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Metamaterial device prototyping

are difficult to obtain due to their intricate polarization states. However, the study in this matter
has become very important, especially in the field of opto-mechanics or other multi-field cou-
plings at micro or nanoscales. To illustrate the design concept, we simulate the introduction of a
piece of silica (SiO3) into a thin infinite Si plate and show that, for specific aspect ratios, BICs for
elastic waves can be predicted. We present numerical results for both two-dimensional (2D)
rectangular plates and three-dimensional (3D) disk structures. Moreover, we also investigate the
modal contributions of both the background and inclusion media during the occurrence of BICs,
further verifying the physical background of our design strategy. Although we have focused our
work on asymmetric Lamb modes, the current method can also be applied to construct other types
of elastic-wave BICs, providing a powerful tool for metamaterial device prototyping based on the
control or guiding of elastic waves.

1. Introduction

Bound states in the continuum (BICs), also known as trapped modes, are non-radiating localized modes that simultaneously coexist
within the continuous spectrum of radiation waves [1,2]. The concept of BICs was first mathematically proposed in quantum me-
chanics [2] and has further attracted great interest over the last decade in many classical wave systems, such as electromagnetic [3-6],
aero-acoustic [7-11], hydroacoustic [12,13], and elastic wave [14-18] structures. Generally, BICs are impossible to excite via external
fields. However, it is feasible to obtain quasi-BICs (QBICs) with high but finite Q-factors by structural design. These QBICs are being
widely used in optics and photonics owing to their high-Q resonances, such as sensors [19-21], lasers [4,22-25], filters [26,27], and
nonlinearity generators [28-30].

In addition to optical BICs, acoustic BICs have also garnered significant attention. They were initially identified in ’plate-in-
waveguide’ systems while examining pressure enhancement near parallel plate gratings in a wind tunnel [1,31]. Subsequently,
numerous studies have integrated acoustic resonance cavities to achieve different types of BICs, both theoretically and experimentally,
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Fig. 1. Strategy to find BICs and Geometries considered in this work. (a) Perspective view of a thin infinite Si plate with a SiO, inclusion whose
length is L. The height of the whole plate, h, is common to both media. (b) Simplified 2D model for (a), showing the constraints imposed to the
eigenstates of the system to facilitate the appearance of BICs. (c) View of the geometry for the 3D problem of the disc with a central inclusion. The
details of the methodology used are summarized in panels 1a and 1lc.

including symmetry-protected (SP) BICs [9,32], Friedrich-Wintgen (FW) [10,11], and Fabry-Perot [33,34].

Compared to BICs in optics and acoustics, the research reported on elastic waves has been limited, primarily due to their intricate
polarization states [35]. Nonetheless, the applications of elastic BICs have become promising for all fields working with mechanical
oscillators [36], ultra-sensitive devices [37], and quantum information processors [38]. Some recent research has explored elastic BICs
based on the coupling and transformation of elastic waves in different polarization directions [14-18]. Nevertheless, most of the latest
work on elastic BICs is based on periodic structures with a certain symmetry and their practical implementation conditions are
relatively constrained, particularly at small scales. Generally, the appropriate modeling of elastic BICs in non-periodical structures
remains an open problem.

Here, we report antisymmetric trapped modes in 2D and 3D non-periodical Lamb wave systems, focusing the study on the lowest
orders. We find that elastic BICs and QBICs can be constructed by introducing a solid, small inclusion into very thin plates if the
former’s material is “softer” than the latter’s, i.e., the propagation velocities of the inclusion are lower than those for the outer medium.
By using this combination of geometry and constitution the frequencies of such BICs can be easily tuned by changing the plate’s
thickness or the aspect ratio h/L, where h is the heigh of the composite plate and L is the width of inclusion.

In what follows, Section II briefly summarizes the method and the strategy to excite BICs based on total internal reflection. Section
I1I is devoted to the results and discussion. Section IV concludes with a succinct recapitulation of the key features highlighted in this
study.

2. Methods
2.1. BIC design-strategy

For acoustic or electromagnetic waveguides with an embedded cavity, BICs can be obtained by symmetry protection if the speed of
the wave inside the inclusion is smaller than that in the waveguide. This mechanism can be illustrated if we consider a composite
waveguide with a constant height, h. In such a case, the wavenumber in the transversal direction with respect to plate’s main axis, k ,
is conserved inside and outside the “cavity”. Then, the longitudinal wavenumber, which is the responsible for the propagation along
the structure, is given by

k=% -k 6))

where c is the wave velocity. If we choose ¢ such that k > k_, real values for k| can be obtained which correspond to propagating waves
along the composite plate or waveguide. Conversely, if ¢ is chosen to make k < k, the resulting values for k; are complex numbers so
that they can be related to evanescent waves. By utilizing this design strategy, we can select the appropriate values for ¢ inside and
outside the inclusion to ensure propagating waves inside the insertion and evanescent outside, thereby obtaining localized states (BICs
or QBICs).

BICs based on this mechanism can then be easily realized in acoustics and optics [39-41], where the vertical wavenumber k, is
conserved in a waveguide with different materials. However, for guided elastic waves, this is not the case since in general a
well-defined k;, does not exist. The polarization conversion occurring in elastic is the responsible phenomenon for the
non-conservation of the vertical wavenumber, so that all the plate modes are excited in the formation of the cavity. For a specific
frequency range, only one of these modes, the AQ, is propagative in the plate, and the geometrical parameters of the cavity can make
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Fig. 2. Dispersion relations for the lowest modes in single-material plates. The plates are h = 0.8 mm in height. Blue [orange] curves for Si [SiO].
Circles [lines with circles] represent the Ag [A;] mode’s dispersion in both single-material plates. The modes A; for each cut-off frequency are shown
in the inset, where the colors indicate the absolute displacement value.

that the amplitude of this mode be zero in the formation of the cavity mode. When this happens, a BIC is formed.

With this strategy, we first consider constructing BICs on an infinitely thin plate. In this infinite structure, we assume for simplicity
an inclusion of a solid, isotropic material as embedded in it, as shown in Fig. 1a and b. Here, we use Si as the host material for the plate,
and SiO; for the inclusion (guest) since this material has lower elastic wave velocities than silicon’s. In this work, we only consider BICs
for the lowest-energy antisymmetric modes Ap and A; as the research object. The study is then extended to azimuthal geometries to
naturally complement and apply our results of the design method.

2.2. Simulation models

We perform simulations using the commercial finite-element software COMSOL Multiphysics 6.0. In the 2D configuration, Fig. 1a
and b, we take a sufficiently long domain along the horizontal direction as the host material which sandwiches a rectangular inclusion
of size L (Fig. 1a in perspective view). The height of the whole system is h. The main simulation details for each respective geometry can
be seen in Fig. 1a and 1c, although the composite plate’s problem is indeed modeled as a 2D geometry.

In the case of 3D simulations, an analogous symmetric structure is used, which consists of a disk of height h with a cylindrical
inclusion of radius L/2 in its center (Fig. 1¢). To save computational resources, half of the disk is used in the simulation runs by putting
a symmetric condition for the displacement fields on the middle cut plane (dash line in Fig 1c), namely, i.n = 0, where # is the
displacement vector and 7 is the unit normal vector of the considered sectional plane. In both 2D and 3D calculations, Si and SiO, are
characterized by the values of Young’s modulus, Poisson’s ratio, and density as Es; = 170 GPa, vs; = 0.28, pg; = 2329 kg/m3, and Egjo,
= 63.8 GPa, vsio, = 0.246, pg;p, = 2300 kg/m>, respectively. For simplicity, we fix L =5 ym and sweep h from 0.1 L to L to calculate
eigenvalues and analyze their evolution. As we are only interested in the antisymmetric modes of the structures, another condition is
used to further half-cut the domains and make the runs computationally less expensive, namely, we implement an antisymmetric

boundary condition (AB) at the plane (line in 1D) located in the middle of the plate, red dash line in Fig. 1a, namely, Tt = 0, where T
is the unit tangent vector of the considered plane (line). Although not shown in Fig. 1(c) for a better visualization, we apply the same

AB condition in the middle of the disk’s thickness that is expressed as Ti.t; =0and .ty = 0, where now mean the orthogonal two
tangent versors that represent the corresponding plane in 3D. Details for the simulation settings are described in Appendix A: Simulation
details.

3. Results and discussion
3.1. 2D geometries

Following the methodology stated, we then search for confined modes in the inclusion region with evanescent behavior in the host
medium. The excitation of BICs in this composite plate can also be thought in terms of the modes from the single-material plates for the
concerned materials. Fig. 2 shows the first two anti-symmetric modes’ dispersion relations for single plates with thickness h = 0.8 mm.
Specifically, the curves show the real part of the solutions obtained. Noteworthy, the cut-off frequency for the SiO2’s A; mode lies in the
region between the frequencies for the modes Ag and A; when k| = 0 in Si. We call this frequency interval as “gap” (Fig. 2). For
frequencies lying in the gap, two cases can occur: 1) the frequency observed is higher than or equal to the cut-off frequency for SiOs,
and therefore both anti-symmetric modes AO and Al can be excited inside the inclusion, or 2), the observed frequency is lower than
such cut-off frequency and then only the AO mode can be excited in SiO2. In any case, only A0 can exist outside the inclusion as a
propagative mode, since all the other modes will have a complex wavenumber k|, as shown schematically in Fig. 1b. If the cavity is
designed in such a way that the amplitude of the A0 mode in Si is zero, and all the energy goes to the evanescent modes, this mode will
be perfectly trapped within the cavity and no energy will be radiated towards the plate.
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Fig. 3. Variation of the eigenfrequencies with the plate’s aspect ratio. (a-b) [(c-d)] tracks the behavior of the mode n =1 [n = 2]. Blue [orange]
lines with circles in (a) and (c) represent the real [imaginary] part of the eigenvalues. Star symbols on the horizontal axis highlight the selected BIC
cases. The displacement field distributions for these BICs are shown on the insets, with the colorbar representing their absolute value. Green lines in
(b) and (d) denote the variation of the Q factor in n = 1, 2 states, where the axes are all in 10-based logarithmic scale.
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Fig. 5. Modal Analysis. We choose the BIC with n = 1 and h/L = 0.16 whose properties are shown in Figs. 3a and 4a. (a) Projecting the star point;
the mode’s dimensionless eigenfrequency is @ = % = 3.22. (b) Dispersion relation for the modes Ay and A; of the infinite SiO, plate with h =
0.16L. Solid and dash lines represent Ay and A;, respectively. The red (horizontal) dash line corresponding to «’ intersects with A; and Ay at the two
points represented by the green stars, which means that the first two antisymmetric modes of infinite SiO, plate are excited at o'.

The cut-off frequencies for the asymmetric modes of Lamb waves can be expressed as [41]:

Sew = M7 m=0,1,2... foroddsolutions,
nxc o 2
Sou = TL’ n=1,23.. forevensolutions,

where cr denotes the transverse wave velocity and c;, represents the longitudinal one. Based on Eq. (2), if the cut-off frequency of the
inclusion needs to be lower than that of the host, then both cr and c; of the inclusion’s material should be lower than those of host,
which is the reason why we chose Si-SiO, as proof-of-concept materials, besides their current wide applications in opto-mechanics
[42-48].

Fig. 3 shows a study corresponding to sweep the aspect ratio h/L over the structure. At this point it is necessary to define the discrete
number n, which indicates the number of spots in one semi height region of the plate, e.g. y > 0 (see Fig. 4a). In this way, the lower
order (n =1, 2) antisymmetric modes of the structure can be picked out. In particular, the variation of their complex eigenvalues with
the geometric parameter h/L is shown in Fig. 3a and c, where the blue and orange dotted lines represent the real and imaginary part of
eigenvalues, respectively.

Results show that the real part of the eigenvalues decays exponentially with increasing thickness, while the imaginary part presents
a sine-like oscillation, especially when the thickness is small. Under some specific values of h, the imaginary part can be close to or
equal to 0, and the Q factor of the system, defined as Q = Re(fre)/(2Im(fre)), could be very high or even infinite, thus obtaining QBICs
or BICs. The variations of Q with the geometry are shown in Fig. 3(b) and (d). From the distribution of Q factor, BICs can be obtained
with h/L = 0.105, 0.16, and 0.2 (log;,(h/L) ~ — 0.98, —0.8, and —0.7 respectively) for n = 1, and with h/L ~ 0.1 and 0.12
(logg(h /L) = — 1 and — 0.92) for state n = 2. The geometrical parameters of the BICs appearing here lie in a very small range, thus
more details for this study are presented in Appendix B: The eigenvalues close to BICs. Noteworthy, BICs only appear when the ratio h /L is
small. In other words, under this design strategy, it is difficult to obtain QBIC/BIC for thick plates. Details for the case of thick plates are
described in Appendix C: The eigenvalues for thicker plates.

To better explore the characteristics of these BICs, we select modes of points with zero imaginary parts when n = 1 and 2, as shown
in Fig. 3a and b. For the n = 1 state, the displacement spots are concentrated at the center of the upper and lower surfaces of the half-
simulated domain within the inclusion (inset in Fig. 3a); For n = 2, the spots are still on the upper and lower surfaces, but differentiated
into two localized centers, symmetrically distributed around the (vertical) axis of symmetry (inset in Fig 3b).

The displacement distribution of the BICs’ along the middle line (Fig. 4a, red line) shows in more detail that the modes are confined
in the inclusion region; the propagating solution only exists in that region while outside the inclusion the solution corresponds to
evanescent waves, which also confirms the feasibility of the design strategy outlined in Methods. Additionally, at the middle line (red
line in Fig 4a), the longitudinal displacement (x direction) field is practically zero while the transversal displacement dominates. And it
is clearly seen that the vibration is almost entirely localized within the inclusion; in other words, the amplitude in the host is much
smaller than that in the inclusion. For displacement distribution along other paths, it can reflect more modal information of BICs, but
they all reflect the same phenomenon, where vibration is concentrated at the inclusion. Details for the case of different path are
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described in Appendix D: Displacement distribution for the selected BIC (y = h/4).

To gain a deeper understanding for the mechanism of BICs mentioned above, it is necessary to explore the composition of anti-
symmetric modes along the whole composite plate. Taking the BIC with n = 1 as an example, occurring at h/L = 0.16, its imaginary
part is zero, and the dimensionless real part is exactly @ = wL/2zcr = 3.22 (Fig. 5a). By corresponding the SiO2 plate’s dispersions in
the low-order antisymmetric modes with &/, its excited modes A and A; occur at the “spectral” positions indicated by green stars in
Fig. 5b. Moreover, the longitudinal and transversal displacement fields of these modes can be linearly combined with a couple of
constants (a, b) and further compare them with the displacement distribution at a BIC to see its composition, which can be expressed as

Uy si-sio, = Alxao + bUyar, 3)
Uy si-sio, = AUy a0 + buyAla

where the subscripts x and y represent the longitudinal and transversal displacement fields of the modes, while the subscripts Si-SiO,
Ay, and A; represent the composite plate, and the first two antisymmetric modes of the SiO5 plate, respectively.

Now we select a special location, namely, 0.18 L away from the interface between the inclusion and the host (x = 0.32L), which is
the antinode of the transversal displacement u, of the BIC (Fig. 6a). The comparison of the normalized longitudinal and transversal
displacements between the BIC and the inclusion’ s Ag, A; modes is shown in Fig. 6b and c for each respective mode. Then, we tune the
parameters (a,b) and compare the BIC with the mode obtained by superposition, and the BIC and both show a reasonable agreement at
(a,b) = (—0.8, 2), as displayed in Fig. 6¢. The result shows that this BIC is composed of the superposition of Ag and A; modes, and A;
mode dominates. However, due to the finite size of SiO2 inclusion, the displacement field of BIC cannot perfectly match the super-
position of A1 and A2 modes in an infinite SiO2 plate. The mismatch in Fig. 6d is caused by inclusion’s boundaries.

Likewise, this method can be employed for the region outside the inclusion to examine its modal composition, shown as Fig. 7,
where this time the antisymmetric modes of the Si plate are the ones to linearly combine to approach the general solution in Si. When(a,
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b) =(1,0), the superposed mode matches well with the BIC’s displacement field outside the inclusion. Under BIC, the mode outside the
inclusion is only the A of the substrate plate. This means that A; cannot propagate in the far field since it consists of evanescent waves.
Moreover, even if there is an Ay contribution outside the inclusion, its amplitude is very small, several orders of magnitude smaller than
that inside the inclusion. For a better visualization, all the amplitudes have been normalized.

3.2. 3D geometries

Here we extend the 2D model to 3D, consisting of an infinite plate with a central circular inclusion of SiO5, as shown in Fig. 8a. In
the design and fabrication of optomechanical devices, the cylindrical structure is generally prevalent, making the exploration of BICs in
this model more practical.

Due to the symmetry, its characteristic equations are more suitably expressed in cylindrical coordinates, so that the form of the
solutions can be represented by Bessel functions [49]. Therefore, unlike the results of the 2D (rectangular) plate, the BICs of 3D circular
plate can be further classified beyond the “energy” number n into two types, namely, axisymmetric, and non-axisymmetric (Fig. 8b).
The former type is axisymmetric and can be ruled by a single discrete number as n (example in Fig. 8b bottom), while the latter is in
addition characterized by angular modulation of their spots (top panel in Fig. 8b)

A study of variation of the eigenfrequencies with the aspect ratio h/L for this geometry is shown in the Fig. 9 for the lowest-energy
modes The trends of the real and imaginary parts of the scaled eigenfrequencies @', Fig. 9a and e are like those found for the 2D model.
In the present case, we select two values close to h/L ~ 0.2 (from Fig. 9a and e, highlighted with green stars) to check their properties.
As a non-axisymmetric mode, we found a BIC at f = 1.748 + 2.5 x 107%i GHz and h/L = 0.205 (Fig. 9a) whose displacement distri-
bution is plotted in Fig. 9b and c. Its eigenmode can be seen from both components of the displacement field. Note that its vibration is
almost entirely localized in the inclusion part, which together with its small imaginary part, Im(fre), defines this mode as a QBIC.
Similarly, for the mode located at h/L = 0.2 in Fig. 9¢, the imaginary part of its eigenvalue is 7.67 x 10> GHz, which results again very
close to zero. From Fig. 9f and g, its axisymmetric nature can be observed; their spots are again mainly localized inside the inclusion
region; thus, this is another type of QBIC. The behavior of the quality factors Q of these modes is also analyzed from Fig. 9d and h. The
Q functions turn out to point several resonances; there are two peaks (two QBICs) for the non-axisymmetric type (Fig. 9d) and four
peaks (four QBICs) for axisymmetric type (Fig. h), all of which appear under relatively small values of h/L.

These results confirm that our strategy to find elastic wave BICs can be applied to 2D as well as 3D structures, and further confirms
its feasibility for applications.

4. Conclusions

In this work, we propose a strategy for finding or designing BICs that are based in the propagation of antisymmetric lamb modes
along thin plates. The antisymmetric vibration can be localized successfully by introducing an inclusion made of a “softer” material
than its host’s. In particular, we illustrated this effect with examples based on composites plates made of Si-SiOy, which showed that
the propagating waves only exist inside the inclusion, while outside the inclusion the waves become evanescent. The present meth-
odology can be applied to both 2D and 3D structures with high symmetry, which has been proved by our simulation results. The BICs in
3D cases turns out to be more complex, with two types of mode, namely, axisymmetric, and non-axisymmetric, but the variation of its
complex eigenvalues with geometric parameters is like that found for the 2D model. Furthermore, we explored the composition of this
kind of BICs in the lowest-energy region, with the result that the localized mode inside the inclusion seems to be always a combination
of Ag and Aj, while only A is found outside the inclusion and with significantly lower amplitude. The results obtained in this work may
provide reference for the structural design of BICs in elastic wave systems and fabrication of optomechanical devices in multiple
applications concerning micro/nano scale.
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