EVALUATION CODES DEFINED BY FINITE FAMILIES OF PLANE
VALUATIONS AT INFINITY

C. GALINDO AND F. MONSERRAT

ABSTRACT. We construct evaluation codes given by weight functions defined over poly-
nomial rings in m > 2 indeterminates. These weight functions are determined by sets
of m — 1 weight functions over polynomial rings in two indeterminates defined by plane
valuations at infinity. Well-suited families in totally ordered commutative groups are an
important tool in our procedure.

1. INTRODUCTION

A paper by Shannon [38] published in 1948 is usually considered the origin of coding
theory. Since then, due to its usefulness, this theory has had a rapid growth. It has used
advanced mathematical developments as abstract algebra (in the most classical codes) or,
more recently, algebraic geometry. Algebraic geometric codes were introduced by Goppa
in [22] (see also [23]) and nowadays they are studied very much. One of the motivations to
study them is that some families of these codes attain the Varshamov-Gilbert bound [42].
Goppa’s construction uses an algebraic curve C' defined over a finite field and two disjoint
rational divisors D and G on C. The so-called geometric Reed-Solomon codes are obtained
by evaluating rational functions defined by G at the points in the support of D and their
linear dual codes are named geometric Goppa codes. Riemann-Roch theorem provides
nice results concerning the parameters of these codes. The mentioned construction can
be extended to higher dimensional varieties, with [43] being the first contribution in this
line, and it is expected to get good results by considering suitable varieties.

Since coding theory can be of interest to a broad audience and algebraic geometry is
not easy, Hgholdt, van Lint and Pellikaan introduced in [24] order functions to simplify
the treatment of certain algebraic geometric codes. Indeed, order functions were defined
over order domains R with values in the set of non-negative integers and yield a filtration
of vector spaces included in R, {L;}3°,. The dimensions of these vector spaces satisfy
dim L;1; = dim L; + 1 and, considering an evaluation map ev: R — Fy, F; the finite field
of q elements and n > 0, one obtains families of codes {E; := ev(L;)}}Y, (respectively,
{C; = E+}N ), where Ey = [y, named evaluation (respectively, dual evaluation) codes
given by the order function and the map ev. This approach allows us to study one-point
algebraic-geometric codes, that is algebraic geometric codes over a curve such that the
support of the divisor G is only one rational point.

Notwithstanding if the concept of order function is enlarged and we allow those functions
to take values in a well-ordered semigroup, many new codes can be constructed in a much
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more general setting. These codes admit bounds on the minimum distance as in the case
of the classical order functions, called order (or Feng-Rao) bounds due to their relation
with the bound introduced in [11, 12]. Codes defined by order functions have an important
property: they can be decoded by using the Berlekamp-Massey-Sakata decoding algorithm
which yields a fast implementation of the modified algorithm [26, 39] and the extended
algorithm that uses a majority voting scheme for unknown syndromes. This guarantees
an efficient procedure to correct a number of errors depending on the above bounds. See
[24, 32] in the context of order functions and the series of supporting papers [6, 28, 34, 31]
with respect to the Berlekamp-Massey-Sakata algorithm and [27, 25, 10, 36, 35] with
respect to the decoding of algebraic geometric codes. Even a list-decoding procedure is
proposed in [20].

Order functions and valuations of the fraction field of the corresponding order domains
are very close objects. In fact any weight function, a particular type of order function, de-
fines a valuation as above. Valuations are algebraic objects which have geometric meaning
and are being extensively used in algebraic geometry for the treatment of the resolution
problem (some classical results are included in [44, 45, 46, 1, 2, 3, 40]). Regrettably, there
is no general classification of valuations and only the cases corresponding to curves and
regular surfaces are well known. Valuations attached to curves are used in the study
of algebraic geometric codes on curves. Spivakovsky, in [40] (see also [14, 21]), com-
pleted the classification given by Zariski of plane valuations, that is, valuations centered
at 2-dimensional local regular rings. This classification allows us to construct and study
evaluation codes defined by weight functions associated with plane valuations [32, 15, 16].
In [16] plane valuations at infinity are considered which are well adapted to coding the-
ory. These valuations are, in a sense, limits of valuations defined by curves with exactly
one place at infinity. We notice that these curves are closely related with those order
domains whose attached semigroup is contained in the set of nonnegative integers [29].
Generating sets of the value semigroup of weight functions defined by plane valuations at
infinity, named J-sequences, are given in [16], where we show how to construct a family of
evaluation codes only with a d-sequence and a set of points in Fg to evaluate. Moreover,
Feng-Rao and Goppa bounds are studied for these codes and we can decode them as men-
tioned. Notice that all examples given in [32] concerning plane valuations are particular
examples of the codes introduced in [16]. The main problem of these codes is that their
length is at most ¢>.

In this paper, we shall show how we can get larger codes by using suitable finite fam-
ilies F of weight functions given by plane valuations at infinity. This will be done by
proving that, unlike in the general case of order functions, we are able to construct a
weight function from the valuations associated with F. Recall that order functions only
reproduce one-point geometric Goppa codes; to study other geometric Goppa codes (on
curves), with a similar machinery, a weak version of order functions, the so-called near
orders, must be considered and, also, we must pick well-agreeing families of them [8]. Set
F = {wa,}5" (m > 2) a family as above. Each weight function wa, is defined over a
polynomial ring in two indeterminates F,[X, Y] and it is determined by a d-sequence A;.
The goal of this paper consists of constructing a weight function, through what we shall
call a sum of the §-sequences, eri_ll A;, defined over a polynomial ring in m indetermi-
nates F,[X1, Xo,...,X;n]. With this new order function, we construct evaluation codes



CODES DEFINED BY FINITE FAMILIES OF VALUATIONS 3

of arbitrary length (increasing the value of m) which, as above, can be decoded with the
help of the Berlekamp-Massey-Sakata decoding algorithm. Our codes evaluate at points
on F7* and, thus, no difficulty concerning rationality of the chosen points arises. Given
a semigroup in N”, one can construct (see for instance [18]) an order function with this
semigroup; the order function evaluates a quotient algebra. Our methods allow us to con-
struct order functions with attached semigroup generated by well-suited families without
taking quotients.

Let us summarize the contents of the paper. In Section 2, we introduce the concept
of well-suited families I' in a totally ordered commutative group G. Each family I', to-
gether with a set of elements in [Fy, gives rise to a family of approximated polynomials in
F,[X1,X2,...,X,,], where m depends on I' (see Definition 2.3). The main results in this
section are Theorems 2.1 and 2.2. The first one explains how to obtain a weight function
w from the above polynomial ring whose value semigroup is that generated by I' and the
above mentioned approximated polynomials are the key to do it. The second one studies
the evaluation codes defined by w. Section 3 is divided in four subsections. Subsection 3.1
recalls the concept of J-sequence and the way of using it to construct codes given by weight
functions defined over F,[X,Y]. d-sequences and plane valuations at infinity are related
objects, as we shall show in Theorems 3.1 and 3.2 which collect the main results in this
subsection. In Subsection 3.3 we give the concept of sum of §-sequences and, for it, we need
to consider a sort of euclidean division algorithm on the set of nonnegative elements, for
the lexicographical ordering, of the set on n-tuples of real numbers. We devote Subsection
3.2 to do this. Theorem 3.4 proves that a sum of §-sequences is a well-suited family and
this explains the mentioned fact that from finitely many weight functions defined by plane
valuations at infinity we can construct a weight function providing larger codes. Finally,
in Subsection 3.4 an algorithmic procedure to get sums of J-sequences is given and some
examples of the codes we have introduced here, including their parameters, are shown in
Section 4.

2. WELL-SUITED FAMILIES AND ATTACHED EVALUATION CODES

2.1. Constructing weight functions on polynomial rings from well-suited fam-
ilies. In this paper, IF;, will denote the finite field of ¢ elements. We start this section
by stating the concept of weight function. To do it, we need a cancellative well-ordered
commutative semigroup S with zero and admissible ordering and we denote by SU{—oc}
the above semigroup together with a new minimal element denoted by —oo, which satisfies
a+ (—o0) = —oo for all @ € SU{—o0}. We recall that if «, 3,7 are arbitrary elements
in a commutative semigroup with zero S and < is an ordering on .5, then < is said to
be admissible if 0 < ~ and, moreover, o < ( implies a +v < G+ «; and S is named
cancellative whenever from the equality o + 3 = a + v one can deduce 3 = 7.

Definition 2.1. A weight function from a Fj -algebra A onto a semigroup S U {—oo} as
above is a mapping w : A — SU{—o0} such that, for fi, fa € A, the following statements
are satisfied:

e w(f1)=—o0 if and only if f; = 0;

e w(Af1) = w(f1) for all nonzero element A € Fy;

o w(fi+ f2) <max{w(fr), w(f2)};
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e If w(f1) = w(f2), then there exists a nonzero element A\ € F; such that w(f; —
Af2) <w(fa);
e w(fif2) = w(f1) +w(f2)

The weaker concept of order function is obtained as in Definition 2.1 but when the last
condition is not imposed. The above triple (A, w, S) constitutes an order domain over k
(see, for instance, [19] for the definition of order domain).

The aim of this section is to give a procedure to get weight functions defined over
polynomial rings with prescribed image semigroup. To do it, we consider a totally ordered
commutative group (G, <) and families I' = {7; j }; jyer of elements in G of the form

M,

72,1, Y22, .-, V2,2
(1) . . : )

’ym,la 77%,27 R PYm,va

where r1 := 1 and r; < oo, for 2 < ¢ < m, such that:

1) T’ generates a cancellative well-ordered commutative with zero and with admissible
ordering < semigroup Sr, and

2) i is not in the semigroup spanned by {71s},s)eL(ij), Where L(i,j) := {(l,s) €
I(1,s) < (i,7)}, < being the lexicographical ordering in Z?2, defined as (i1, j1) <z (i2, jo)
if either 41 < io or i1 = i3 and j; < jo.

Definition 2.2. A well-suited family of elements in G is a family I as above such that,
for each (i,7) € I, j # r;, there exists n; j € N, n; ; > 1, satisfying the following properties:
ar Ny iG> Yig+l-
b:

Nij Yij = Z My sV,s»
(1,s)€l(i,5)
for some finite subset of indices, J(4, j), of L(i,j), where the coefficients m; ; are
positive and m; s < n; s whenever s # 7.
c: Any element v € St can be expressed in a unique way in the form

V= Z W 5,55

(4.5)€3
where J is a finite subset of I and 0 < m; ; < n;; when j # r;.

It is straightforward to deduce that the unique expression of each element ~ € Sp
given in the item c¢ can be computed by using the equality in item b as many times
as necessary. Furthermore n;; is the least integer larger than 1 satisfying equality in b
because otherwise we should get n;] < n; j such that n;,j%J would have two expressions
as in item ¢, n; ;% = D0 5)ep (i) M5 and its own expression nj ;7 ; contradicting
the uniqueness there imposed. Well-suited sequences give rise to families of polynomials
which will be useful to provide weight functions. Next we define such polynomials.
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Definition 2.3. Let I' = {v;;}¢ jjer be a well-suited family of elements in a totally
ordered commutative group GG and consider the polynomial ring in m indeterminates over
the finite field of g elements Fy[X,m] := F,[X1, Xo,..., X;]. Fix a set A = {\ij}j)er
of nonzero elements in F,. We define the family of approximated polynomials attached to
I' and A as the family of polynomials in Fy[X,m], Pr s := {gi;} j)er given by ;1 := X;
and, for j # 1,

(2) gij=q, 7 = Mg [ [ g,

where the values n;;j—1 and my,, (I,s) € J(i,j — 1) correspond to the expression of
N;j—17%,j—1 given in item b of Definition 2.2.

Example 2.1. The following set I

{71,1 = (1207 07 0)7
7271 = (48, 0, 0), ’}/2,2 = (132, 0, O), ’7273 = (156, —12, 0),
73,1 = (267 _27 0)? 73,2 = (26> _2? _1)}

is a well-suited family of elements in the additive group Z? which will be used in Section
4.3. Indeed, no1 = 5,n22 = 2,131 = 6, because 5 y21 = 2 v1.1, 2 Y22 = V1,1 + 3 V2,1
and 6 y31 = 72,3. As a consequence the set of polynomials in F5[ X, X2, X3], P:= {q11 =
X1,q2,1 = Xo2,q31 = X3,q22 = qS,l —Q%J, G2,3 = Q%g —Q1,1q:23717 q32 = q?,,l — @23}, is a family
of approximated polynomials attached to I', where \; ; = 1 for every pair (7, j).

Polynomials close to approximated ones are used in [30] to construct valuations. To the
best of our knowledge weight functions over polynomial rings with prescribed semigroups
cannot be obtained from that paper, at least not in an straightforward way. Therefore, we
are going to show how to use the previous concepts to get weight functions from F,[X, m].

For a start, let I' = {vij}@jjer, A = {Nij}ujer and Pra = {qi;}q e be as in
Definition 2.3. Take a new set of indeterminates {Z; ;}; j)er and set

Fol2,1] i= FylZij | (ir3) € I

(i,5)€l Zf] , where a € F; and the k; ; are non-negative inte-
gers, we define its weight as the number w(M) := Z(i,j)eﬂ ki j7vi ;. Consider a polynomial
g in Fy[Z,1] and let M be a monomial of g. We define the toughness of an indeterminate
Zi; in M as the value |s/n; j|, where s is the exponent of Z;; in M and |-] stands for the
round down function. An indeterminate Z; ; is called to be tough for M if j # r; and the
toughness of Z; ; in M is positive.

Let L be a list of monomials in Fy[Z,1] (that is, a finite set of non-necessarily dif-
ferent monomials). Fixed a positive integer a and an index (i,j) € I with j # ry,
we define Af, ( ) as a new list of monomials obtained by replacing every monomial

= aZ?, H Ls) (i lr . in L such that ZZ ;L” divides M by the monomials of the fol-

lowmg polynomlal
a
a <Zm'+1 + Aij HZITZZ) zi; 11 2y
(1,5)#(1,4)
where b = s — a n; j and the exponents m; ; and the coefficients A; ; are those appearing
in the equality (2).

Given a monomial M = o]
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Now, we state an algorithm (whose correctness is proved in Lemma 2.1) that allows
us to express a polynomial f(Xi, Xo,...,X,,) € Fy[X,m] as a finite sum of terms of the
type O‘H(z’,j)e]l qfi;-’j, where a € Fy, 0 < k;; < n;; whenever (i,j) € I and j # 5, and
ki ; = 0 except for finitely many indices. The input of the algorithm is a polynomial
g € Fy[Z,]] and to get the mentioned expression we must apply it to the polynomial
f = f(Zl,h ZQJ, ceey Zm,l) € Fq[Z, ]I]

1. Let L be the list of monomials of g.
2. If there is a monomial M in L such that there exists some tough indeterminate
Zij for it, then replace L by Af (L), where a is any positive integer, a < [s/n; ;|
and b = s —a n, j, s being the exponent of Z; ; in M.
Repeat Step 2 until obtaining a list whose monomials have no tough indeterminate.
4. Return the polynomial P, € F,[Z,I] given by the sum of the monomials in the
last obtained list L.

w

Lemma 2.1. The above algorithm stops after a finite number of steps and its output,
P,, does not depend on the choices one can do in Step 2. Moreover, if f € Fq[X,m],
the expression Pf(qm) obtained after replacing each indeterminate Z; ; in Pf by q; j is an
expression of the polynomial f as a sum of terms of the type « H(z’,j)eﬂ qf’;’j, where o € Fy,
0 < ki; < n;; whenever (i,j) € I and j # r;, and k; j = 0 except for finitely many indices.
Proof. Firstly we shall prove that the algorithm stops which means that Step 2 cannot
be repeated indefinitely. Set M = aZ}; H(l,s) (i.§) Z' ae Fg, any monomial in a list L

l,s ?
involved in the construction of AZ j(L). In this procedure M is replaced by the monomials

of
a
Mi=a(Zga+ g [1200) 2 T 2
(1,)#(4.5)
where s = a n;; +0b, a,b € Nand 0 < b < n;;. We shall use the concept of previous inde-
terminates which are those indeterminates of the new polynomial M’ that also belonged
to the previous monomial M.
The monomials of M’ are those with non-zero coefficient among the following ones:

— k 7k a—k)mis b Tl,s
Ny = <k> aXTFZE G T2 ™z, T 2. k=0.1,....a
(18)75(w

The weight of any monomial N, of M’ is
w(Ng) =6+ kyijon + (@ — k)Y muayis + b7 =6+ kvijon + (@ — k)nijvij + by,

where § := w(H(L $)% (i) Zl 27); here we have applied condition b of Definition 2.2. Apply-

ing condition a of Definition 2.2, it can be deduced that, when k # 0, the weight of Ny (if
it is non-zero) is strictly less than the one of M:

w(Ng) < 0+ knijyij + (@ —k)ngjvi; +bvij =6+ svi; = w(M).
However, the weight of Ny is equal to the weight of M:
(3) w(No) =0 + an; ;7%.j + b'ym- =0 + (ani,j + b)’Yi,j = w(M)
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An easy-to-check special property is that the toughness of Z;; and the non-previous inde-
terminates in Ny is strictly less than the one of Z; ; in M.

As a consequence of these facts we conclude that, each time that Step 2 is applied to
a list L, the monomials of Aﬁj (L) that replace a monomial M must satisfy that either
its weight is strictly less than the weight of M, or its weight coincides with w(M) but, in
them, the toughness of Z;; and of the non-previous indeterminates is strictly less than the
one of Z; ; in M.

To finish we notice that if the algorithm repeated Step 2 indefinitely, then the above
argument would imply the existence of either a strictly decreasing sequence of weights of
monomials or a strictly decreasing sequence of values of toughness, which is a contradiction
with the well-orderings of the semigroups St and N.

The independence of the choices one can do in Step 2 follows from the fact that the
algorithm can be thought as a successive replacement of powers of the type ZZ J” by

polynomials Z; j11 — A j HZZZL’S and this process continues until there is no power of
the mentioned type. The last statement of the lemma happens because the definition
of the approximated polynomials ¢; ; implies that P f(qm‘) = f and, therefore, P f(qi,j)
gives an expression of the initial polynomial f which satisfies the requirements of that
statement. U

Theorem 2.1. Let I' = {;; }(; j)er be a well-suited family of elements of a totally ordered
commutative group G, erpressed as in (1), and let Prn = {qij} i jjer be the family of
approximated polynomials attached toI" and to a set A = {Aid‘}(l”]’)eﬂ of nonzero elements in
Fy. Then, there exists a weight function w : Fg[X, m] — SpU{—o0} such that w(g; ;) = i ;.

Proof. Let f € Fq[X,m] be and denote by P #(Z;;) the polynomial } s My (Zi,;) ob-

tained after applying to f the above described algorithm. Set w(Mk(gi5)) == w(Mk(Z; 5))
(we use the same notation w as above for simplicity) and define w(f) as —oo when f =0
and w(f) := maxgecgw(Mk(g; ;) otherwise. Let us see that w is a weight function. It is
an onto map from F,[X, m] to Sp U {oo} since ¢;; € Fy[X,m] and the set {w(q;;)} i )er
spans Sr. The two first conditions in Definition 2.1 are clear and so we only need to check
the remaining ones. The above described algorithmic procedure shows that if f;, [ = 1,2
are two polynomials in F,[X,m] and P i= Zkl € My, (Z; ;), then the corresponding ex-
pression for computing the weight of f1 + fo will be >, o My, (¢ij) + > ), cq, Mk, (i)
and w(f1 + f2) = max{w(f1),w(f2)} except when the sum of the monomials attached to
f1 and fo that provide the weights vanishes; in this case w(f1 + f2) < max{w(f1),w(f2)}.
Finally, we shall show that the last two properties in Definition 2.1 also happen. Indeed,
both of them are a consequence of item ¢ in Definition 2.2 because it implies that there is
only a monomial in the expression P (qi,j) = >y e, M, (¢i,;) whose weight is w(f;). We
call it the leading monomial. Thus, if w(f1) = w(f2), this monomial must be the same,
up to a constant, therefore a suitable constant 0 # A € F, gives rise to the inequality
w(fi —Af2) < w(f2). Finally, w(fif2) = w(f1)+ w(f2) also holds. Indeed, it is clear that
P; i = Pu, where h = P; - P;. The leading monomial of h(g;;) coincides with the
product of the leading monomials of P (gi;) and P i (¢i,j), that is, the leading monomial
o P f,
monomial does not change when one passes from h(g; ;) to Pp(g; ;). O

(gi,;). But, taking into account (3), it is easy to see that the weight of the leading
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Example 2.2. Consider the well-suited family I' and their attached family of approxi-
mated polynomials P given in Example 2.1. Take for instance

q(X1, Xo, X3) = 4X8 + X3 + X7 X35 4+ 4X0X5 + 3X7 X8 +4X{ X0 + X, X3+

+AX2XDP +4X0 + XIXS 4+ 3X2X5 X8 + Xx10X§

in F5[X1, X9, X3], then, according the above theorem, the weight function w, defined by
I" and P, satisfies

w(q) = w(¢1§,2£13,2 + qg,l) = w(qg,2Q3,2) = (290, -2, -1).

In this paper we can use any set A but, for simplicity’s sake, in practice we shall consider
the set Ay := {\;; = 1 for all indices}, and we shall set Pr instead of Pr 4,.

2.2. Evaluation codes attached to well-suited families. Along this section, I' =
{75} .j)er will be a well-suited family on some group and Sr (respectively, wr) the semi-
group (respectively, weight function) that it spans (respectively, defines). Assume that
ev: Fo[X,m] — [y is a surjective morphism of Fg-algebras. Fy becomes an [Fj-algebra
by using coordinatewise multiplication. We shall always use as ev morphisms given by
evaluation at points in the m-dimensional affine space over ;. As a consequence we are
able to provide codes of length n < ¢ and, since m is arbitrary, for a fixed field, one can
construct codes of arbitrary length. Furthermore, since the points to be evaluated are in
the m-dimensional affine space over F, we have no problem with the rationality of such
points because all of them are rational.

To get evaluation codes with the given ingredients, we consider, for each v € Sr, the
vector subspace of Iy defined as L, := {f € Fy[X,m] | wr(f) < v}. Then, we define
the family of evaluation codes given by the epimorphism ev and the well-suited family I'
as {Ey := ev(Ly)}yesy. The family of dual vector spaces in FI, {Cy := (Ey)*}yesy, is
named the family of dual evaluation codes given by the above data. Since Sr is totally
ordered and the map ev is surjective, it is clear that there exists a value in St, ,, that
depends on n, such that when v € Sp and v > Qy,, E, = Fy and C., vanishes.

We are going to determine bounds on the minimum distance of the family of dual codes.
These bounds are also suitable to estimate the number of errors that can be corrected by
some of the above mentioned algorithms for decoding them. For any n € Sr, set

wy = card{(n1,72) € SE | m +n2 = n}.
And, for each v € S, define the values

d(y) := min{wy|y <7 € Sr}
and
dev(y) := min{wy,|y <n € Sp and G, # Cp+ },
where nt := min{a € Sp|a > n}, which are usually named Feng-Rao (or order) bounds
of the dual code C,.

Next, we state a result that contains the main properties concerning the codes we have
just introduced.
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Theorem 2.2. Let I' = {7} jjer be a well-suited family and ev: F,[X,m] — Fy an
epimorphism of Fy-algebras. Consider Pr z := {qij} jjer a family of approzimated poly-
nomials attached to I'. Then
(1) For each v € Sr, the vector space L. is generated by the set of polynomials
H(z’,j)ej q:;’j such that J and m;; run over the indices and coefficients set cor-
responding to the unique expression (item ¢ of Definition 2.2) of the values n € Sp
such that n < 7.
(2) Letd(C,), with~ € Sr, denote the minimum distance of the code C, then d(Cy) >
dev(v) > d().
(3) It happens that d(y) < min [H(z‘,j)ej(mi,j + 1)] < dey(7y), where J and m;; run

over the indices and coefficients set of the above mentioned unique expression of
the values n € St such that v < n < Q.

Proof. Sr is a well-ordered semigroup and since wr is a weight function, to generate L,
we only need to add any element in Fy[X,m] of weight v to the generators of L.,-, 7~
being the previous element of v in Sr. An inductive procedure and the fact that the set
{wr(qi,;)} (i, e1 spans St concludes the proof of (1). The proof of (2) follows the same idea
of the corresponding statement in [24], where order functions attached with semigroups
whose elements are integer numbers are used. Finally, it is straightforward to prove (3)
from the definition of w; and the properties of the well-suited family I'. O

3. WEIGHT FUNCTIONS DEFINED BY FINITE FAMILIES OF PLANE VALUATIONS AT
INFINITY

3.1. d-sequences, plane valuations at infinity and weight functions. In this sec-
tion we summarize some results coming mostly from [16]. We introduce the concept of
d-sequence and explain how we can get weight functions on polynomial rings in two inde-
terminates through certain type of plane valuations named at infinity. In this framework,
when one considers semigroups spanned by Jd-sequences, any weight function is of this type
and can be constructed as a particular case of the theory developed in Section 2.1. To
simplify and extend this development will be the goal of this paper.

First of all, we define the classical §-sequence concept (which we call §-sequence in
N->¢) and the extended concept of d-sequence, both of them are useful in coding theory.
d-sequences in Nsg were introduced by Abhyankar and Moh to study the semigroup at
infinity of plane curves with only one place at infinity. Some interesting references con-
cerning these curves are [5, 3, 4, 37, 33, 41, 13] and, concerning coding theory, Weierstrass
semigroups and the least order bound of the Goppa codes, attached to curves whose plane
models are curves as mentioned, were computed by Campillo and Farran in [7].

Definition 3.1. A §-sequence in N5 is a finite sequence of positive integers A = {§;}7_,
g > 0, satisfying the following three conditions:
(1) If d; = ged(do, 01, ...,0i—1), for 1 < i < g+ 1, and n; = d;/d;i+1, 1 < i < g, then
dgy1 =1and n; >1for 1 <i<g.
(2) For 1 <i < g, n;d; belongs to the semigroup generated by dg, d1, ..., d;—1, that we
usually denote (dg, d1,...,0;—1).
(3) 0o > 01 and §; < n;_16,_1 for i = 2,3, ... ,g.
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We attach to each d-sequence in N+ the following sequence of pairs {(e;, m;) }i>0, whose
definition is divided in two cases depending on the two first elements of the sequence.
Assume that dg — §; does not divide §y, then

ep :=00 — 01, € =diy1
mo =00, My = Ni0; — Oi41
for 1 <i < g—1. Otherwise,
eg :=dg = 0p — 01, €; :=dj;2

mo = 0g +n101 — d2, M; = Niy10i41 — Oi42

for 1 < i < g — 2. Note that this sequence determines that of Newton polygons corre-
sponding to the resolution of the germs of curves (with only one place at infinity) whose
semigroup at infinity is generated by the d-sequence.

Next, we give the definition of d-sequence. This concept is introduced in a constructive
manner and includes three cases according to the set to which its elements belong to.
In the course of the paper we shall show the existence of many equivalent J-sequences
which will allow us to simplify the definition and obtain weight functions for families of
plane valuations at infinity. In any case, this definition can be regarded as the “canonical
one”. We shall need to know that a normalized §-sequence in Nsg is an ordered finite
set of rational numbers A = {5, 51, ... ,gg} such that there is a d-sequence in Nsg, A =
{60,01,...,04}, satisfying 6;=08;/01 for 0 <i < g.

A finite sequence of elements in Z?, A = {6, d1,...,0,}, r > 2 (respectively, > 3), is
a 6-sequence in Z* if it generates a well-ordered sub-semigroup of Z? and there exists a
d-sequence in Nsg, A* = {44, 97,...,95}, such that 65 — 07 does not divide (respectively,
divides) 4§ and

oF
0 = —+—
A(It + B
5 oy +Alay + B’
T Aat + B
where (a1; a9, .. .,a:), a; > 2, is the continued fraction expansion of the quotient m,_1/e,_1
(respectively, m,_o/e,_2) given by A* and, considering the finite recurrence relation Yy, =

w—iy, | +Y, oy, =(01),y,=(1,0), then (4,B) =y, , and (A", B = Y, 5o We
complete this definition by adding that A = {do,d1} (respectively, A = {dg,d1,d2}) is

a d-sequence in Z? whenever §y = Yy 4 and 6g — 61 = Yy o (respectively, §p = JY, o

(A,B) (0<i<r—1) and

(Av B) - (A/7 B/),

0p—01 = Y, and dg+n101 —do = gt_l) for the above recurrence attached to a d-sequence
in Nsg, A* = {6, 7} (respectively, A* = {45, 97,05}, such that j := §5/(55 — 07) € N>o
and ny := 0§/ ged(d5,07)).

A finite sequence of elements in R, A = {dp,d1,...,d,}, r > 2, is a J-sequence in R
if it generates a well-ordered sub-semigroup of R, J; is a positive rational number for
0 <i<r—1, 6, is non-rational, and there exists a sequence

{Zj = {6080, ,5;}}

j21
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of normalized d-sequences in N such that 5f =§; for 0 < ¢ <r—1 and any j and
6 = lim; . 67. We complete this definition by adding that A = {7,1}, 7 > 1 being a
non-rational number, is also a d-sequence in R.

Finally, an infinite sequence A = {dp,01,...,0;,...} of elements in Q is a J-sequence
in Q if it generates a well-ordered sub-semigroup of Q and any ordered subset A; =
{60,01,...,6;} is a normalized d-sequence in Nxy.

Definition 3.2. A §-sequence of any of the types we have just defined (in Z2, R or Q) is
generically named a J-sequence.

Some examples of §-sequences are: {(6,6),(4,4), (11,11),(1,2)} in Z2,

333 4 33+14V2
2777127127 6(7 4 3v2)

in R and the first terms of a d-sequence in Q are {3/2,1,33/12,1/3,15/4,...}.

To explain why d-sequences provide weight functions, we need to introduce some geo-
metric development. Essentially, we shall review some of the theory about plane curves
with only one place at infinity, plane valuations and related objects. Firstly, let L denote
the line at infinity in the compactification of the affine plane to the projective plane over
the field IFy, P2, and set C a projective absolutely irreducible curve on P2. We shall say
that C' has only one place at infinity if the intersection C' N L is a single point p (the one
at infinity) and C has only one branch at p which is rational. If K is the quotient field
of the local ring O¢ ), the germ of C' at p defines a discrete valuation on K that we set
ve,p. For convenience, we fix homogeneous coordinates (X : Y : Z) on P2, Z = 0 will be
the line at infinity and p = (1 : 0 : 0). Set (X,Y’) coordinates in the chart Z # 0 and
(u,v) coordinates around the point at infinity. We shall use sequences of point blowing-
ups (called simple ones) obtained by blowing-up P? at p and, successively, at a point on
the obtained exceptional divisor. Embedding C into P? and considering a suitable finite
simple sequence of point blowing-ups as above, the germ of C at p is resolved. There are
two types of divisors depending on the fact that the blown-up point to get them belongs,
or not, to an intersection of exceptional divisors; those divisors are named, respectively,
satellite and free ones. Moreover, divisors in the above sequences can be organized in
blocks in such a way that each block contains the divisors, ordered by appearance, from
a free divisor to the next last satellite divisor which is previous to a free one. Assume
that we have g blocks and denote by E,, (1 < i < g) the last free divisor obtained in
each block of the resolution process. We say that an analytically irreducible germ of plane
curve at p, 1, is an i-curvette of the germ of C at p if the strict transform of ¢ in the
(corresponding germ of the) surface containing F, is not singular and meets transversely
E,, and no other exceptional curves. Next, we introduce the following concept which is
close to that of approximated polynomials.

Definition 3.3. Let C be a curve with only one place at infinity defined by a polynomial
in k[X,Y] of degree m. Let g be the number of blocks in the resolution of C' at p. A
sequence of polynomials in k[X,Y], {q(X,Y),q1(X,Y),...,qe(X,Y)}, will be named a
family of approximates for the curve C' whenever the following conditions happen:

a: ¢(X,Y) =X, a(X,)Y) =Y, 6 := —vcp(q) and 61 := —vep(q1).
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b: ¢;(X,Y) (1 <i < g)is a monic polynomial in the indeterminate Y and deg(q;) =
degy (¢;) = do/d;, where d; = ged(dg, 01, . ..,0i—1), being 0; := —ve ().

c: If ¢;(X,Y) = v~ 984G (u, v), then the germ of curve at p defined by Gi(u,v) (for
1 < i < g) is an i-curvette (respectively, (i — 1)-curvette) of the germ of C' at p
when 0y — §; does not divide (respectively, divides) dg.

Notice that in this paper v ,(¢;) means veo,([gi]), where [g;] is the class in the field £
that ¢; defines.

Now, we recall the concept of plane valuation and afterwards we introduce those valu-
ations which we are interested in. Set R = Op2 ,, and K is the quotient field of R.

Definition 3.4. A wvaluation of the field K is a mapping
v:K*(:=K\{0}) — G,
where G is a totally ordered group, such that it satisfies

o v(f+g) =2 min{v(f),v(9)},

e v(fg) =v(f)+v(g),
f, g being elements in K*.

A valuation as above is said to be centered at R whenever R C R, := {f € K*|v(f) > 0}
U{0} and RNm, (:={f € K*|v(f) >0} U{0}) coincides with the maximal ideal m of
R. We call this type of valuations plane valuations. The main geometric property of
these valuations is that there is a one to one correspondence between the set of plane
valuations (of K centered at R) and the set of simple sequences of point blowing-ups of
the scheme Spec R. The topology and the number the exceptional divisors appearing in
this sequence classifies plane valuations [40, 21] (see also [14]). This classification divides
plane valuations in five types (from A to E) and it is a refinement of that given by Zariski
according to invariants as the rank and the rational rank. When the sequence of point
blowing-ups is finite, valuations are named divisorial ones (or of type A) and they are
defined by the last exceptional divisor obtained in that sequence, which we denote by
FEny1. Let v be a divisorial valuation, an element f in the maximal ideal of R is called
to be a general element of v if the germ of curve given by f is analytically irreducible, its
strict transform in X 41 is smooth and meets En 1 transversely at a non-singular point.
On the other hand, the isomorphism R/m = R,/m, happens for any plane valuation v
except for divisorial ones. For coding purposes, we are only interested in certain types of
non-divisorial plane valuations, valuations of types C, D and E in [16]. We recall that the
sequence of point blowing-ups corresponding to a valuation of type C or D has finitely
many blocks of exceptional divisors, unlike that the attached to type E one which has
infinitely many of them. Furthermore, in both cases C and D, the last block has infinitely
many satellite exceptional divisors, being the difference that infinitely many centers of the
blowing-ups belong to the same exceptional divisor in those of type C (we always identify
a divisor with its strict transform in any surface of the point blowing-up sequence). Now,
we are ready to define those valuations which will be useful for us.

Definition 3.5. A plane divisorial valuation at infinity is a plane divisorial valuation of
K centered at R that admits, as a general element, an element in R providing the germ
at p of some curve with one place at infinity (p being its point at infinity).
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A plane valuation v of K centered at R is said to be at infinity whenever it is a limit of
plane divisorial valuations at infinity. More explicitly, set {v;}°, the set of plane divisorial
valuations, corresponding to divisors FE;, that appear in the sequence of point blowing-ups
given by v. The valuation v will be at infinity if, for any index g, there is some 7 > ig
such that v; is a plane divisorial valuation at infinity.

There exist plane valuations at infinity of any of the above described types [17].

Definition 3.6. Let v be a plane valuation at infinity of type C, D or E. A sequence of
polynomials P = {¢;(X,Y)}i>0 in Fy[X,Y] is a family of approzimates for v whenever
each plane curve C' with only one place at infinity providing a general element of some of
the plane divisorial valuations at infinity converging to v admits some subset of P as a
family of approximates and P is minimal with this property.

The following two results that we have extracted from [16, Propositions 4.8, 4.9, 4.10]
explain the relation among d-sequences, plane valuations at infinity and weight functions.

Theorem 3.1. Let A = {4;}]_,, r < 00, be a d-sequence and denote by Sa the semigroup
that it spans. Set Fy[X,Y] the polynomial ring in two indeterminates over the finite field
of q elements Fy. Then,
a: There exists a weight function wa : Fg[X,Y] — Sa U {—o0}.
b: The map —wa : k(X,Y) — G(Sa) U {0}, G(Sa) being the group generated by
SA, is a plane valuation at infinity.

Theorem 3.2. Let w : Fy[X,Y]| — S be a weight function on a semigroup S such that
S = Sa for some §-sequence A. Then, there exists a plane valuation at infinity v, v :
Fo(X,Y) — G such that —v and w coincide on the ring Fq[X,Y].

Note that this last result is an extension of a result by Matsumoto [29].

To end, we present a result that relates this section with Subsection 2.1. It involves
curves, further we shall explain the relationship between weight functions given by plane
valuations at infinity and those introduced in that subsection. Assume that A = {&;}7_,
is a d-sequence in Nsg; then, for 1 < i < g, it is well-known that there exists a unique
expression of the form

i—1
(4) nidi =Y ai;;,
=0

where a;0 > 0 and 0 < a;; <nj, for 1 <j<i—1.
Now, write gg := X ¢1 :=Y and, for 1 < < g,

i—1
(5) giv1 =" = \([] 45
=0

where \; € F, \ {0} are arbitrary. Then the mentioned result is

Proposition 3.1. The equality qg41 = 0 defines a plane curve C with one place at infinity
and the set {q;}_o is a family of approzimates for C such that —vcy(q;) = 6 for all
i=0,1,...,9.
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3.2. The Euclidean relation in R’}. In this section, R will denote the real numbers, R"
the set of n-tuples of real numbers, lexicographically ordered, and R’} the additive semi-
group of nonnegative elements in R™ under the same ordering. n-tuples (uj,usg, ..., uy,)
in R} will be usually expressed as u. The following version of the Euclidean division
happens:

Proposition 3.2. Let u > v € R} be such that there erists an index s (1 <s<n)
satisfying uj; = vj = 0 for j < s and vs > 0, then there ewists a unique positive integer a
such that u = av +w and (0,0,...,0) =: 0 < w < v.

Proof. 1t suffices to consider the round down function [-| applied to 7=, define a := [ {*]
except when ;‘}—z € N, uj = av; for j less than some index ¢t (s < t < n) and u; < avy;
in this case a = Lﬁ—jj — 1. Then, the result holds setting w = u — av. The value a is
unique since any other positive integer satisfying the equality u = av + w does not satisfy

0<w<w. U

The proposition above allows us to perform an Euclidean division between elements u
and v in R’}. To complete this, we add the symbol co to the set N5¢ to get N o and
then, when us # 0 and vs = 0, we shall set u = 0o v.

As a consequence, iterating that result, we can establish an Euclidean algorithm for any
pair of elements in R}, ug > u,, as follows:

Uy = aguy + Uo; 0 <uy <uy
Uy = a1y + us; U < uz < Uy
(6) : : :
Yoy = @l Uy Wy < U <Y

There are several CASES for the algorithm:

(1) It stops and for some index k, one gets u;, = apuy, 1 + 0.
(2) It never stops and we obtain an infinite sequence of natural numbers a;,1 > 0.
(3) It stops and, for some index k, one gets that there exists another index s, 1 < s < n,
such that the first s components uyy1j, 1 < j < s, of uy ¢ vanish, but uy , # 0,
being up 1 = --- = up s—1 = 0, that is, a; = oo.
When the first item (1) happens, we say that u;, is the greatest common divisor of w,
and u;. Moreover, for u,v € R’} we shall write a := u/v whenever there exists a € Nxg
such that u = av, where we have considered the scalar multiplication.
The above procedure allows us to establish an equivalence relation on the subset A of
pairs (u,v) of R} x Rt such that u > v which produces large equivalence classes which
will be useful for us.

Definition 3.7. Two pairs (ug, u;) and (vy, v,) in the above set A are said to be equivalent
(or related by the “Euclidean” relation Rg) if the Euclidean algorithm (6) applied to both
of them provides the same case and the same values {ag;a,...,a,...).

If (ug, uy) is an element in the set A, then its equivalence class by R g is given either by an
irrational number, or by a rational number or by a rational number plus infinite. To decide
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it, one has to consider the first non-vanishing component ug s of uo, if u1 s = 0, then we are
in the class (co). Otherwise, we consider the quotient ug s/u1 ; if this corresponds to an
irrational number given by the continued fraction (ag;ai,...,a;...), (ug,u;) is in the class
given by that continued fraction. If ug s/u; s is a rational number with continued fraction
(ag;at,...,ar) we must check the remaining quotients ug j/u1 j, j > s and if the continued
fraction of all of them is (ap; a1, ..., a), then (ug, u;) belongs to the class that this contin-
ued fraction represents. Otherwise that pair is in the class given by (ag; a1, ..., ax, 00). For
instance, in the set A in R2 , the pairs [(14,9), (6,4)] and [(7,9), (3,6)] are in the same class
represented by (2;3,00). The pairs [(14,7), (6,3)], [(14,0), (6,0)], [(0,7), (0, 3)] are in the
same class (2;3). And, [(7,0), (e,0)] and [(7, 1), (e,3)] are in the class (1;6,2,2,1,2...).

3.3. Sum of §-sequences. As we have mentioned, there exists a close relation between
0-sequences and weight functions given by plane valuations at infinity. The goal of this
section consists of explaining how to get a weight function from finitely many weight
functions given by plane valuations at infinity through suitable §-sequences. For a start, we
introduce the concept of class of equivalent J-sequences in R} for some fixed integer number
n > 2. Let A = {6;}]_, r < 00, be a §-sequence and for all i set ¢, := (J;,0,...,0) € R,
where we add n — 1 zeroes except when the J-sequence is in Z? in which case we add only
n — 2 zeroes. The set A = {§,};_ is called the canonical 6-sequence in R’} corresponding
to A.

Now, following the development of the previous section, and using the same formulae
defined below Definition 3.1, we get a sequence of pairs {(m;, ¢;)} for i < r—1 (respectively,
i < r — 2) according to the fact that d, — d; does not divide (respectively, divides) J,.
Notice that both values e; and m; are elements in R’} , but n; is a positive integer. From the
definition of J-sequence and taking into account the two described possibilities for §, — 9y,
one deduces that, for i < r—2 (respectively, i < r —3), the pairs (m;, ¢;) corresponding to
A define, under the relation Ry, a class of the type (ag, a1, ..., ar). When the J-sequence
comes from a d-sequence in (Q we obtain infinitely many classes as above; when it comes
from a o0-sequence in R, the last pair (m,,e,;) defines a class with infinitely many values
{ag,ai,...,a;,...) and in case of coming from a d-sequence in Z2, it defines a class of the
type (ao,a1,...,ar,00). We are ready to define the concept of d-sequence in R’} and the
class of equivalent d-sequences in R'}.

Definition 3.8. A sequence A = {0,}/_ of finitely or infinitely many elements in R’} is
called to be a d-sequence in R} if, for 1 < i < r — 1, the value d; := gcd(dg,9¢,..-,0;_1)
is defined and each pair of the sequence {(m;,¢;)}, defined as we did after Definition 3.1,
where n; :=d;/d; 1, 1 <i <r —1, belongs to the same class with respect to the relation
RE that the pairs attached to some canonical J-sequence in R} .

As a consequence, the set of -sequences in R’} can be partitioned into equivalence classes
containing what we call equivalent §-sequences represented by a canonical §-sequence.

Example 3.1. Consider the d-sequence in Z? A = {&y = (5,5),61 = (2,2),02 = (7,8)}.

(7a8a0a0)} The sequence {(mZ'>§i)}i:0,1 is given by €y = (3’37070)7 my = (
e; = (1,1,0,0) because (5,5,0,0) = 2(2,2,0,0) + (1,1,0,0) and (2,2,0,0) = 2(
n =5 and m; = 5(2,2,0,0) — (7,8,0,0) = (3,2,0,0). The pairs [(5,5,0,0), (
and [(3,2,0,0),(1,1,0,0)] determine the classes given by (1;1,3) and (2,1, c0).
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An equivalent §-sequence in Ri will be

A" = {6} = (35,15,35,15),8) = (14,6,14,6), 55 = (49, 22,55,19)}.

Indeed, ¢} = (21,9,21,9), m} = (35,15,35,15) and [(35 15,35,15), (21,9, 21,9)] is

the class (1;1,3). Moreover, d) = (7,3,7 3) because (35,15,35,15) = ( ,14, )+
(7,3,7,3) and (14,6,14,6) = 2(7,3,7,3), therefore ny = 5 and so €] = (7, ,7 3) and
m) = (21,8,15,11). Finally, we complete our explanation after checking that (m],é€}) is

in the class represented by (2,1, 00).

Proposition 3.3. Let A = {§,}/_, and A" = {0;}}_, be two equivalent §-sequences in
R%, then the semigroups Sa and Sa: that they span, both lexicographically ordered, are
isomorphic ordered semigroups.

Proof. Let A be the d-sequence that yields the canonical J-sequence in R’} representing
A and A’. For a start, we assume that A is a J-sequence in Q, Definition 3.8 for this case
implies that J, = d;v and &, = §;v/, for every index 4, where v and v’ are non-vanishing
vectors in R’. As a consequence, ¢ : SA — Sas given by ¢(d;) = J; is an isomorphism of
ordered semigroups.

We are going to prove that the map ¢ defined as above is also an isomorphism of ordered
semigroups whether the sequence A is in Z? whether it is in R, which will conclude the
proof. Assume that A is in Z? and set A* = {57}~ _o a 0-sequence in N5¢ providing A as
described in Definition 3.2. Suppose that 65 — 47 does not divide J (so the first formulae
under Definition 3.1 hold). Otherwise the reasoning we are going to do is analogous.
Similarly as above, there exist v and v’ non-vanishing vectors in R’ such that §; = 6;v
and ¢, = §fv whenever ¢ < r. Furthermore, the Euclidean division between m,_; and
e,_, provides a class of the type (ag;ai,...,ax,00) and an expression as in (6), where
uy = m,_; and u; = e, ;. The last expression will be u;,; = 00 u,,, what means
aug, o < U, q for any o € N5o. For simplicity, set @ = uy,, and b = u;, 5 and doing back
substitution m,_; = Aa + b and e,_; = na + £b with A\, 3,1, € N. Taking into account
that A and A’ are equivalent, it is straightforward to check that m/_;, = A\d’ + b’ and

e, =nd + &' with the same values ), 3,7, ¢ and for other vectors a’ and b’ in R? that
also satisfy ab’ < a’ for all @ € N5g. Now, e, = er_1v =na+&b and since e d1v1des o7,
0<i<r, wegetd;, =a;a+bbwith a;,b; € Z and since 9, = n,_16,_; —m,_;, it happens
8, = aya + b.b with a,,b, € Z. The same procedure proves &, = a;a’ + b;b', 0 < i < r. So,
any element s € Sa can be expressed s = wa + 0b and s < s’ happens whenever either
w<w orw=w"and # < @. This finishes our reasoning for this case since A’ satisfies the
same properties replacing a with ¢’ and b with ¢’ and since ¢(s := wa + 0b) = wa' + on'.

To end, suppose that A is a d-sequence in R. Reasoning as above and assuming also
that dgp — 01 does not divide dg, we get that J, = d;v and é; = §;v' when 0 < i < r and
also e,_; = e,—1v and 9, = n,—10,_; —m,_,;. The fact that A is a d-sequence in R
implies that the quotient of the first non-vanishing coordinates of J,. and v (say d,,1/v1)
is a non-rational real number which is the same that the corresponding d;.; /v] attached
to A’ because the d-sequences A and A’ are equivalent. This concludes the proof after
bearing in mind that we are using lexicographical ordering in Sa and Sa;. (]
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Next, we state the Abhyankar-Moh Theorem for plane valuations at infinity [17]. This
theorem holds for any type of these plane valuations and it determines generators for the
so-called semigroups at infinity. However, we shall only consider types C, D and E plane
valuations because these are the only useful types in coding theory (see [16, Proposition 4.2]
and the paragraph below it for type A valuations and, for type B ones, the second remark
in the page 727 of the same paper). With notations as in Section 3.1, let v : K* — G be
a (type C, D or E) plane valuation at infinity. The semigroup at infinity of v is defined to
be the following sub-semigroup of G:

Sveo = {=v(f) [ f € Fg[X, Y]\ {0}}.

Theorem 3.3. Let v be a (type C, D or E) plane valuation at infinity under the assumption
that it can be defined by a sequence of plane divisorial valuations at infinity {v;}5°, such
that the characteristic of the field Fy does not divide ged(—v;(z), —vi(y)) for all i € Nsg.
Then, there exists a §-sequence A such that the semigroup at infinity S, o is generated by
A. A will be in Z%, R or Q according the type, C, D, or E, respectively, of v.

The converse of this theorem is also true and it does not depend on the characteristic of
the field F, (see clause b of Theorem 3.1). In [16], it is shown that the procedure described
in Section 2.1 can be used to provide a weight function wa from a é-sequence A = {d;}I_,
r < oco. In order to do it, it suffices to write A in the form:

do
P N

In the same paper, we use the relation of wa with plane valuations to prove that it is
a weight function because, from it, other interesting properties, as Theorem 3.2, can be
derived. Notwithstanding the practical procedure to construct codes uses the machinery
of Section 2.1.

Now, we introduce the concept of sum of d-sequences which will be essential for our
purposes.

Definition 3.9. Let (A;)™, be an ordered set of §-sequences, all of them either in Z? or
in R except the last one, A,,, which is also allowed to be in Q. A sum of these J-sequences,
Yoy Ay, is a family of elements in R’} (for some positive integer n) of the form

é]wrl

é2,17 é2,27 A é2,r2
(7) e

ém717 ém,27 ceey émﬂ’m?

r = 1,15 < 00,2 < j <mand 7y, < oo, such that {; 1,, ,,0;1,0;9,---,0;,.} is a
d-sequence in R’} in the same class as the canonical -sequence in R’} corresponding to A;,
for 2 <4 < m. We also require that, for each 4, the intersection of the subgroups spanned
by {0, | (I;s) € L(i,7;) \IL(i — 1,7;-1)} and by {4, s | (I,s) € L(i — 1,7-1)} be trivial.

We notice that the sum of d-sequences is neither unique nor commutative. Now we are
ready to state our main result.
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Theorem 3.4. Let {v; }a<i<m be a family of m—1 plane valuations at infinity whose semi-
groups at infinity are generated by their corresponding 0-sequences, {A;}a<i<m, which de-
fine weight functions denoted by {wa, }o<i<m. Then any sum of §-sequences X = 1", A;
is a well-suited family of elements in the additive group R™ such that the values in each
equality b of Definition 2.2 depend only on one weight function wa,. Therefore any sum
> defines a weight function wy, with values in the semigroup generated by X2 defined on the
polynomial ring Fq[ X, m]. As a consequence, the procedure given in Section 2.2 yields codes
defined by finite families of weight functions given by plane valuations at infinity and, more-

over, Feng-Rao bounds for these codes satisfy d(a) < min [H(i,j)éj(mi’j + 1)] < dey(@),

where J and m; ; run over the indices and the coefficients set of the unique expression of
the values n € Sy, (¢ in Definition 2.2) such that v <n < Q.

Proof. The definition of d-sequence implies that we can attach to any d-sequence {d;}_,
positive integer values n; satisfying (2) of Definition 3.1 and (3) of that definition whenever
1 < r. Now, clauses a and b of Definition 2.2 follow by considering the J-sequences
{910 1193150595+ 08;,,} (which behave as A;) and their respective integers n;, that we
denote n; ;.

It only remains to prove that clause c also holds. Indeed, if v € Sy, \ {0}, an expression
of v with the requirements of ¢ in Definition 2.2 follows from the equalities described in b.
In order to prove the uniqueness we shall assume that v admits two different expressions
satisfying the requirements of c. This implies the existence of an equality of the form

E m; ;% = § m ,]71,]7

(4,5)€T (1,5)€T

where J and 3’ are disjoint non-empty finite subsets of I and 0 < m; ;, m} ; < n; ; whenever
j # ;. Due to the conditions given in Definition 3.9, it is clear that there exists an index g
such that (4, 5) € L(io, 74,) \L(i0— 1, 7r;,—1) for all (¢, j) € JUT'. But this is a contradiction
because {(5” | (4,7) € L(ig, i) \ L(io — 1,75,—1)} is equivalent to a subset of a canonical
d-sequence in R’} and, therefore, every element of the semigroup that it generates admits
a unique decomposition as in ¢ (since this fact holds for a d-sequence [16]).

U

3.4. An algorithmic procedure to get sums of d-sequences. In this section, we
start with an ordered set of m — 1 J-sequences, (A;)2<i<m, such that only A,, can be
in Q, and provide an algorithmic procedure to construct a sum » ;"o A; of them. Our
procedure will be inductive on the number m — 1 of d-sequences, and the number, n — 1, of
5-sequences in Z? will determine the value n corresponding to the set R’ where Y ", A;
will be embedded. Set A; the canonical d-sequence in R’} relative to A;. For each index

3 <1 < m we are going to explain how to perform S\22 A, + A; to get S2t_, A,, where
Ei;é A, is written as

011

é2,17 é272, RN é27r2

(8)

él—l,la él—1,27 RS él—l,rl,l'
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Our procedure depends on the type of the d-sequence A; and it is clear that starting
with our initial set, after m—2 sums, we shall arrive to >_;*, A;, which will be the required
sum »_ ', A;. We must assume that the t-last coordinates of the elements in Zi;é A,
vanish, ¢ being the number of d-sequences in Z? in the set (A;)™,. This condition is
imposed to guarantee the triviality of the intersection of subgroups given in Definition 3.9.

Let us see the mentioned explanation. Notice that r;_; < oo.

— (a) A is a 0-sequence in R. Assume that A; = {d(,],...,d.}; then a sum 2222 A
will be

/
60911
/ / /
60é2,17 50é2,27 R 50é2,r2
/ / /
5o§171,1, 50é171,27 S 50é171,m,1
/ / /
61él—1,7’l,1’ 62él—1,7’l,1’ trt Sél—lﬂ"lfl’

From our method, it is clear that the [—1 sequences that we can get from the last element
in one row to the last one in the next one are, respectively, in the classes corresponding with
the d-sequences Ay, As,...,A; and the condition involving intersection of subgroups in
Definition 3.9 also happens because 9;_; ,, , does not belong to the group spanned by the
previous elements §, ; in (8) with respect to the lexicographical ordering. In addition, the
product by a new non-rational number &5 to get d;d, ;,, , guarantees that the procedure
works in the next step.

— (b) A is a §-sequence in Z2. Set A; = {8!}:_,, let us consider the first s elements of a
d-sequence in Nsg providing A, {5;* f;(}, and dividing by their greatest common divisor,
assume that gcd((ég*)izo’,_,s_l) = 1. Then, writing Zi;; A, as in (8), a sum 2222 A, will
be

!
%
5,0 él,l , ,
* * *
50 é2,1a 50 é2,27 ) 50 é2,r2
543, 543, o,
% %-1,1> %9%-12 -5 %0 %1,
* * *
(51 él—l,rl_lv 52 él—l,rl_lv ] 65—1él—1,rl_17 Z,

where, assuming that (5{)* — (5/1* does not divide (5{)* (the remaining case works similarly), we
get z by using the following procedure. Consider the values {(ag; a1, ..., a,_1,00) given by
the pair (m}_;,¢e,_;) corresponding to A; and using as much indeterminates as necessary
obtain any expression like (6) such that it finishes with w;_; = ax—1u;, + w1, there is no
a € N5o such that auyy > w, and uy; = 9;_4,, ,, which is the value e¢,_; of the last 4-
sequence in our sum. Then z :=n/,_6." |8 I-1r,_, —Uo and this completes the computation
of the sum. When we compute z we must add the condition that the n — ¢ + 1 coordinate
of u, (and therefore of z) is different from zero. Again it is clear that the sequences
that we can get from the last element in one row to the last element of the next one
are, respectively, in the classes corresponding with the d-sequences A,y, Ag, -+, A;, and
an analogous reasoning to the one done in (a) proves the condition involving intersection
of subgroups in Definition 3.9. The way we define z allows us to go on with the process
in the next step.
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—(¢) Ay is a 0-sequence in Q. Notice that this case can only happen when [ = m. With
the previous notations, assume that the sequence of nonzero components of the elements
in A is {0(,07,...,0},...}. Then it is clear that

/
00911
/! ! !
50é2,1a 60é2,27 AR 50é2,r2
/ /! !
50§171,1’ 5()@171,2’ SRR 50§171,rl,1
! ! !
6lél—1,7’l_1’ 52él—1,7’l_17 DR 57‘1_1él—1,7‘l_17

will be a sum Zé:z A,

4. EXAMPLES

We finish this paper giving a sample of codes constructed with the techniques above
described. We have to choose some finite subset among the infinitely many existing families
of d-sequences, sum the elements in that subset and, according this choice, consider sets of
points to be evaluated. For the moment we do not know which are the choices that provide
the best parameters. Our computations use the computer algebra system SINGULAR [9].
We start by providing two families of dual evaluation codes {Cs}ses, given by only a
d-sequence A.

4.1. Examples with only a §-sequence. Our first family of codes is described as follows.
Let ¢ be a primitive element of the finite field Fos and consider the d-sequence in Z?

A = {611 = (14,0),651 = (10,0), 825 = (15,0), 003 = (23, 1)},

that provides the family of approximated polynomials ¢1 1 = X1, g21 = Xa, go2 = X7+ X7
and g23 = X1 + X35 + X3%. A comes from the §-sequence in Nog A* = {28, 20, 30,45}.
This sequence provides the values A = (1,0) and B = (0,1), and gives A according with
the definition of d-sequence in Z2. The values ng,1 and ng o attached to A are ng =7
and noo = 2, and the equalities 7(10,0) = 5(14,0) and 2(15,0) = 3(10,0) determine the
approximated polynomials since g2 3 = q§’2 —qgl. With these data, we construct the family
of dual codes {Cs}ses, defined by the weight function wa : Fos[ X1, Xo] — Sa U {—o0}
given in Theorem 2.1, which satisfies wa(g; ;) = d;; for (i,7) € {(1,1)} U {(2,]’)};’:1, and
the evaluation at the following 33 points in ngz

{(C ¢, () () (¢, (P ) (B0 (¢ D, (€1 ) (10D,

(€% ¢ (€7 C1%), - (€7, 6%, (€0, ¢7), (6P, €29, (€0, ¢
An example of how wa works is wa (X7 X5 + X7 X234 + XO0XT + XI5 + X210 + X21) =
wa (X7 g3 + Xiqo3) = wA(Qiﬂzs + (22 — 67 1)a2,3) = wa(g2,2q2,3) = (38, —1).

A partial table with parameters (dimension k, distance d and Feng-Rao distance de,)
for these codes of length 33 is given in Table 1. Note that the first column of the table
(coef.) allows us to know the value 6 € Sa defining the code Cs for which we are displaying
its parameters. The values in the column coef. show the coefficients of the elements &; ;
corresponding the above mentioned unique expression of each value § in terms of the
elements in A. For instance, in the table 0010 means that we are giving parameters of
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Cl(15,0)- Notice that the same code could be defined by several of these expressions. The
values d appear ordered according to the lexicographical ordering.

More explicitly, we consider the elements in the semigroup Sa and the family of codes
{Cs}ses, are successively attached with elements in Sa ordered in an increasing way.
The coefficient 0000 in the first column of the table corresponds with the element (0,0)
in Sa because 0011 + 0921 + 0022 + 0923 = (0,0) =: Jp; 0100 corresponds with 0611 +
16271 + 0(5272 + 0(5273 = (10,0) =: 01; 1000 corresponds with 1(5171 + 052’1 + 05272 + 06273 =
(14,0) =: 02, and so on. The successive vector spaces given in Section 2.2, Ls,, Ls, , Ls, , - - -
are spanned by the polynomials 1, 1 and ¢o1 := Xa, 1, X5 and ¢1,1 := Xy, ... because
wa(l) = dp, wa(X2) = 61, wa(X1) = 02, and so on. The vector spaces Es,, Es,, Es,, - -
are spanned by {ev(1)}, {ev(1),ev(X2)}, {ev(1l),ev(X2),ev(X7)}, .... Finally, the table
provides parameters for the dual codes of the above ones Cs,, Cs,, Cs,, .. ..

TABLE 1. First Case in Examples 4.1

coef. k d deg
0000 32 2 2
0100 31 2 2
1000 30 3 2
0010 29 3 2
0200 28 4 3
0001 27 4 3
1100 26 5 3
0110 25 6 3

Now we give a second family of codes over the same field. Consider the §-sequence in
73 A = {611 = (2,1),021 = (1,1)} (which comes from the d-sequence in Nso {13,7})
and the map ev : Fos[X1, Xo] — F33 defined by evaluating at the points {(¢*,¢%) | 1 <
1 <30} U{(0,0),(1,¢),(1,¢?),(1,¢3)}. Then a partial table of parameters of the family
of codes of length 34, {Cs | 0 € A}, is given in Table 2.

TABLE 2. Second Case in Examples 4.1

k d de
33 2 2
32 2 2
31 3 3
30 4 4
29 4 4
28 5 5
27 5 5
26 6 6
25 7 7
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4.2. Examples over F3. Next, we shall show some examples of codes defined over the
field F3. They are determined by a sum of two d-sequences but attached to different maps,
ev, given by evaluation at different families of points in IF% Consider the d-sequence in R

A= {%, 1, 1@5, = %(60— 3212\\//5)} and the é-sequence in Z? A’ := {(4,0), (1,0), (1, —1)}.
A comes from the J-sequence in N5 {20, 8,15} by using the procedure given in [16, Section

4.3.3] and taking

1
—_—
1+ 1+v2
The §-sequence in Z? A’ is constructed as we described in the above example from the
d-sequence in Nsq {5(/)* =38, 5/1* =2, (5’2* =1}
A sum, A + A/, computed in accordance with the procedure of Subsection 3.4, is

(20,0)
(9) (8,0), (15,0), (89,0)
(20,0, (29, -1).

Indeed, with the notation of Section 3.4, m — 1 =2 and n — 1 = 1 and we are in the case
(b). The canonical d-sequence relative to A is A = {(20/8,0),(1,0), (15/8,0), (¢,0)} and
A’ coincides with its associated canonical d-sequence. Now 56* = 8 and this provides the
first two lines of the displayed expression (9). The third line must be of the form

5/1*(19’ 0)7 zZ= (21722)7

where 5/1* = 2 and z; and z, are parameters to be determined. The pairs (my, eg), (m1, e1)
corresponding to A’ are ((4,0), (3,0)) and ((3, 1), (1,0)), and define the classes with respect
to the relation Ry given by (1;3) and (3; c0). To compute the values z; and z3, we consider
the sequence (89,0), (2¢4,0), (21, 22), calculate their new corresponding values e; = (24, 0)
and m1 = (89,0) — (21, z2) and force 21, 2o to satisfy that the class with respect to Rg of
the new values (m1,e;1) is represented by (3,00); notice that the class of the new values
(mo, ep) also coincides with the class of the old ones.

The family of approximated polynomials has six polynomials in the indeterminates
X1, X9, X3, being qn,1 = X1, Q2,1 = X5 and 43,1 = X3. Moreover 42,2 = —X12 + X25,
G283 =X —XPX5 - X} - X7X35+X3% and g30 = —XP+ XD X3+ X?+ X7 X35 - X530+ X3,
Indeed, na; = 5, no 2 = 4 and nz 1 = 4; ¢2,2 comes from the fact that 5(8,0) = 2(20,0), ¢23
from the equality 4(15,0) = 3(20, 0) and finally g3 ; is deduced from the fact that 4(29,0) =
8(,0). The weight function wa4as satisfies watas(gi;) = i 5, where the values 0; ; are
those given in (9) ordered as in (7) and, for instance, to compute wa y ar(— X7 X3+ X35 X3)
one must take into account that Xy = ¢1,1,X3 = ¢3,1 and Xg’ = @22+ qil, and then
wara (—X7X3 + X5X3) = wayar(—qi 1930 + (022 + 65 1)431) = warar(g22g31) = (8 +
29,0).

Consider the map ev given by evaluating the Fs-algebra F3[X;, X5, X3] at the points in
IF%:

a=1+

{(0,0,0),(0,1,0),(0,2,0),(1,0,0),(1,1,0),(1,2,0),(2,1,0),(2,1,1),
(2,1,2),(2,0,1),(2,0,0),(2,0,2)}.
Then, we get a family of codes of length 12 whose parameters are shown in Table 3. As
above we also display the coefficients in the generating set A + A’, expressed as in (7),
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of the elements defining the code; these elements are lexicographically ordered. That is,
the coeflicients 000000, 010000, 000001, ... correspond to the elements in the semigroup
Saxar: (0,0), (8,0), (29,—1), ..., which appear in an increasing way according to the
lexicographical ordering and determine the polynomials 1,q1 1,432, .... We note that the

TABLE 3. First Case in Examples 4.2

o

coef.
000000
010000
000001
000010
001000
020000
100000
010001
010010
011000 *
110000

= =
O =

— oW R T~ 0 ©
O R R R W NN NN
Q
I NN I I U U U

—_
[\

code given in * is the same than that given by the coefficients 030000, that is Csz,0) =
C(24,0)-

If we enlarge the set of evaluating points and add the evaluation of the points in Fg
{(1,1,1),(2,2,2),(0,0,1)}, we obtain a family of codes of length 15 whose parameters and
coefficients are displayed in Table 4. Notice that in that table * means that instead 011000
we could set 030000. Analogously, ** is a symbol to explain that instead 000002 we could
also put 000011 and 000020.

TABLE 4. Second Case in Examples 4.2

coef. k d de
000000 14 2 2
010000 13 2 2
000001 12 2 2
000010 1 3 2
001000 10 3 2
020000 9 3 2
100000 8 4 3
010001 7T 4 3
010010 6 4 3
011000 * 5 4 3
110000 4 4 3
000002 ** 3 8 4
001001 2 8 6
001001 1 8 6
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Finally, we add that we can obtain a code of length 23 dimension 18 and minimum
distance 3 with the same sum of §-sequences but evaluating the set of points

{(0,0,1),(0,0,2),(0,1,0),(0,1,1),(0,1,2),(0,2,0), (0,2,1),(0,2,2),(1,0,1),
(1,0,2),(1,1,0),(1,1,1),(1,1,2),(1,2,0),(1,2,1),(1,2,2),(2,2,2),
(2,0,1),(0,0,0),(1,0,0),(2,0,0),(2,0,2),(2,2,0)}.

4.3. An example over F5. Consider the d-sequences in Z?>
A :={(10,0), (4,0),(11,0), (13, 1)}
and A" := {(6,0),(1,0),(1,—1)}. Asum A+ A’is

(120,0,0)
(48, 0 0), (132,0,0), (156,—12,0)
(26,-2,0), (26,—2,—1).

Notice that, here, our sequences are embedded in Ri because we are summing two o-
sequences in Z2. The values 01,10 and 625, 1 <7 < 3 of A+ A’ are obtained by doing 12
times the canonical J-sequence in Ri attached to A. The factor 12 comes from the fact that
A is defined by the d-sequence in N5 {12,2,1}. Finally, the remaining values in A + A’
are obtained as we have just explained in the last subsection. The family of approximated
polynomials depends on the indeterminates X1, X2, X3 and its polynomials are ¢ = X;,
q21 = X2 and g31 = X3. Moreover goo = — X7 + X3, qo3 = X — 2X2 X3 — X1 X5 + X230
and g3 = —X| + 2X7 X3 + X1X3 — X3° + X,

Now, consider the map ev given by evaluating the Fs-algebra F5[X1, X2, X3] at the
points in Fg

{(0,14,0),(0,14,1),(0,4,2),(0,1,3),(0,4,4)[0 < <2} U{(1,0,0),...,(1,0,4)}U

u{(1,1,0),(2,2,0),(2,3,0),(2,4,0),(2,2,1),(2,2,2),(2,2,3),(2,2,4),(2,1,1)} .

Then, we get a family of codes of length 29. A partial table of parameters is shown in
Table 5.

TABLE 5. Example 4.3

k d dey
27 2 2
26 2 2
25 3 2
24 3 2
23 3 2
22 4 2
21 4 2



1]
2]
3]
(4]
[5]

[6]
(7]

(8]
(9]
(10]
(11]
(12]
(13]

[14]
[15]

[16]

CODES DEFINED BY FINITE FAMILIES OF VALUATIONS 25

REFERENCES

S. S. Abhyankar, Local uniformization on algebraic surfaces over ground field of characteristic p # 0,
Ann. Math. 63 (1956), 491—526.

S. S. Abhyankar, On the valuations centered in a local domain, Amer. J. Math. 78 (1956), 321—348.
S. S. Abhyankar, “Lectures on expansion techniques in Algebraic Geometry”, Tata Institute of Funda-
mental Research Lectures on Mathematics and Physics 57, Tata Institute of Fundamental Research,
Bombay (1977).

S. S. Abhyankar, “On the semigroup of a meromorphic curve (Part I)”, Proc. Int. Symp. on Algebraic
Geometry, (Kyoto) Kinokunio Tokio (1977), 249—414.

S. S. Abhyankar, T. T. Moh, Newton-Puiseux expansion and generalized Tschirnhausen transforma-
tion, J. Reine Angew. Math. 260 (1973), 47—83 and 261 (1973), 29—54.

E.R. Berlekamp, “Algebraic Coding Theory”, McGraw-Hill, New York (1968).

A. Campillo, J.I. Farrdn, Computing Weierstrass semigroups and the Feng-Rao distance from singular
plane models, Finite Fields Appl. 6 (2000), 71—92.

C. Carvalho, C. Munuera, E. Silva, F. Torres, Near orders and codes, IEEE Trans. Inform. Theory
53 (2007), 1919—1924.

W. Decker, G.M. Greuel, G. Pfister and H. Schéenemann, SINGULAR 3.1.3, A computer algebra system
for polynomial computations (2011). http://www.singular.uni-k1.de.

G.L. Feng, T.R.N. Rao, Decoding of algebraic geometric codes up to the designed minimum distance,
IEEE Trans. Inform. Theory 39 (1993), 37—45.

G.L. Feng, T.R.N. Rao, A simple approach for construction of algebraic-geometric codes from affine
plane curves, IEEE Trans. Inform. Theory 40 (1994), 1003—1012.

G.L. Feng, T.R.N. Rao, Improved geometric Goppa codes, part I: Basic heory, IEEE Trans. Inform.
Theory 41 (1995), 1678—16934.

M. Fujimoto, M. Suzuki, Construction of affine plane curves with one place at infinity, Osaka J. Math.
39 (2002), no. 4, 1005—1027.

C. Galindo, Plane valuations and their completions, Comm. Algebra 23 (6) (1995), 2107—2123.

C. Galindo, M. Sanchis, Evaluation codes and plane valuations, Des. Codes Crypt. 41 (2) (2006),
199—219.

C. Galindo, F. Monserrat, §-sequences and evaluation codes defined by plane valuations at infinity,
Proc. London Math. Soc. 98 (2009), 714—740.

C. Galindo, F. Monserrat, The Abhyankar-Moh theorem for plane valuations at infinity. Preprint

2010. ArXiv:0910.2613v2.
0. Geil, Codes Based on an F,-Algebra, PhD-thesis Aalborg University, June 2000.

O. Geil, R. Pellikaan, On the structure of order domains, Finite Fields Appl. 8 (2002), 369—396.

O. Geil, R. Matsumoto. Generalized Sudan’s list decoding for order domain codes, Lecture Notes in
Computer Science 4851 (2007), 50—59.

S. Greco, K. Kiyek, “General elements in complete ideals and valuations centered at a two-dimensional
regular local ring”, in Algebra, Arithmetic, and Geometry, with Applications, Springer (2003), 381—
455.

V. D. Goppa, Codes associated with divisors, Problems Inform. Transmission 13 (1997), 22—26.

V. D. Goppa, “Geometry and Codes”, Mathematics and its applications 24, Kluwer, Dordrecht (1991).
T. Hgholdt, J.H. van Lint, R. Pellikaan, “Algebraic geometry codes” in Handbook of coding theory,
Vol. 1, (1998), 871—961.

C.D Jensen, Fast decoding of codes from algebraic geometry, IEEE Trans. Inform. Theory 40 (1994),
223—230.

J. Justesen, K.J. Larsen, H.E. Jensen, A. Havemose, T. Hgholdt, Construction and decoding of a class
of algebraic geometric codes, IEEE Trans. Inform. Theory 35 (1989), 811—821.

J. Justesen, K.J. Larsen, H.E. Jensen, T. Hgholdt, Fast decoding of codes from algebraic plane curves,
IEEE Trans. Inform. Theory 38 (1992), 111—119.

J.L. Massey, Shift-register synthesis and BCH decoding, IEEE Trans. Inform. Theory 15 (1969),
122—127.

R. Matsumoto, Miura’s generalization of one point AG codes is equivalent to Hgholdt, van Lint and
Pellikaan’s generalization, IEICE Trans. Fundam. E82-A (10) (1999), 2007—2010.

M. Moghaddam, Realization of a certain class of semigroups as value semigroups of valuations, Bull.
Iran. Math. Soc. 35 (2009), 61—95.

M. E. O’Sullivan, Decoding of codes defined by a single point on a curve, IEEE Trans. Inform. Theory
41 (1995), 1709—1719.



26

32
33
[34]
35]
136]

37]
[38]

(39]
40
[41
42
(43]
[44

[45
46

C. GALINDO AND F. MONSERRAT

M. E. O’Sullivan, New codes for the Belekamp-Massey-Sakata algorithm, Finite Fields Appl. 7 (2001),
293—317.
H. Pinkham, Séminaire sur les singularités des surfaces (Demazure-Pinkham-Teissier), Course donné

au Centre de Math. de I’Ecole Polytechnique (1977—1978).

S. Sakata, Extension of the Berlekamp-Massey algorithm to N dimensions, Inform. and Comput. 84
(1990), 207—239.

S. Sakata, J. Justesen, Y. Madelung, H.E. Jensen, T. Hgholdt, Fast decoding of algebraic geometric
codes up to the designed minimum distance, IEEE Trans. Inform. Theory 41 (1995), 1672—1677.

S. Sakata, H.E. Jensen, T. Hgholdt, Generalized Berlekamp-Massey decoding of algebraic geometric
codes up to half the Feng-Rao bound, IEEE Trans. Inform. Theory 41 (1995), 1762—1768.

A. Sathaye, On planar curves, Amer. J. Math. 99 (5) (1977), 1105—1135.

C. E. Shannon, A mathematical theory of communication, Bell Syst. Tech. J. 27 (1948), 379—423

and 623—656.
A.N. Skorobogatov, S.G. Vladut , On the decoding of algebraic geometric codes, IEEE Trans. Inform.

Theory 36 (1990), 1051—1060.

M. Spivakovsky, Valuations in function fields of surfaces, Amer. J. Math. 112 (1990), 107—156.

M. Suzuki, Affine plane curves with one place at infinity, Ann. Inst. Fourier 49 (2) (1999), 375—404.
M. A. Tsfasman, S. G. Vladut, T. Zink, Modular curves, Shimura curves and Goppa codes, better
than Varshamov-Gilbert bound, Math. Nachr. 109 (1982), 21—28.

S. G. Vladut, Y. I. Manin, “Linear codes and modular curves, in Current problems in mathematics
25, 209—257 (1984) Akad. Nauk SSSR Vseoyuz, Moscow.

O. Zariski, The reduction of the singularities of an algebraic surface, Ann. Math. 40 (1939), 639—689.
O. Zariski, Local uniformization on algebraic varieties, Ann. Math. 41 (1940), 852—896.

O. Zariski and P. Samuel, “Commutative Algebra. vol II”, Springer-Verlag (1960).

Current address: C. Galindo: Departamento de Matematicas & Instituto Universitario de Matematicas
y Aplicaciones de Castellén (IMAC), Universitat Jaume I. Campus de Riu Sec, 12071 Castellén, Spain.
F. Monserrat: Instituto Universitario de Matemdtica Pura y Aplicada (IUMPA), Universidad Politécnica
de Valencia, Camino de Vera s/n, 46022 Valencia, Spain.

E-mail address:  galindo@mat.uji.es  framonde@mat.upv.es



