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1 | INTRODUCTION

Compartmental models for infectious disease dynamics divide the population into groups according to the disease state.
People may progress between compartments. At the simplest level of modeling, the population is spatially distributed over
the geographical region in a homogeneous way; essentially, one considers “spatially averaged” dynamics. This regime is
formulated by means of ordinary differential equations (ODEs), which only consider temporal variability. The compart-
ments interact through the coupling of the equations. Some references on these types of models are Hethcote,! Brauer,?
Ma and Li,? Acedo et al,* and Van Hoek et al.’

Of course, for social behaviors related to opinions, attitudes, decisions, and habits, there is no virus transmission.
However, peers may serve as a strong stimulus for imitation, especially for behaviors that are socially accepted, cool
or profitable.®” Words such as “stimulus,” “imitation,” “influence,” “identification,” “pressure,” and “persuasion” may
be reminiscent of terms used in epidemiology, namely, “contagion,” “infection,” and “spread.” Thus, compartmental
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models with nonlinear state dependencies may be of use for the modeling of social behaviors. In the mathematical lit-
erature from the last two decades, there are several papers dealing with these ideas, in the contexts of drugs, alcohol,
telecommunications, tobacco, excess weight, and so forth.®-13 We also consider relevant the review papers.!4!>

In the context of crime modeling,'¢ which is the main concern of this paper, the different segments of the population are
related to participation in crime and incarceration. People may transit between different behaviors and states. Following
the underlying idea of social epidemic, having more contact with criminally active people increases the risk of participat-
ing in crime.'”"!® This social transmission point of view for the spread of delinquency has been quite recently adopted in
several mathematical papers, with compartmental systems of ODEs. 1?24

These references about social behavior do not include spatial effects. However, individual attitudes and their trans-
mission obviously depend on habitual location (city, neighborhood, area, and scattering) and travels.? Extending
ODE-based compartmental models to heterogeneous space may be done by including the ODEs as the reaction terms
in a reaction-diffusion partial differential equation (PDE) system, or by treating space as a collection of discrete patches
(cities and communities) among which populations may disperse. In the PDE case, diffusion is based on net fluxes of
people, conservations, and Fick's law. Movement may be seen as well as the spatial random spread of a two-dimensional
Brownian motion, where the “particle” is the person. Under diffusion, low-populated areas tend to receive people from
high-populated zones. In the discrete case, the patches yield a larger coupled system of ODEs, with subindices labeling
the patch. The dynamics of each patch are coupled to that of other patches by travel. These models are called metapopu-
lation models. Some references, in the context of epidemiological and ecological modeling, are Lloyd and May,?® van den
Driessche,?”” Wu,?® Schiesser,?® Kevrekidis et al,>® and Zhang et al.3! For crime dynamics with spatial variability, there
are several reaction-diffusion PDE models proposed in the literature,32-3° albeit these do not fall into the category of
compartmental equations with interactions. Essentially, space locations are characterized by a risk of criminal activity,
taking into account feasibility, attractiveness, opportunities, and knowledge of offenders about target, vulnerability, vic-
tims, area, and so forth. The main objective of these contributions is the study of the dynamics of crime hotspots. The
power of these theories is the deeper understanding of crime patterns; however, fitting the models to actual crime data is
not straightforward.

In the present paper, we focus on the qualitative aspects of mathematical criminology, rather than quantitative aspects
with data. But we study the dynamics of crime differently to the cited references, namely, with patch-based coupled ODEs
and reaction-diffusion coupled PDEs with a compartmental structure, where interactions between susceptible persons
and offenders are present through nonlinear terms and a coefficient capturing the force of influence. To our knowledge,
the social transmission viewpoint for the spread of crime has not been treated before with spatial structure via patches or
PDEs. A key concept employed here when studying crime dynamics will be the basic reproduction number, that is, the
number of influences of a single offender in the society.*>* This number is a threshold, which will be used to find out
when criminality becomes extinct or endemic in the long run.

The paper is structured as follows. In Section 2, a compartmental system of three ODEs is proposed for the temporal
modeling of crime, assuming spatial homogeneity in the region. The flows of people into and out compartments are
presented. The basic reproduction number and its relation with the long-term dynamics are exposed. Section 3 completes
the previous model by considering spatial effects. We start with a subdivision of the region by interconnected patches,
which gives rise to a larger system of ODEs. In Section 4, a different view of spatial heterogeneity is given, by adding
diffusion to the ODEs model (reaction part). In both sections, the value of the basic reproduction number and the ensuing
dynamics are investigated. Section 5 is devoted to numerical experiments, to illustrate the qualitative behavior of solutions.
Finally, the results of the paper and limitations of the approach are commented in Section 6.

2 | HOMOGENEOUS COMPARTMENTAL MODEL

In this section, we present a homogeneous compartmental model for crime evolution along time, composed of ODEs.
This is a first step, prior to studying the effect of spatial variations in the following sections. The formulation is similar to
that of the first model proposed in McMillon et al,'® although the interaction term and some flows change slightly and
vital dynamics are not considered there.

At each time ¢, we consider the population divided into the following:

« Susceptible persons, that is, those who are not related to criminal activities (but could be in the future).

« Offenders who are not in prison. This situation may occur when the person has not yet been caught by the police,
the offender is waiting for trial, or has been found guilty and is serving sentence but not with penalty of deprivation
of liberty.

« Offenders in prison.
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FIGURE 1 Transition diagram of the model, where S, L, and P denote non-offenders, offenders out of prison, and offenders in prison,

respectively. [Colour figure can be viewed at wileyonlinelibrary.com]

These define compartments, and individuals flow into and out compartments by assuming the following facts:

An individual who is not immersed in criminal activities may become an offender by social contact. For example,
the person is convinced or pressured, imitates an attitude, and so forth. This follows the principle stating that having
more contact with criminally active people increases one's risk of learning and acquiring the same traits. See the
references from Section 1.

An offender who has not been imprisoned may return to the non-offender class. For example, such person has not
been caught by the police and decides to desist, has been declared innocent after a trial, or has been condemned but
not with deprivation of liberty and the punishment ends.

An offender, still in liberty, gets imprisoned. This happens after detention, trial, and final judgment.

A convicted person returns to the non-offender state after completing the term of imprisonment imposed.

These four points are summarized in a transition diagram, in Figure 1.

The model must capture these transitions through averaged coefficients. Let S(¢), L(f), and P(t) be the number of
non-offenders, offenders out of prison, and offenders in prison, respectively, at time ¢ > 0. These quantities are related as
follows:

i—f:A—ﬁSL+a1L+rP—MS,

% = fSL — a;L — a,L — uL, (2.1)

dp _ _ _
T Cl2L rP /lp

This is a system of three coupled ODEs, with the following parameters:

A > 0: Number of births, or new crime-free individuals, per unit time.
u > 0: Death rate.

p > 0: An offender’s force of influence.

a; > 0: Rate at which individuals transit from offender into susceptible.
a, > 0: Rate at which offenders are incarcerated.

r > 0: Rate at which imprisonment term is completed.

The inverse of u, a;, a,, and r are the average times of transition. Parameter f comes with a nonlinear term, because
it is related to interactions. The rest of the parameters come with linear terms, since they depend on single individuals.
Notice that the model differs from the classical SIRS formulation due to parameter a;, since there are transitions from L
to S with no imprisonment involved. But, similarly to the SIRS model, there is a recursive flow, because individuals may
be incarcerated again after prison release.

A nice interpretation of the parameters is the following. Let C(¢) be the number of individuals at instant ¢ in a certain
compartment, and let 7 be the positive random variable that describes the time of an individual in this compartment.
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Given a time lag h > 0, it holds C(¢ + h) = C(t) — Pr[T < t+ h|T > t]C(t), because Pr[T < t + h|T > t] is the proportion
of people leaving in the temporal range [t,t + h). By dividing by & and by making h tend to 0, one obtains ‘i—f = —y(8)C,
where y(t) is the hazard function of 7.4%P-13 Thus, in a compartmental model, constant parameter values y arise when the
leaving time is exponentially distributed, with rate given by the parameter. By the maximum entropy principle,***> the
exponential distribution is known to be a suitable assignment for positive quantities with a single, averaged estimate (a
deterministic estimate of y 1, for example). We obtain the model i—f = —yC, thatis, C(t+dt) = C(t)—y -dt- C(¢); this means
that, for short time spans, a constant proportion of criminals leaves criminality. The parameter y, being time independent,
acts as an averaged exit-time coefficient for a simplification of reality. On the other hand, an interaction term, for example,
% = —fSL, appears when the exit time is described by the hazard function y(¢) = SL(¢); the instantaneous risk of leaving
susceptibility depends on the number of offenders, with a force represented by f. Crime dynamics is a complex process,
but this high-level perspective on it permits having a crime-free equilibrium to analytically derive a low-crime/high-crime
threshold.

The system (2.1) is well posed with three initial conditions: S(0) = Sy, L(0) = Ly, and P(0) = P,. The total population,
N(t) = S(t) + L(t) + P(t), with initial value N(0) = Ny, evolves as

AN _A_uN = N = <N0—§> e A 2.2)
dt U U

Notice that N(co0) = N, = A/ u (ratio of new susceptible individuals per unit time and death rate), and if Ny = N, then
N(¢) is constant and equal to that ratio. Essentially, N, is an equilibrium point for the total population, with the property
of being a global attractor.

The system (2.1) preserves positivity when Sy, Ly and P, are greater than 0. Indeed, from the second equation,

% = (fS—a —as— WL = L(t) = LoehPSO-a—ar-midr ¢ (2.3)
For the other two compartments, if we assume that S or P may take negative values, then we can pick the first instant

of time ¢; > 0 at which any of them vanishes. If P(¢;) = 0, then
dpP
—(t1) = a,L(t;) > 0,
q t( 1) = axL(t1)
which is a contradiction. If S(¢;) = 0, then
ds
a(tl) =A+ alL(tl) + rP(tl) >0,

which is again a contradiction. Thus, S(t) > 0 and P(t) > 0 for all t > 0.

The basic reproduction number Ry is a concept from epidemiology, defined as the average number of secondary cases
produced by one infected individual introduced into a population of susceptible individuals. For social behaviors for which
influence plays a key role, one may use R, as well. For example, in criminology, R, is the mean number of secondary
offenders produced by one offender introduced into a population of susceptible individuals. As will be seen, the value of
Ry is essential to control the future of criminal activity.

For model (2.1) in particular, the next-generation matrix method is employed*>* to obtain the unknown value of R.
In the notation used there, conditions*®: (AD~(A%), p.161 K]d with

F1=pSL, Vi = (a1 +ax+ L,

F,=0, V, =—a,L+ (r+ p)P.
The terms 7; and F, are the rates of appearance of new offenders in compartments L and P, respectively. For L, new
offenders arise from interactions. For P, the rate is 0 because people in L are already related to criminal activity. The terms

V: and V, are the rates of other transitions. Given the crime-free equilibrium

CFE = (N, 0,0)
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pN 0
("575)

ar+a+u 0
—a; r+u /)’

and the matrices
a5

dr,
o < T WNe,0,0) <Noo,o,0>>

dr. dr.
%2 (New, 0,0) 22 (N¢s, 0, 0)

L} L
< (N, 0,0) 1 (Neo, 0,0) )

av,

av
EZ(NKXM 03 O) dP (NOO7 09 0)
the next-generation matrix is FV~!, and
Noo
Ro = p(Fvy = — e 24)
a,+a+u

where p is the spectral radius. Note that the inverse of the denominator, 1/(a; +a,+ ), is the mean time in compartment L.
During that time, an offender convinces N, individuals per unit time, in a society where all citizens are susceptible. For
the derivation of R, the mathematical model is essential; its value cannot be discerned from descriptive statistics of data.

From the qualitative point of view, the importance of R, relies on the following fact*® Theorem 1. The CFE is locally
asymptotically stable if Ry < 1, but unstable if Ry > 1. (For the basics on dynamical systems, the reader is referred
t0.46) Intuitively, when R, < 1, each offender convinces less than one person on average, so criminality disappears in the
future; when R, > 1, by contrast, more than one person is influenced per offender and there are outbreaks that make
criminality endemic at the end.

For our model (2.1), the result from Van den Driessche and Watmough*’- Theorem 1 may be extended as follows. If R < 1,
then the CFE is globally asymptotically stable (i.e., stable and a global attractor), not only locally. This is a specific, novel
result for the model proposed.

Theorem 2.1. Consider the homogeneous model (2.1), with R given by (2.4). If Ry < 1, then the CFE is globally
asymptotically stable.

Proof. In this proof, arrows indicate limits as t — co. Since S(¢) < N(f) - N, one has

pS® . AN®
amta+puy artatp

- Ro <1,

S0 fS(t) —a; —ay —u < —e < 0fort > T, for certain T > 0 and € > 0. In consequence, from (2.3), L(t) — 0. On the
other hand, from the third equation in (2.1),

t
P(t) = e~ 1t [P0+ / azL(s)e(””)Sds].
0

Given any 6 > 0, there isa T} > 0 such that L(t) < § for t > T;. Then,

a
Z5.
+u

T, t
P(t) < e it [P0+a2||L||°o / e"M5ds + a,6 / e<’+ﬂ>Sds] - %5, lim supP(t) <
0 T, H

t—o0 r

As § is arbitrary, one concludes that P(tf) — 0 as well. Finally, S(t) = N(t) — L(t) — P(t) — N. Therefore,
(S(0), L(¢), P(t)) — CFE, independently of the initial conditions (Sy, Lo, Py), as wanted. O

In summary, when Ry < 1, then the CFE is globally asymptotically stable, whereas when R, > 1, then the CFE is
unstable.

In fact, it can be proved that when R, > 1, there is a crime-endemic equilibrium that is locally asymptotically stable.
This analysis will be left to Section 4, devoted to a reaction-diffusion PDE model, since the ODE case (2.1) will be retrieved
for zero diffusion coefficients.
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3 | PATCH COMPARTMENTAL MODEL

We now consider a certain spatial region divided into patches (communities). These patches are labeled asi =1, ... ,n.
These are not isolated; it is assumed that offenders from patch j # i may contact individuals from patch i and transmit
their attitude. We use the approach from Lloyd and May?® and van den Driessche.?” We define the coupled ODE model

ds;
5 = A= (X2 ByLj) Si+ aiLi + rPi — uS;,

drL.
S = (X0, AyLs) Si — aaLi — apLi — L, 3.1)
dp.
% = axL; — rP; — pP;,

fori =1, ... ,n. The (positive) parameters are interpreted within each patch as in the single-patch case (2.1), although

fi; is now the offender’s force of influence from patch j to patch i. There is no explicit movement of individuals in this
formulation; instant travels (compared to the unit of time of ¢) that spread criminality are assumed. The total population,
N;(t), of each patch i satisfies (2.2); in particular, N;(co0) = A/ u (ratio of new susceptible individuals per unit time on patch i
and death rate). Then N(c0) = Z?=1 Ni(0) = %n is the asymptotic population in the whole region (ratio of new susceptible
individuals per unit time on the union of the patches and death rate). Finally, when n = 1, the three-dimensional ODE
system (2.1) is retrieved.

Next, the goal is to compute the basic reproduction number Ry, to discern whether CFE is locally asymptotically stable
or unstable from Ry < 1 or Ry > 1, respectively. Here, CFE is a 3n-dimensional vector, where the component correspond-
ing to any S; is A/u and the rest (those of L; and P;) are 0. The next-generation matrix method*>*! is applicable, as in the
previous section, since we still have an ODE system despite the spatial structure. The value of R as a threshold*® Theorem 1
is applicable too.

In the notation used in literature*®*! adapted to our situation, we consider the rates

n
Fl= <2 ﬁiij> Si, VI = (a1 + az + )L,
=1

FP =0, V/ = —a,L; + (r + p)Pi.

The terms Pl.L and Fip are the rates of appearance of new offenders in compartments L; and P;, respectively. For L;, new
offenders arise from interactions between S; and any L;. For P;, the rate is 0 because people in L; are already related to
criminal activity. The terms viL and ViP are the rates of other transitions. Let

oFL JoFL IVt 0%
o ( =~(CFE) F(CFE)) o < <~ (CFE) E(CFE)>
—\ or? oFP >0 T\ oavP VP >
(CFE) £ (CFE) 2=(CFE) == (CFE)

oL “oP

be defined by four n x n blocks, where FL, F¥, VE, VP, L, and P are interpreted as n-dimensional vectors. Then, simple

calculations show
o (WB0) po(@ratpl, 0
0, 0, —axlIy (r+ iy,

where B = (fij)1<i,j<n, Ox is the n X n zero matrix, and I, is the n x n identity matrix. Given
1
vl = < a1+az+;4[” 10" >
- a, 1 B
(a1+a2)rIn r+yIn

A
Fvl= < M(<11+(‘)12+M)B On > )

n n

the next-generation matrix becomes
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Therefore, the basic reproduction number takes the form

A
0o=—"—"""——pB),
ular +ax +p)
where p is the spectral radius. This expression for R, clearly extends that of a single patch from the previous section. In
terms of N(o0) = %n, R, may be rewritten as

Ry = (B 1 (3.2)
ap+a+un
Note that the factor 1/n appears in (3.2). This makes sense, as there are more patches and the larger the dispersion is,

there are more difficulties to transmit crime because the probability of a contact is lower.

According to Van den Driessche and Watmough,* Theorem 1 the CFE is locally asymptotically stable if Ry, < 1, but
unstable if Ry > 1. As in the previous section, we may go beyond*® Theorem 1 and prove that, when R, < 1, the CFE is
globally asymptotically stable, not only locally.

Theorem 3.1. Consider the metapopulation model (3.1), with Rq given by (3.2). If Ry < 1, then the CFE is globally
asymptotically stable.

Proof. In this proof, arrows indicate limits as t — o0. Since S;(t) < N;(t) - A/u, we have

SipB) . Ni®pB)

= —>R0<1.
ar+a+u a+a+u

In consequence, there are ¢ > 0 and T > 0 such that

i B
SOrB o vesT
ar+a+u
Therefore,
ar+a+u
S < ——————@A—¢), Vt>T.
l p(B)

In consequence, from the second equation in (3.1), for t > T,

dL; ay+a+u - =
AT TR g - Z L. — p(B)L;| = (BL);
dt »(B) ( €) & ﬂlj j p(B)L; (BL);,

where
ar+a+u

p(B)
and L = (L, ... ,L,)" (here T denotes the transpose). Let L = (L1, ... ,L,)" such that

B= [(1 —€e)B = p(B),]

dl. . -
— = BL, L(T) = L(T).
i (T)=L(T)
Then the estimates L;(t) < L;(t) hold, for t > T and i = 1, ... ,n, see previous studies*’*® (each term (BL); is

non-decreasing with respect to the arguments L;, for all j # i). To prove that L;(t) — 0, it suffices to see that Li(t) - 0;
that is, the eigenvalues of B have negative real part. The eigenvalues 1 of B are of the form

~ ar+tay+u
A=————"—[1—-¢€)A— p(B)],
>B) [A—e)A - p(B)]
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where 4 is an eigenvalue of B. Hence,

ap+a+u ay+a+u
—————[A - )R — p(B _—
>B) [Q—-e)R(A) —pB)] < 2B

=—(a1+a;+ pe <0,

R = [(1 = e)p(B) — p(B)]

as wanted.

From the third equation in (3.1), which only depends on i explicitly, one deduces that P;(¢) — 0 as in the proof of
Theorem 2.1. Finally, S;(¥) = N;(¢) — Li(t) — P;(t) — A/u. Therefore, (S(¢), L(t), P(t)) — CFE, independently of the
initial conditions. O

4 | REACTION-DIFFUSION COMPARTMENTAL MODEL

We now develop the final model. Consider a certain open and bounded spatial region Q C R?, with smooth boundary 0
and area |Q|. This region may be a city, a community, a country, etc., represented in a map, with smoothed borders. The
citizens of Q are divided into three compartments: susceptible to crime, offenders who are not in prison, and offenders
in prison. Let S = S(x, y, t) be the number of susceptible persons per unit area at (x, y, t). Let L = L(x, y, t) be the number
of out-of-prison offenders per unit area at (x, y, t). Finally, let P = P(x, y, t) be the number, per unit area, of imprisoned
individuals at time ¢ that were caught at (x, y) (after release, they will return to S at (x, y), as if they had been quarantined
during an infection). In contrast to ODEs, the three compartments are now population densities, rather than absolute
numbers (masses).

Taking into account the ODE model (2.1) as a reaction and the diffusive spread of individuals, the model proposed is
the following one

B = DsAS+ A= BSL+rP+ar L — S,

S = DAL + fSL— arL — ayL — pl, (4.1)

‘;—f = a,L — rP — uP.

Here, A = ;—; + ;—yzz is the Laplacian operator, Dg > 0 and D; > 0 are the diffusion constants that incorporate spatial
variability, A > 0 is the constant number of births or new crime-free individuals per unit time and unit area, y > 0 is
the death rate, § > 0 is the force of influence of criminal activity through interactions, r > 0 is the rate of release from
prison, a; > 0 is the rate from out-of-prison offender to susceptibility, and a, > 0 is the rate of the transition from offender
to imprisoned. (Note that here A is interpreted per unit area, as a constant density, in contrast to the ODE case; both
“recruitment” parameters are thus different, by the factor |Q|.) Notice that Dp = 0, because people in prison do not diffuse.
The flow parameters 7, a; and a, take the same value as in the ODE case (2.1), because they involve processes occurring
at the level of a single individual, that is, “locally,” and hence, we do not expect them to change at the spatial level in the
transition from the ODE to the PDE model. On the contrary, we do not expect this to be the case for the transmission rate
B, since it depends on the interaction between individuals and their scattering.>

To determine the densities in space for all future times ¢ > 0, initial distributions are needed:

S(x7 Vs O) = SO(xi y)7 L(x’ Vs 0) = LO(x3 y)9 P(xs Vs 0) = PO(x’ }’), v(x’ y) € QU 0.

For a bounded space, we need to specify boundary states. We consider that there is no significant immigration or
emigration, through homogeneous Neumann boundary conditions:

é(x, y,t) =0, a—L(x, y,1) =0, a—P(x, y,1) =0, V(x,y) € 0Q, Vt>0, 4.2)
on on on

where n(x, y) is the outward unit normal vector on 0Q.
Asin the ODE case (2.1), it is of interest to investigate the positivity of solutions and the evolution of the total population
N(#) in the region.
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Theorem 4.1. Given the PDE system (4.1) with homogeneous Neumann boundary conditions (4.2), the densities S, L
and P are positive for every time, if the initial densities Sy, Lo and Py are. On the other hand, the total population

N@) = /S(x,y, t)dxdy+/L(x,y, t)dxdy+/P(x, y, Hdxdy
Q Q Q

satisfies

N _ AlQ|—uN = N(@) = <N0 - é|Q|> e+ é|Q|.

de U )z
In particular,
N(oo) A|Q|  new susceptible individuals per unit time on Q
x0) = = s
death rate

as in the ODE case (2.1).

Proof. For the positivity preservation, we need to check that the reaction part is quasi-positive.**>° If

f1(s,L,p) = A — Bsl+rp + a;l — us,
fZ(S’ LP) = ﬂSl - all - azl - ﬂl,
f3(s,1,p) = axl —rp — up,

and s, p > 0, then f1(0,l,p) =A+rp+ a1l >0, f2(5,0,p) =0 > 0and f5(s,l,0) = a,l > 0, and we are done.
For the population conservation, we integrate the PDEs from (4.1):

%/Qs(x,y, t)ydxdy =DS/QAS(x, y, Hdxdy + A|Q| _ﬁ/gs(x’ y, OL(x, y, tydxdy
+r/QP(x, v, t)dxdy+a1/QL(x, N t)dxdy_ﬂ/gs(x’ b dxdy.
%/QL(x, v, Hydxdy =DL/QAL(x, ¥, t)dxdy+ﬁ/QS(x, v, OL(x, y, H)dxdy
— (@ + az)/QL(x, y,tydxdy — M/QL(X, y, Hydxdy

/P(x, y,)dxdy = az/L(x, y,dxdy — V/P(x, y,t)dxdy — #/P(x, ¥, )ydxdy.
Q Q Q Q

SRV

From the Neumann boundary conditions,

/ AS(x, y, ydxdy = / V- VS, y,t)ydxdy = / VS(x, y,1) - n(x, »)dS(x, y) = 0,
Q Q 19}

s
g(x,y,t)

where the divergence theorem>! has been used. Here, V = <£C, 0%) denotes the gradient operator, the dot is the scalar
product, and dS is an infinitesimal surface area. For L,

/AL(x, y,t)dxdy =0
Q

analogously holds. By adding the three integral equations, we obtain the desired ODE for N. O

Next, the aim is to investigate the existence of a tipping point for the extinction or the persistence of crime. We take

RooA_ B PN 1

=2 = . (4.3)
Ha +a+u a; +a + u|Q|
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Notice that, compared with the ODE situation (2.1), we consider the same threshold but divided by |Q|. This makes
sense, as the larger the region and the dispersion are, there are more difficulties to transmit crime because the probability
of a contact is lower. The same fact occurred with the multi-patch case (3.1).

Theorem 4.2. Consider the PDE system (4.1) with homogeneous Neumann boundary conditions (4.2). Let R be given
by (4.3). If Ry < 1, then the crime-free equilibrium

CFE = <é,0, O>
u

is locally asymptotically stable. On the other hand, if Ry > 1, then the CFE is unstable and the crime-endemic equilibrium

CEE = <a1 t+a+u (u+rRo—D(ar+az +p) a;(Ro—D(ar +a; + H))

B ’ Blu+a,+r) ’ Bu+ax+r)

is locally asymptotically stable.

Proof. LetE = (S,L,P)" and let E = (S,L,P)" be a spatially homogeneous equilibrium point (i.e., the reaction part
vanishes at it). For the ODE case, the stability of a fixed point is studied through the linearized system. Here, we do the
same. The linearized PDE approximates the reaction part, f = (f1, f2, f3)', through its Jacobian at the equilibrium
point E:

fley~ f(E)+J(e—E)=J(e—E),

where e € [0, )3 and
) —BL — a — /35_ r
J=Jf(E) = ﬁl_, —a1—a+pS—u 0
0 a —r—u

That is, locally around E, terms of order O((e — E)?) are disregarded. If D = diag(Ds, Dy, 0) is the diffusion matrix,

then the linearized PDE is
oE

o = DAE+J(E - E), (4.4
with homogeneous Neumann boundary conditions,
9E _ 0 on 0Q. (4.5)
on

Given the Laplacian PDE problem
—A@p = Ap on Q,
9% _0on 0Q,
on

we consider the set of its eigenvalues, {/li}lf’io C [0, o0), repeated with multiplicity, with 4y = 0 and 4; /* o0, and
the set of associated eigenfunctions {¢;}*  with norm equal to 1 in L2(Q). These eigenfunctions form a complete
orthonormal system in L?(Q2). That is, any square integrable function on Q can be expanded as a Fourier series in
terms of {¢;}® . See Jost,>% Theorem 11.5.2

Given a solution E of (4.4)-(4.5), and an equilibrium point f(E) = 0, write
ECe,y,0) —E = ) vi(Dgi(x, y), (4.6)
i=0
where v;(t) = fg(E(x, y,t) — E)g;i(x, y)dxdy € R3 is the Fourier coefficient. By substituting (4.6) into (4.4), we obtain

dv;
d_tl =Ai\/i, Ai =J- /liD.
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It is well-known that lim,,v;(tf) = 0 if and only if the eigenvalues of A; have negative real part; otherwise, 0 is
unstable. Thus,

pi(4) = det(J — 4D — AI;) = 0, (4.7)

where I; is the identity matrix, is the key equation; indeed, if R(A) < 0 for every root A and every i > 0, then E is

locally asymptotically stable; but if R(A) > 0 for some root 4 and some i > 0, then E is unstable. We will work with
E=CFEand E = CEE.
When E = CFE, Equation (4.7) is

Di(A) = (=AiDs —pu — A)(—=a1 —a; — ADp+ A/ — u— ) (—=r —u — 1) = 0,
for i > 0. The three roots are
A=—-4iDs—u<0,4A=-a; —a,— 4Dy +ﬂA/ﬂ—ﬂ =—-ADp+(Ro—1D(a; +a,+ pu) <0, for sRy < 1,

and

A=—-r—u<o.

Thus, when R < 1, the three roots are negative for all i > 0, so CFE is locally asymptotically stable. If Ry > 1, then
the second root is positive for i = 0, therefore CFE is unstable.

B
i=1
18 | =2
__16¢
5_
14
121
1 L L L
0 100 200 300 400

t

FIGURE 2 Example 5.1. Case R, < 1. Evolution of the susceptible compartments S;(¢) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]

1.2

N =

0.4 : : :
0 10 20 30 40
t

FIGURE 3 Example 5.1. Case R, > 1. Evolution of the susceptible compartments S;(¢) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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12 W ILEY CALATAYUD ET AL.

The analysis of the CEE, which only exists when R, > 1, is more cumbersome. After algebraic manipulations in a
symbolic software, Equation (4.7) takes the form

pi(A) == -bi2—ci—-d=0,

N =

1.8 ¢

161

S

1.2 |

0.8 ' : :
0 100 200 300 400

t

FIGURE 4 Example 5.1. Case R, = 1. Evolution of the susceptible compartments S;(¢) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]

S(xy,0.1)
2 o
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/(\{M

31.60 200
= " \
= 40 2

X 0 X

5 /s 1.95&

~— 4 0.5 T S/

~_ Y, . ~_ /
x S J/ x T~ |/
~ ™~

1.0 0.0 1.0 0-0

FIGURE 5 Example 5.2. Case R, < 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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where

= L [aan + (Ro— DG+ 1)+ 2ur + Ropt® + 42
a+u+r

+ 1+ Dy + Ds)@z + p + 1A + Rotap + Roazr + Rour| > 0,
-1

a+u+r

+ (Ro — 1)(a1 + ax)r* + (Ro — Dazr + B3Ry — pr + (Ro — Darax(u + 1)

+3(Ro — Dayur + (4Ro — 3)aur + (D, + D) Ai(u? + 1) + Rour?

+ DpDsA%(ar + p + 1) + DL RoAip® + (Ro — D)Dpai Ai(u + 1) + (D, + Ds)az i

+ Dgay Air + 2(Dr, + Ds)Ajur + D RoAi(au + axr + ur)] > 0

c [(@Ro = D® +2(Ro = Darp® + 3Ro = 2z’ + (Ro — Dazu

and
1
d=———[Ro— 1) (u* + a1p® + 2a20° + 20°r + @S p* + 1°r* + aop® + 24°r
a+u+r
2 2 2 2 2 (272 2
+aipr® +2a1p°r + apur” + 3axu°r + asur + araour + Drai Ai(u” + r°) + Dras Air
+ DpaiAjur + Draz A;jur)

+ DRoA; (4P + ur? + 2u°r + axur) + DD AT (u* + 17 + agp + aor + agp® + 2pur)| > 0.

Since b > 0, d > 0 and bc > d (this last condition may be verified in a symbolic software), the Routh-Hurwitz criterion
states that the real parts of the roots are negative,>® independently of i > 0. Therefore, CEE is locally asymptotically
stable, as wanted. O

Remark 4.3. Another common approach for studying the dynamics of PDEs consists in perturbing the solution of the
linearized PDE (4.4) as

SCx, y,£) = S+ vyettel ),
L(x, y,t) = L + vyettel+h)

P(x, y,1) = P+ vyetel @),

FIGURE 6 Example 5.2. Case R, > 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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where E = (S, L, P) is the spatially homogeneous equilibrium point at hand, and i is the imaginary unit. The parame-
ters (k, [) and A represent the wave vector and the growth rate of the perturbations around E, respectively. This point E
is locally asymptotically stable if R(1) < 0 for any k, [, v1,v,,v; € R; otherwise, if R(4) > 0 for some k, [, v1,v,,v; € R,
then it is unstable. Equation (4.7) is obtained, but with A ; = k*+1? instead of 4;. At the end, the conclusions about R(1)
and the stability of E are the same. With this approach, which works in practice, one is employing the eigenfunctions
el+y of —A associated to Ay, but the boundary condition (4.5) is not satisfied.

Remark 4.4. When A = u = 0, that is, no vital dynamics are assumed, then the population N(¢) is steady along time.
Proceeding as we did, eigenvalues with zero real part are obtained in (4.7) for i = 0. Then, stability or instability of CFE
and CEE cannot be ascertained. This might be a case of Turing instability,>* and further analysis would be required.

5 | NUMERICAL EXPERIMENTS

In this section, we present numerical simulations to illustrate the theoretical findings. There are three numerical exam-
ples. The first example is devoted to the patch model (see Section 3), while the second and third examples deal with
the PDE model (see Section 4) on a rectangular and non-rectangular spatial region, respectively. The focus is put on the
evolution of the compartments as the time ¢ passes, for fixed input coefficients. For ¢ large, we check that the displayed
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FIGURE 7 Example 5.2. Case R, = 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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dynamics are in agreement with the value of R,. In each example, three situations are considered: Ry < 1, Ry > 1 and
Ro = 1. We have used the software Matlab® and Mathematica.>®

Example 5.1. Consider a spatial region with two fragmented areas, labeled as i = 1 and i = 2. Fix the coefficients of
the patch model (3.1), A = 0.02, u = 0.01, 11 = P = 1.2, p1o = 1 = 1, ¥ = 0.6667, a; = 1.7143 and a, = 5.2174,
with initial conditions S;(0) = 1, S,(0) = 1.2, L1(0) = 0.1, L,(0) = 0.1, P,(0) = 0.02 and P,(0) = 0.04. These values are
considered so as to yield Ry < 1 and to have interpretable results.

There are two communities, which interact by short-term movements. Citizens transit between the three compart-
ments of their patch. If ¢ is measured in years, the average time in prison is 1/r = 1.5 years. The average time of the
transition L — Sis 1/a; = 0.5833, that is, 7 months. The mean time of the transition L — Pis 1/a, = 0.1917, that is,
2.3 months. The asymptotic populations are N;(co) = 2 (this is some sort of scaled problem).

These values of the coefficients yield an R, (see (3.2)) less than 1. In Figure 2, we plot the evolution of S;(¢) and
S,(t), by solving the patch model (3.1) with the Runge-Kutta scheme. Both compartments converge to A/u = 2, as
predicted by the theoretical analysis.

Now consider the same parameter values, but with higher transmission coefficients f;; = f; = 10.23. This change
gives an R (see (3.2)) greater than 1. In Figure 3, we show that S;(f) and S,(¢) do not converge to A/u = 2 and that
there is an endemic equilibrium, which is approached in an oscillatory way.

-
-2}
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S(x,y,100)
- =
oo &
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N
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/

~/
1.0 0.0

FIGURE 8 Example 5.3. Case R, < 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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Finally, we modify the transmission coefficients so that Ry = 1 (see (3.2)). We take f;; = u(al + a2 + u)/A =
3.4708, 12 =0, f1 = 1and p,, = 1. The case R = 1 has not been analyzed theoretically. But, in Figure 4, we see that
S1(t) and S,(¢) converge to the asymptotic population A/u = 2. It seems that, for Ry = 1, the CFE is a global attractor

Example 5.2. Consider the two-dimensional domain Q = (0, 1) X (0, 1). Fix the coefficients of the PDE model (4.1),
Dg = 0.0069, D;, = 0.00069, A = 0.02, u = 0.01, # = 1.1528, r = 0.6667, a; = 1.7143 and a, = 5.2174, with initial
conditions Sy(x, y), Lo(x, ¥) and Py(x, y) of the form c N (x, y; u, kL), for (x, y) € Q, where N represents a multivariate
Gaussian density, with ¢ = 0.998, ¢ = 0.00163, and ¢ = 0.00037, respectively, 4 = (0.5,0.5)T, and k = 0.1, k = 0.01
and k = 0.01, respectively.

This is a test example to support the theoretical results of the paper numerically. People are living in a square and
diffuse. Initially, most of the population density is located at the center of the square; the center may be viewed as an
important zone of a community, where the majority of the population and delinquents are initially concentrated. As
time passes, citizens transit between the three compartments and spread along the region. As in the first example,
if t is measured in years, the average time in prison is 1/r = 1.5 years, the average time of the transition L — S is
1/a; = 0.5833, that is, 7 months, and the mean time of the transition L — Pis1/a, = 0.1917, that is, 2.3 months. The
asymptotic population is N(co) = 2 (this is some sort of scaled problem).

For these values of the coefficients, R, given by (4.3) is less than 1. The PDE problem may be discretized with a
classical finite-difference scheme, taking into account the Neumann boundary conditions. In Figure 5, the different
plots show the evolution of S(x, y, t) as time ¢ increases. When ¢ becomes large, S(x, y, t) tends to A/u = 2, as predicted
by the theoretical results.

Now consider the same parameter values, but the force of influence is augmented to f§ = 10.23 in the PDE
model (4.1). This makes R, (given by (4.3)) greater than 1. In Figure 6, the temporal evolution of S(x, y, t) is illustrated.
When ¢ increases, it tends to (a; + a, + u)/f = 0.679.

Finally,we set f = u(al+a2+u)/A = 3.4708,so that Ry = 1 (see (4.3)). This situation was not analyzed theoretically,
but we believe that the CFE is an attractor. In Figure 7, we illustrate how S(x, y, t) converges to A/u = 2 as time
increases.

Example 5.3. We proceed as in Example 5.2, but now the spatial domain Q is defined as follows: consider the
square (0,1) x (0,1) but removing the closed disks centered at (0.25,0.25), (0.75,0.75) and (1,0) with radius 0.1,

FIGURE 9 Example 5.3. Case R, > 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]
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S(x,y,100)

FIGURE 10 Example 5.3. Case R, = 1. Evolution of the susceptible compartment S(x, y, t) with time. [Colour figure can be viewed at
wileyonlinelibrary.com]

0.1 and 0.25, respectively. To solve the PDE problem (4.1) with homogeneous Neumann boundary conditions, the
finite element method has been used (software Mathematica, package “NDSolve’FEM',” domain specification with
ImplicitRegion, and PDE resolution with NDSolveValue with appropriate initial conditions and automatic boundary
condition). Figures 8-10 are analogous to Figures 5-7: They show the evolution of S(x, y, t) as time ¢t increases, for the
three cases Ry < 1, Ry > 1, and Ry = 1. The asymptotic dynamics coincide, independently of the spatial domain.

6 | CONCLUSIONS

As reviewed in the Introduction section, there are several contributions on the temporal modeling of crime as a social
epidemic, by using compartmental systems of ODEs. Regarding spatial effects in the setting of differential equations,
reaction-diffusion PDEs have been proposed for depicting crime hotspots, taking into account attractiveness of locations.
However, to our knowledge, compartmental systems of ODEs incorporating a social transmission viewpoint of crime
have not been extended to the spatial domain. In the present paper, we achieve this target with discrete and continuous
forms of space. The former case gives a metapopulation model, in which space is divided into patches that communicate
by short-term movements. The latter case is based on reaction-diffusion compartmental PDEs, which consider that indi-
viduals diffuse; the trajectories of a reflecting two-dimensional Brownian motion capture the movement of the persons.
We focus on a model with three basic compartments: people susceptible to crime, out-of-prison offenders, and incarcer-
ated persons. The transition from susceptibility into delinquency occurs by social interactions that influence decisions to
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participate in crime. The main goal of our investigation is the study of the long-term dynamics of the model, in the three
different versions: spatial homogeneity, patch distinction, and diffusive movement. The basic reproduction number, R,
is a basic tool for the analysis, as it acts as a threshold of stability for the CFE. The main novelties and results of the paper
are the following:

« The proposal of new spatial models of crime, based on differential equations, compartments and social interactions.

« The calculation of R for our particular models.

« Spatially homogeneous model: When R, < 1, then the CFE is globally asymptotically stable; when Ry > 1, then the
CFE is unstable and the CEE is locally asymptotically stable. This result extends the usual application of R, from the
literature that gives local asymptotic stability of CFE, not global, and instability of CFE.

« Patch model: If Ry < 1, then the CFE is globally asymptotically stable; if Ry > 1, then the CFE is unstable. Again, this
result extends the usual application of R, from the literature that gives local asymptotic stability of CFE, not global.

« Reaction-diffusion PDE: When R, < 1, then the CFE is locally asymptotically stable; when R, > 1, then the CFE is
unstable and the CEE is locally asymptotically stable. This result is new, since the usual application of Ry from the
literature is aimed at ODEs, not PDEs.

The results are proved rigorously and are supported by numerical simulations. There are three numerical examples. The
first example is devoted to the patch model, while the second and third examples deal with the PDE model on a rectangular
and a non-rectangular spatial region, respectively. Runge-Kutta, finite difference and finite element methods are applied,
respectively. In each example, three situations are considered: Ry < 1, Ry > 1, and Ry = 1. From numerical evidence,
we believe that the CFE is globally asymptotically stable when R, < 1 and that the CEE is globally asymptotically stable
when Rg > 1.

This paper has several limitations, which define potential avenues of research:

« From the mathematical viewpoint, some situations regarding the value of R, are still open. For example, the case
Ro = 1lisunclear yet. Also, the global stability of the CFE when R, < 1 is not proved in the PDE context. The analysis
of the global stability of the CEE is also lacking in the three sections.

« We use the fact that social interactions influence decisions to participate in crime. If this is the only manner of becoming
active in crime, then there is a CFE (indeed, for a sufficiently small force of influence, crime is eradicated). However, it
is recognized that there are individual differences in the propensity toward crime. Individuals may become criminals
by own decisions. This type of transition may be included in models and analyze the new equilibria.

« Data are not included. This paper presents basic theoretical models and their qualitative analysis, as a precursor to
work with real data. In this context, data fitting is not easy: Patch models suffer from the curse of dimensionality, while
reaction-diffusion PDE models on rough spatial domains are complex.
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