25 24y, Agi+Agipr —— 24941, Art+Asin Koty 94, (15)
where ¢ = 1,...,¢. This is a generalization of the system in Example [1| for
which ¢ = 1. This general system has n = 2¢ + 1 species S = {41, ..., Aapy1},
and p = 5£ —+ 1 complexes, C = {Al —+ Ag, S ,A1 + Agg+1,A2 + Ag, .. .,Agg —+

Asgpr1,241,...,249041}. There are m = 3¢ reactions.

Proposition 25. For any values of the reaction rate constants ki, ..., ks > 0
the polynomial differential system corresponding to the reaction network in
admits the following two first integrals of Darboux type

4 4 2041
k3i/k3i—1 k3i—o2/kzi—1
HO =1 HIQi Toit1 s Hl = E Z;,
=1 =1 1=1

the latter being the only linear first integral of the system. The first integral is
Ai

%

the only possible first integral of the form Hy =[],z

Proof. The differential equations associated with are given by

i ¢
% =2 ; ( — k3;j_oxo; + k3¢I21‘+1)’

dLL'Q‘
L=y <k3i721’1 - k3i71$2i+1>7
dt
droit1
R <k3i71x2i - k3¢$1),
dt
fori=1,...,¢. In total we have 2+ 1 equations and 3/ reaction rate constants.

Since there are 2¢ + 1 linkage classes, 2¢ + 1 terminal linkage classes, and s =
n — rank(I') = 1, then H; is the only linear conservation law according to
Theorem [9] for all values of the reaction rate constants.

It follows from Theorem [20| that the system admits at least 2¢ + 1 Darboux
polynomials, namely F; = x;, where i = 1,...,2¢ + 1, with the following 2¢ + 1
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cofactors

L

K, = E —k3i—ox9; + k3iToit1,
i=1

Ko = k3i—om1 — k3i—1%2i41,

Kojy1 = k3i—1w9; — k321,

In order to find a Darboux first integral one needs to find Aq,..., Aar41 such

that

0= MK+ ...+ X1 Koot

¢
=1 Z(A2ik3i—2 —A2iy1ksi)

i=1
4 4

=+ Z(A2i+1 k3i—1 *A1k3¢—2)xzi+2()\1k3i *A2¢k3¢—1)xzi+1-
i=1 i=1
This expression is zero only if each coefficient of z; is zero. It follows that
any solution is proportional to

ks3; k3i_2

A=1, Ao = T A2ip1 =
3i—1

k3i—1

Hence, according to Theorem Hy =T]", xf‘ is a Darboux first integral.
Oppositely, if Hy = [/, )"

%
K2

is a first integral for some \; € C, then so
is log(Hp). It follows that D(Hj) is a linear combination of the cofactors K;

hence \; must take the form stated above. O

The assumption of Lemma is fulfilled for the reaction network above;
hence the conclusions apply. In particular the system is persistent. Volpert [25]
showed that for £ = 1 (n = 3) any trajectory starting in a positive initial point is
periodic. Since all reactions have total degree 2, there cannot be any non-trivial

linear exponential factors.

23



355

360

6.2. Generalized Volpert network, example B

Consider the following chemical reaction network

Ai+ A 25 24501, Ap + Ay B 24, (16)
where i = 1,...,n — 1. This is a generalization of the system in Example

for which n = 3. The general system has n species, and p = 2n complexes,
C={A1+Ay,..., A1+ An, Ay, + Ay,,244,...,24,}. There are m = n
reactions. A modified system has been considered in [23], where each species
is allowed to diffuse in and out, that is, the reactions 0 — A;, and A; — 0 are

included for i = 1,...,n.

Proposition 26. For any values of the reaction rate constants k, the polynomial
differential system corresponding to the network admits a unique linear
conservation law Hy = Z?:l T;.

If n > 3 is odd, then for any values of the reaction rate constants k, there is

an additional non-linear conservation law

n (n—1)/2
Hoodd = Hil?{\'i, Ai = H K{(2j44) mod n)+1-
i=1 =1

If n > 4 is even and the following constraint on the rate constants is fulfilled

knkn—go...ko

L A
Ken—1kn_3.. k1’

(17)

then there are two non-linear conservation laws of the form Hy even = [y xf‘i,

one with
AM=1, Aoy = % Ao =0, (18)
and
XAa=1, Aaijo= H Aai1 =0, (19)
fori=1,...,5.

Ai
7

Moreover, for general n > 3, any first integral of the form Hy = [[_, =
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is a product Hy = (H{ oyon) " HG cyen» where v € C, H{ .o has A; chosen as in

(18), and H§ cyen has A chosen as in (19).

Proof. The polynomial differential system associated to the network is

d

% = (knxn - kle)

dc;fi = (ki—lxi—l - kimi-&-l)’ for 1=2,...,n—1 (20)
dzy,

% =Ty (kn_l‘rn—l - knxl)v

It is straightforward to check that H; is a conservation law. Since there are n
linkage classes, n terminal linkage classes and s = n —rank(I") = 1, by Theorem
E[, the function H; is the only linear conservation law for all values of the reaction
rate constants.

According to Theorem [20|system admits the Darboux polynomials F; =
zi, 1 = 1,...,n, with cofactors given by Ky = k,x, — k1o, K; = kj_1x;_1 —
kixiy1, Ky = kn—1xp—1 — kpxq, for ¢ = 2,...,n — 1. In order to identify a

Darboux first integral one needs to find Ay, ..., A, € C such that

0=MKi+...+ 2\, K, (21)
n—1
= (Aok1 — A\pkp )1 + Z(/\i+1ki — Xicikic)xi + (Mkn — Ac1kn_1) .
i=2

This expression is zero only if each coefficient of x; is zero.

If n > 3 is odd, the equality holds for

(n—1)/2 (n—1)/2
A= H kaj, Ai = H k{(2j+i) mod n]+1, 1=2,...,n.
Jj=1 J=1

If n > 4 is even, the equations A\;41k; — A\j_1k;—1 =0 in imply

kai—1 koi_1...k1
L=, = 22
ko Azi-1 Koy . . . ko AL (22)

A2iy1 =
and similarly for Ag;. Choosing A\; = 1 and Ay = 0 gives , and A\; = 0 and
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Ao =1 gives . for Ag;_1,A9; in terms of A1, Ao, respectively. The equation
Akn — Ap—1kn—1 = 0 gives, using ,

o kn o kng.ha
An-1 = kHAl T ko, ..szl’

which implies the constraint , if Ay # 0. Similarly, the equation A2k; —

Ankyn = 0 also implies the constraint , if Ay # 0.

Conversely, if Hy = [[;—, xf‘l is a first integral for some \; € C, then so
is log(Hyp). It follows that D(Hy) is a linear combination of the cofactors K

hence \; must take the form stated above. O

Lemma[23]is applicable for n odd. In order to apply Lemma[23]for n even, we
need to choose two first integrals for which different \;’s are zero and combine
them into one first integral. Hence, the assumption of Lemma[23]is fulfilled and
therefore also the conclusions hold. Since all reaction have total degree 2, then

there cannot be any non-trivial linear exponential factors.
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