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Abstract

We prove explicit upper and lower bounds for the Poisson hierarchy, the averaged L!-
A (BY)
vol (S¥)
Bﬁ” in a Riemannian manifold M" which satisfies that the mean curvatures of the geodesic
spheres SM included in it, (up to the boundary S;‘f ), are controlled by the radial mean
curvature of the geodesic spheres Si”(0,,) with same radius centered at the center o,, of a
rotationally symmetric model space M. As a consecuence, we prove a first Dirichlet eigen-
value A 1(31’,}” ) comparison theorem and show that equality with the bound A1(B%(0w)),
(where B (o,) is the geodesic r-ball in M), characterizes the L'-moment spectrum
{Ak(B%)}zil as the sequence {Ak(ng)},fO:1 and vice-versa.

moment spectra [ } , and the torsional rigidity Al(Bf‘e’I ) of a geodesic ball
k=1
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1 Introduction

Let (M", g) be a complete Riemannian manifold. We shall consider the Brownian motion
X; in M and, given x € M, its associated family of probability measures P* on the space
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of Brownian paths emanating from a point x € M. Given a smoothly bounded precompact
domain D C M, the first exit time from D is given by the quantity

tp:=inf{t > 0: X, ¢ D} .

Given x € D, the function Ep : D — R that assigns to the point x the expectation
of the value of the first exit time tp with respect P* is the mean exit time function from x,
Ep(x). We have the following characterization, (see [16]), of this function as a solution of
the second order PDE, with Dirichlet boundary data:

AMEp+1 =0, inD,
Eplagp = 0, (1.1

where AM denotes the Laplace-Betrami operator on (M”", g).
The mean exit time function is the first in a sequence of functions {E p=1UuU1p,
u2,p , ...} defined in D € M inductively as follows

AMuy p+1 =0, onD,
u,plyp, =0, (1.2)
and, for k > 2,

AMuk,D—l-kuk_l,D =0, on D,
uk,pl,, = 0. (1.3)

This sequence is the so-called, (see [15]), Poisson hierarchy for D.

The Poisson hierarchy of the domain D determines the L”-moment spectrum of D,
which can be defined as the following sequence of integrals, (see e.g. [30] and references
therein for a more detailed exposition of these concepts):

1
Api(D) = (fD(uk,D(x))Pdv>p L k=1,2, .., 0.

We are going to focus our study on the L'-moment spectrum of D, {.A 1.k(D) }]C:il which
we denote as {Ax (D)}, and, in particular, in its first value, A; (D), called the rorsional
rigidity of D which is as the integral

.A](D):/ Ep(x)do, (1.4)
D

where Ep is the smooth solution of the Dirichlet-Poisson (1.1).

The name “torsional rigidity” comes from the fact that, when D C R2isa plane domain,
the quantity .4 (D) represents the torque required when twisting an elastic beam of uniform
cross section D, (see [36]). A natural question to consider is the optimization of this quantity
among all the domains having the same given area/volume in a fixed space or under some
other geometrical setting. This problem is known as a Saint-Venant type problem.

The study of this variational problem in the general context of Riemannian manifolds
involves the establishment of bounds on the torsional rigidity of a given domain D € M,
together with the identification of the domains that optimize bounds given natural con-
straints on the domain (for example, fixed volume) and geometric constraints on the ambient
space, in a fashion analogous to the treatment of the principal eigenvalue for the Rayleigh
conjecture. The techniques involved in this analysis encompasses the use of the notion of
Schwarz symmetrization as well as the isoperimetric inequalities satisfied by the domains
in question.
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From the intrinsic point of view, the establishment of bounds for the L”-moment spec-
trum and the study of the relationship between the torsional rigidity (and more generally,
the L!-moment spectrum), of a domain in a Riemannian manifold D € M and its
Dirichlet spectrum has been explored recently in a number of papers, (see, among others,
[4-7, 15, 22-26, 29-32] and the references therein). Related with this issue and in the
line of the classical Kac’s question, we have the isospectrality problem, namely, to see
to what extent the L!'- moment spectrum of a domain determines it up to isometry, (see
[13, 14]).

From the viewpoint of submanifold theory, we can find in the papers [29], [22], and [23]
upper and lower bounds for the L'-moment spectrum of extrinsic balls Bg’ N %, (let us
denote as Bﬁ” the geodesic R-ball in the manifold M), in submanifolds £ € M" with
controlled mean curvature Hy immersed in ambient Riemannian manifolds (M, g) with
radial sectional curvatures Ky, ¢) ({%’ ) bounded from above or from below. These bounds
were given, on the basis of previously established isoperimetric inequalities, by the corre-
sponding values for the torsional rigidity of the Schwartz symmetrization of the geodesic
balls in rotationally symmetric spaces with a pole which are warped products of the form
M, = [0, 00) Xy R+, which we refer to as the model spaces. As we shall see in Section 2.2,
the model spaces M), are rotationally symmetric generalizations of the real space forms
with constant sectional curvature b € R, denoted as M{Lb =R", S"(b), or H"(b), with

1 . .
ﬁmn(ﬁ), if b>0
wp(r) = 3r, ifb=0
1
sinh («/—=br), ifb<0

We shall denote as B (o,,) and as S”(o,) the geodesic r-ball centered at o, and the
geodesic r-sphere, respectively, in M]..

Moreover, in [22, 23, 29], the geometry of the situation involving the case of equality
in the implied bounds was characterized. On the other hand, in these papers it were given
too intrinsic upper and lower bounds for the torsional rigidity of geodesic balls Bﬁ’[ in the
ambient manifold when it was assumed that ¥ = M, so the extrinsic distance became the
intrinsic distance and are only assumed bounds on the radial sectional curvatures of the
ambient manifold M.

The intrinsic results in [22, 23, 29] are strongly aligned with those in [30]. In this paper,
the author considers a domain D C M, in a Riemannian manifold (M, g) which satisfies
an isoperimetric condition with comparison constant curvature space form M, , (namely,
that there exists a constant curvature space form M, such that for all smoothly bounded
and precompact domains D, we have that Vol(D) = Vol(B;)") implies that Vol(dD) >
Vol(3BR")). Then it is proved that

Ar(D) < Ar(BR") Vk € N, where Vol(D) = Vol(Bg")

The proof of this result relies on a Talenti-type comparison theorem, (see [1, 40]), satis-
fied by the solutions of the Poisson problem posed on domains D € M, in a Riemannian
manifold (M, g) which satisfies the isoperimetric condition mentioned above.

To summarize the intrinsic results obtained in [22, 23, 29] in a couple of statements,
we need the following context and notation: let us consider a complete Riemannian
manifold (M, g), and a geodesic R-ball B;‘{I (0) centered at o € M. Let us denote as
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Ko (%, ) its radial, (from the center o) sectional curvatures, (namely, the sectional cur-
vatures of the planes containing the radial vector field 387’ where r denotes the distance
function from the point 0). With all these notions in hand, we have the following two results.

The first concerns the so-called, (see [22]), averaged LY-moment spectrum of a geodesic
ball:

Theorem A (see [29] and [22]) Let (M, g) be a complete Riemannian manifold. Let us
consider M, a rotationally symmetric model space and let us suppose that

9 9
K(Mw»gw) (57 ) = (S) K(M,g) (5, ) s

where K, ¢.) (887’ ) denotes the radial sectional curvatures of M}, from its center point
0y € ML{Y .

are bounded as follows

A (BY @)™
Vol (S¥ (0))

Then the averaged L-moments, {
k=1

Ax (BY )
Vol (S¥ (0))

A (BRow)

Vol (S9(00)) — (1.5)

Equality in inequality (1.5) for some kg > 1 implies that B%I(o) and B%(oy) are
isometric.

Concerning now the torsional rigidity, we need to assume, in addition, that the model
space M is balanced from above, namely, that the isoperimetric quotient given by
Vol (B (0,,))
qo(r) = ———=
Vol (S#(0,))

is a non-decreasing function of r. This condition is satisfied by a wide range of spaces;
in particular, for all real space forms of constant sectional curvature. We then obtain the
following

Theorem B [see [22, 29]] Let (M, g) be a complete Riemannian manifold. Let us consider
M}, a rotationally symmetric model space, balanced from above, and let us suppose that

d d
KMy, 00) (5 ) > (2) Km.g) <5 ) ,

where K1, ¢.) (887’ ) denotes the radial sectional curvatures of M}, from its center point.
Then the torsional rigidity A, (B%I(o)) is bounded as follows

A (Bl 00) 2 (2 A (B @), (1.6)

where B?’( R (0w) is the Schwarz symmetrization of B%I (0) in the model space (M}, g.,).

Equality in inequality (1.6) implies that s(R) = R and that B%((J) and BR(0oy) are
isometric.

As a consequence of the bounds for the L!-moment spectrum stated in Theorem A,

and the proof of Theorem 1.1 in [32], (where a formula for the first Dirichlet eigen-
value of a precompact domain D in a Riemnnian manifold M, X;(D), in terms of its
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L'-moment spectrum, {.Ak(D)},‘:O:l, was developed), the following version of Cheng’s
eigenvalue comparison theorem was obtained:

Theorem C [see [11, 12, 24]] Let (M, g) be a complete Riemannian manifold. Let us
denote as K(M,g)(%, ) its radial sectional curvatures and as Riccy g) (%, %) its radial
Ricci curvatures at any point.

Let us consider M} a rotationally symmetric model space and let us suppose that

) 9
KMy,0) Py Km,g) 5 )

. 3 0 . G
orthat Riccipm, o) 3 3, Rice,g) ) )

where K, ¢.) (%, ) and Riccp,,g,) (8%, 887) denotes the radial sectional and Ricci
curvatures of M}, at its center point.
Then

IA

M (Bgw) = @ (BY ).

forall R < inj(o) <inj(oy).
Equality in any of these inequalities holds if and only if the geodesic balls B%’ (o) and
B% (0w) are isometric.

On the other hand, in the paper [31], P. McDonald showed that, given a precompact
domain D C M in a complete Riemannian manifold M that satisfies the inequalities
Ar(D) < Ap(D*) where D* is the Schwarz symmetrization of D in a constant curvature
space form M, , then we have the inequality A1 (D*) < A1(D), (see Theorem 1 in [31]).

Following with versions of Cheng’s result, in the paper [8], the authors proved that
Cheng’s eigenvalue comparison is still valid assuming bounds on the mean curvature of
(intrinsic) distance spheres, a weaker hypothesis (as we shall see below), than the bounds
on the sectional curvatures of the manifold:

Theorem D (see [8]) Let Bg’ C M" and sz be geodesic R-balls in a Riemannian man-
ifold (M, g) and in the real space form with constant sectional curvatures b € R, My, ,
respectively, both within the cut locus of their centers and let (t, 6) € (0, R] x S'I’_l be the
polar coordinates for B;‘{’ and B;)”.

Then, if HStM (t,0) and HStw;, (t) are the, (inward pointing), mean curvatures of the
distance spheres S,M in M and S;"" in the real space form of constant curvature M™®,
respectively, and we assume that

Hguy (1) < (2) HS/u(t,é) YVt <RV e S’{’l
we have that
M(BR (00)) < (=) h1(BR (0)).
Equality in any of these inequalities holds if and only if HSTM t,0) = Hgwy (1) V1 <
R VYO €SP
The proof relies on Barta’s Lemma and the expresion of the Laplacian of the first Dirich-

let eigenfunction in polar coordinates. It is precisely from this intrinsic expression that the
use, as hypotheses, of bounds on the mean curvature of distance spheres comes from.
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Therefore, it can be said that the results we are going to present in the following paper
are inspired, on the one hand, by the intrinsic bounds for the torsional rigidity and the L'-
moment spectrum of the geodesic balls and by the estimation of A 1(B£4 ) obtained in the
papers [22-24, 29], and on the other hand, by the weaker restrictions on the mean curvatures
of geodesic spheres assumed in [8] as well as the comparisons for the L'-moment spectrum
and the first Dirichlet eigenvalue given in [30, 31].

1.1 A Glimpse at our Results

We shall consider throughout the remainder of this paper, a complete Riemannian manifold
(M", g) and a rotationally symmetric model space (M}, g,,), with center o,,, and we shall
assume that given o € M, the injectivity radius of 0 € M satisfies inj(0) < inj(oy). Let us
fix R < inj(o) < inj(oy) and assume that the pointed inward mean curvatures of metric
r-spheres satisfies

Hso(o,) < Hsﬁl”(o) forall 0 <r <R
<or that Hsp,) > Hgm,y forall 0<r < R)

These hypotheses are the same than the conditions assumed in [8], and constitutes a more
general assumption than the bounds for the sectional and the Ricci curvatures in Theorems
A and C, as we shall see in next Section 1.2. On the other hand, they imply the following
isoperimetric conditions satisfied by the geodesic r- balls with r < R in the complete
Riemannian manifold M,

Vol (By(00)) _ 9 Vol (BM (0))

Vol (S?)(Ow)) = (= W forall 0<r < R. (1.7)

Concerning the use of isoperimetric inequalities, (not exactly those given in Eq.1.7), in
the study of the relation between the moments spectrum and the Dirichlet spectrum, we
refer to the paper [30].

Under these restrictions on the mean curvatures of geodesic spheres we have obtained
all the results in this paper, the most important of which are Proposition 3.2, Theorem 3.3
and Corollary 3.5 in Section 3, Theorem 4.4, Corollary 4.5 and Theorem 4.8 in Section 4,
and Theorem 5.1 and Corollary 5.2 in Section 5. A technical but fundamental result, key in
the proof of Theorem 4.8, is Proposition 4.6. As a consequence of this proposition, we have
also obtained a Talenti-type comparison satisfied by the mean exit time function defined on
geodesic balls in a Riemannian manifold satisfying our hypotheses, (Corollary 4.7).

We are going to present in the following statements of Theorem 1.1, Theorem 1.2 and
Theorem 1.3 summarized versions of some of our results concerning bounds on the Pois-
son hierarchy, the L'-moments spectrum and the first Dirichlet eigenvalue of the geodesic
balls B,ﬁ” (for complete results, see Sections 4 and 5 below). Our presentation is struc-
tured to make it clear that they are a generalization of those presented in Theorem A and in
Theorem C.

The techniques used in the proof of these results are basically the same as those cited
papers [22, 23, 29], but now with the intrinsic point of view as the main perspective. These
techniques encompasses the use of the formula of the Laplacian of the mean exit time
function in polar coordinates, the application of the Maximum principle, the properties of
the Schwartz symmetrization of the geodesic ball B}‘g and the explicit expression of the
first Dirichlet eigenvalue of a geodesic ball By in a rotationally symmetric model space
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M” as a limit of the sequence given by the L'-moment spectrum of this geodesic ball,
{Ak(Bﬁ)};:il, obtained in the paper [24]. This formula for A1 (Bg(0,)) was subsequently
extended in the paper [7] to any precompact domain Q2 C M, namely

kAk 1(S2)
(@) = lim SRR (1.8)

In fact, the presence of the mean curvature of geodesic spheres H sM in the expresion of
the Laplacian operator in polar coordinates has played a key role in the establishment of our
hypotheses and also in the analysis of the equality with the bounds in all of our comparisons.

Concerning this analysis of the equality case, an important notion which appears in The-
orems 1.1, 1.2 and 1.3, (in fact, along all the equality discussions in the paper), is the concept
of determination of a Riemannian invariant defined on geodesic balls by its L!-moment
spectrum, its L'-averaged moment spectrum or its torsional rigidity, in a way which, though
not exactly the same, has been directly inspired by P. McDonald in [31].

In the paper [31] the notion of determination of a Riemannian invariant / (D) defined
on the precompact domain D C M by the L'-moment spectrum of D is presented: we
say that {Ax (D)} determines the invariant I (D) if and only if when {A; (D)}, =
{Ak (D’)}zil, then I(D) = I(D’). With this definition, in [31] it is proved that the Ll-
moment spectrum of a precompact domain D determines its heat content.

We shall see in the following Theorems 1.1 and 1.2 that, under our hypotheses, the tor-
Ako (BII‘?/[ (0))
Vol (S¥ (0))
Poisson hierarchy, the volume, the L'-moment spectrum and the first Dirichlet eigenvalue
of the ball BM in the following sense:

When A; (BM(O)) =A (B{(g(0)), or there exists ko > 1 such that

Ay (BE (©)) _ Ak (B3(00))
Vol (S¥(0)) — Vol (S%(0))

sional rigidity A; (B 1%’1 ) and any individual averaged moment determines the

then s(R) = R and the Poisson hierarchy, the volume, the L'-moment spectrum and the
first Dirichlet eigenvalue of the ball B?{I is the same as the corresponding values for the
geodesic ball BE(0,,) in the model space M.

With all these previous considerations, we present the following:

Theorem 1.1 [see Corollary 4.5]

Let us consider a complete Riemannian manifold (M", g) and a rotationally symmetric
model space (M}, g,), with center oy,, and we shall assume that given o € M a point in M,
the injectivity radius of o € M satisfies inj(0) < inj(oy). Let us fix R < inj(0) < inj(oy)
assuming that the pointed inward mean curvatures of metric r-spheres satisfies

HS;"(ow) < (> HSf/’(o) forall 0<r <R. (1.9)
Then, for all k > 1,

Ai (B (00)) Ai (BY (0))
Vol (S (0w)) Vol (S¥ (0))”
Equality in any of inequalities (1.10) for some ko > 1 implies that

> (2 (1.10)

Hse(o,) = Hgu(yy forall0 <r <R

and hence, we have the equalities
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(1) Equality zii{R = up g on B%(O) for all k > 1, and hence, equality b_l(]é)’r = Uk, ON
BM1,(0) forallk > 1 and for all0 < r < R.

(2) Equalities Vol (B¢ (0,,)) = Vol (BY (0)) and Vol (S?(0,,)) = Vol (SM(0)) forall 0 <
r <R.

(3) Equalities Ay, (B‘,"(ow)) = A (Bf’l(o)),for allk > 1 and forall0 <r < R.

(4) Equality Al(B,M(OD = M (BY (00)) forall0 <r < R.

Ai (BY (0))

Vol (S¥ (0))

chy, the volume, the L'-moment spectrum and the first Dirichlet eigenvalue of the ball

B,M(o)for all0 <r <R.

Namely, one value of for some k > 1 determines the Poisson hierar-

Our second result is a comparison for the torsional rigidity of the ball B¥, and, as in
Theorem B, we need that the model space M/, used in the comparison to be balanced from
above.

Theorem 1.2 [see Theorem 4.8 ] Let us consider a complete Riemannian manifold (M", g)
and a balanced from above rotationally symmetric model space (M}, g.,), with center oy,
and we shall assume that given o € M a point in M, the injectivity radius of o € M satisfies
inj(o) <inj(oy). Let us fix R < inj (o) < inj(oy) assuming that the pointed inward mean
curvatures of metric r-spheres satisfies

Hse(o,) < (Z)Hsy(o) forall 0<r <R. (1.11)
Then

A1 (Bl 00) 2 (2) A (B ©) . (1.12)

where B?)( R) (0w) is the Schwarz symmetrization of BZI‘?’[ (0) in the model space (M}, 84).
Equality in any of inequalities (1.12) implies the equality among the radius s(R) = R
and that
HSf.”(oa,) = HSf”(o) forall0 <r <R

and hence, we have the equalities

(1) Equality ﬁi’,R = Uk,R ON Bg’[(o) for all k > 1, and hence, equality ﬁf’r = U, ON
BM (0) for all k > 1 and for all 0 < r < R.

(2) Equalities Vol (B‘r"(ow)) = Vol (Bf”(o)) and Vol (S;"(ow)) = Vol (Sﬁ”(o))for all0 <
r <R.

()  Equalities Ax (B (00)) = Ak (B¥(0)), for all k > 1 and for all 0 < r < R.

(4) Equality M(BrM (0)) = A1 (B (0y)) forall0 <r < R.

Namely, the Torsional Rigidity determines the Poisson hierarchy, the volume, the L'-
moment spectrum and the first Dirichlet eigenvalue of the ball B,M (o) forall0 <r < R.

As a consequence of the proof of Theorem 1.1 in [32], Theorem 4.5, and volume
inequalities given in 3.3, we have the following Cheng’s Dirichlet eigenvalue comparison,
following [8], (Theorem 5.1 in Section 5). In this case, we have proved that the first Dirichlet
eigenvalue of B% determines its Poisson hierarchy, its volume and its L'-moment spectrum.

Theorem 1.3 [see Theorem 5.1] Let (M", g) be a complete Riemannian manifold and let
(M}, 8») be a rotationally symmetric model space with center o, € M. Let 0 € M be

@ Springer



First Dirichlet eigenvalue and exit...

a point in M and let us suppose that inj(o) < inj(oy). Let us consider a metric ball
Bg’ (0), with R < inj(0o) < inj(oy). Let us suppose moreover that the pointed inward
mean curvatures of the geodesic spheres in M and M,, satisfy

Hso(o,) < (2) Hsf/’(o) forall 0<r <R. (1.13)
Then we have the inequality
M(BR(00) < (=) Mi(BE (0)). (1.14)
Equality in any of these inequalities implies that
HS‘;’(%) = Hs;W(o) forall0 <r <R
and hence, we have the equalities

(1)  Equality uf p = u,g on B;‘?’[(o) for all k > 1, and hence, equality u}}, = uyr on
BrM(o)for allk > 1 and forall0 <r < R.

(2)  Equalities Vol (B? (0,,)) = Vol (BY (0)) and Vol (S (0,,)) = Vol (S (0)) for all 0 <
r <R.

(3) Equalities Ay, (Bj"(ow)) = A (Bf”(o)),for allk > 1 and forall0 <r < R.

Namely, the first Dirichlet eigenvalue determines the Poisson hierarchy, the volume, and
the L'-moment spectrum of the ball B,M (o) forall0 <r < R.

The characterizations of equalities in both theorems are ultimately based on a rigidity
property satisfied by the Poisson hierarchy for B ;‘e” , {u kR }]til in a Riemannian manifold M
under the hypotheses depicted above. This rigidity property can be summarized by saying
that the value at one point p € B,’g’ of one of the functions uy, g of the Poisson hierarchy
determines it entirely on the geodesic ball B;‘{I , ( see Proposition 3.2 and assertions (3) and

(4) in Theorem 4.4 in Section 4).
1.2 Example

We remark that, under the hypothesized bounds on the sectional curvatures of the mani-
fold, if we have the equality with the corresponding bound in the model space of any our
invariants defined on the geodesic ball Bﬁ” , (namely, the Poisson hierarchy, the averaged
L'-moment spectrum, or the torsional rigidity), then B?e/[ is isometric to the geodesic balls
in the model space, By € M. However, the equality of the mean curvature of distance
spheres in the Riemannian manifold M, with its radial bound given by the mean curvature
of distance spheres in the model space M,, does not imply the isometry among the geodesic
balls, as in the previous case.

This observation is coherent with the fact that bounds on the sectional curvatures of the
manifold implies bounds for the mean curvature of its geodesic spheres, namely, if (M,g) is
a Riemannian manifold with radial sectional curvatures

K (3 >< > K (3 )——w”(r)
s \ort ) = s o ) T w(rn)

w'(r)
w(r)

These implications follow from the observation that the mean curvature of geodesics
spheres is the Laplacian of the distance from its center in the manifold, (see Proposition 2.3),

then we have that

Hgu > (<) Hsp =
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together with the Hessian comparison analysis of the distance function as can be found in
[20, 27] or [35].

However, in the paper [8], the authors exhibit in Example 3.1 in Section 3, smooth com-
plete and rotationally symmetric metrics g on R” with radial sectional curvatures bounded
from below, K., g(a%, ) > b outside a compact set and such that the distance spheres

R’l
S,( ) have mean curvature H s®e) = H gy
N t

In the following, we are going to present a new example which shows that bounds on
the mean curvature of geodesic spheres of the manifold does not imply that the sectional
curvatures of the manifold are controlled.

Let (R2, g) be a Riemannian manifold such that its metric tensor expressed in polar
coordinates is given by g = dr? + w*(r, 0)d6?, where w : R? - Ris a positive smooth
function given by

2

r

) =r|l4+ ————|. 1.15

(. 6) r( +1+r2c0529) (1.15)

On the other hand, we consider as a model space the simply connected space form
(RZ, Zcan) Of constant sectional curvature b = 0.

2 -
We are going to see that the mean curvatures of the geodesic spheres S(]R -8) (0) of (R?, g)
centered at 0  with radius 7, are bounded from below by the mean curvatures of the geodesic
spheres S;° (O) of (R?, gean) centered at 0 with the same radius, namely, that

H @25 = Hgoo
t

ow

57, 0)
__ ot
As HS§R2’8> (t,0) = 0 (t.0)

and we have

12 N 212
1+12cos20 (14 12cos?0)?

0w
2,0 =1
8,( ) +

we obtain
dw
H g2, (t,0) = 222 0 _1 + 2
But

2t
Y(1 + 12 cos? 9)?2

> 0 for all (¢,0) € (0, +00) x [0, 27)
I+ l-‘,—t2 00520

Hence we have that

—_—

HS(RQ"“ (t,0) > = Hsf(’ (¢) forall (¢,0) € (0, +00) x [0, 27)

Now, let us consider the umque 2-plane tangent to a point (f,0) € R? generated by
the coordinate vector fields { 350 99 } We are going to compute the sectional curvature of

(IR2, ¢) at this point and we will see that it is not bounded by the corresponding sectional
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curvature of (R?, gean), i.€., we will show that Kjec,g(t, 0) is not bounded from below by 0.

2w
55, 0)
As Kgpe o(2,0) = ez then, it is straightforward to check that
§ w(t,0)
3w
S5, 0) 2(t2 cos? 6 — 3)
Ksec,g(tv '9) =2 =

o, 0)  (1+12cos20)2(1 + 12 + 12 cos26)

Thus, for & = 0, we have that

Koo o, 0) = 2(t2 - 3)
HOETT (1 4+12)2(1 + 212)
This shows that there are points (¢, ) € R2 where the sectional curvature of (R2, g)is
bounded either below or above by 0 which is the sectional curvature of (Rz, Zean)-

1.3 Outline

After the Introduction, Section 2 is devoted to the presentation of preliminary concepts,
including the rotationally symmetric model spaces used to construct the bounds and the
notion of Schwarz symmetrization based on these models. We have stated and proved, for
the sake of completeness, all the properties of these symmetrizations we need in our context.
Section 3 deals with the properties of the mean exit time function defined on the geodesic
R-balls in a complete Riemannian manifold satisfying our hypotheses and its relation with
its volume and the isoperimetric inequalities satisfied by these domains (Proposition 3.2,
Theorem 3.3, Corollary 3.5 and Corollary 3.6) . In Section 4 we have established bounds for
the Poisson hierarchy and the averaged L'-moment spectrum of a geodesic R-ball under our
restrictions (Theorem 4.4 and Corollary 4.5), and we have bounded the torsional rigidity of a
geodesic R-ball by means its Schwarz symmetrization, (Theorem 4.8). Finally, in Section 5,
we prove a Cheng-type comparison for the first Dirichlet eigenvalue of geodesic balls (The-
orem 5.1), and we have established the relation between the first Dirichlet eigenvalue of
geodesic balls, its L'-moment spectrum and its Poisson hierarchy (Corollary 5.2).

2 Preliminaries and Comparison Setting

We are going to present some previous notions and results that will be instrumental in our
work.

2.1 Polar coordinates and the Laplacian on a Riemannian Manifold

Definition 2.1 Let us consider a complete Riemannian manifold (M", g) and a point 0 €
M. Let us denote as Cut (o) the cut locus of 0 € M and as inj (o) = disty (o, Cut(0)) the
injectivity radius of the point 0 € M. We shall denote by S ~!1 € R” the unit sphere with
center 0 € R".

We define, in the set M — (Cut (o) U {0}), the polar coordinates of any point x €
M — (Cut(0) U {0}) as the pair (r(x),0) € (0,inj(0)) x Sﬁ'*l, where r(x) 1= r,(x) =
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distpy (o, x) is the distance from o to x realized by the shortest geodesic between these
points which starts at o with direction § € S -1

The Riemannian metric g in M — (Cut(0) U {o}) has in the polar coordinates the form
n—1
g=dr’+ Y g (r0)do'do’
ij=1

where § = (01, ..., 0,—1) € 8’1‘71 is a system of local coordinates in S’f*l and g; ;(r, 0) =
b b

g (%’(rﬁ)’ 29; (r,§)>'

Thus, the matrix form of the metric g in polar coordinates is a positive definite matrix
given by

where G is the matrix which elements are g;;, i.e., G = (g,- i)
point (r, 8) € M — (Cut (0) U {0}), we have

Jdet (6(.9)) = /et (G (. D).

Then, (see for example [9, 18]), the Laplace operator of M has the following expression
in the polar coordinates

3 9 —\ @
AM = o <1og,/detG (r,9)> 5+ AS' @ @2.1)

where AS ©) is the Laplace operator in the geodesic sphere S¥ (0) € M.

_1y Hence, for any

Remark 2.2 Throughout the remainder of the paper, given 0 € M and as long as R <
inj(0), we will use interchangeably the terms geodesic ball, geodesic sphere, metric ball,
metric sphere, distance ball and distance sphere to name the sets B?ell (o) and Sﬁ‘f (0)
respectively.

Using this result we have the following

Proposition 2.3 Let (M", g) be a complete Riemannian manifold and let o € M be a point
of M. Then the normalized mean curvature vector field of the geodesic sphere SM(0), is
given by

-

M
HSIM(O) = —HSIM(U)V r,

where

2 Jdet G (1.9)

n—1 detG(t,g) vt >0

1
Hyl = —— AMr(y () =

is the pointed inward mean curvature of StM (0) and y (t) is a unit geodesic starting at the
pointo € M.
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Proof The proof is straightforward taking {¢; (1)}}_, an orthonormal basis of Ty(,)Sﬁ"I , with
e.(t) = VMr(y(r)), the unit normal to Sf"’ at y(¢), pointed outward. Then, after some
computations,

- 1 |
Hgu = pa— (terMr)er =- 1dlvM(VMr)
| 2.2)
= ——— AoV r ()
o) .
Hy = (Hge, =V"r(y @) = —— AYr(y ().
The result follows now using equation (2.1). O

Given a domain (connected open set) D in M, a functionu € C 2(D) is harmonic (resp.
subharmonic) if AMu = 0 (resp. AMu > 0) on D. We gather the strong maximum principle
and the Hopf boundary point lemma for subharmonic functions in the next statement.

Theorem 2.4 Let D be a smooth domain of a Riemannian manifold M. Consider a
subharmonic function u € C*(D) N C(D). Then, we have:

(i)  ifu achieves its maximum in D then u is constant,
(ii) ifthereis po € 0D such that u(p) < u(po) for any p € D then g—‘;(po) > 0, where v
denotes the outer unit normal along 0 D.

Proof The proof of (i) can be found in [19, Corollary 8.15]. The proof of (ii) can be derived
from (i) as in the Euclidean case [21, Lemma 3.4]. O

2.2 Model Spaces
The model spaces M/, are rotationally symmetric spaces defined as follows:

Definition 2.5 (See [18, 20]) A w-model M}, is a smooth warped product with base B' =
[0, RIC R (on 0 < R < 00), fiber F"1 =8, (i.e., the unit (n — 1)-sphere with standard
metric), and warping function w : [0, R[— Ry U{0} with w(0) = 0, &’ (0) = 1, o (0) =
0 and w(r) > O for all k € N* and for all r > 0, where @) denotes the even derivatives
of the warping function.

The point o, = 7~ '(0), where 7 denotes the natural projection onto the base B!, is
called center point of the model space. If R = 400, then o,, is a pole of M. We denote as
r = r(x) the distance to the center o,, of the pointx € M.

Remark 2.6 The simply connected space forms M, of constant sectional curvature b can
be constructed as w-models with any given point as center point using the warping functions

| .
ﬁmn(\/gr), if b >0,
wp(r) = 1, if b=0, (2.3)
1
sinh (/—br), if b < 0.
\/jb ( }")

Note that for b > 0, the warped metric g, = dr? + a)f, (r)ggn-1 determined by the
1

function wp (r) admits smooth extension to r = 7 /+/b. For b < 0 any center point is a pole.
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In [18, 20, 29, 33], we have a complete description of these model spaces, including the
computation of their sectional curvatures K, y» in the radial directions from the center

point o,,. They are determined by the radial function K,, yn(ox) = Ku(r) = —‘Z;/((rr)).

Moreover, the normalized inward mean curvature of the distance sphere S“(o,,) of radius r
from the center point, is, at the point p = y (r) € S”(0,,), where y () is the normal geodesic
parametrized by arclength joining o, and p

/ d
Hsp (p) = no(r) = ZT(:)) = £ 0. (2.4)

In particular, in [29] we introduce, for any given warping function w (7), the isoperimetric
quotient q,,(r) for the corresponding w-model space M), as follows:

_ Vol (BY(0,))  fy " V@) dt
Qw(") = Vol (S(;’(Ow)) = a)”*l(r) . (25)

On the other hand, using equation (2.1), the Laplace operator in M}, is given by

AL O

A5, 2.6
ar? w(r) or + (2.6)

Then, we have the following results concerning the mean exit time function of the
geodesic R-ball B (0,) € M., (see [29]):

Proposition 2.7 Let E the solution of the Poisson Problem (1.1), defined on the geodesic
R-ball By (0,,) in the model space M};. Then E is a non-increasing radial function given
by
R
ER(x) = ER(r,,(x)) = / qo(t)drt, 2.7)

rnw(x)

where r = 1,,(x) = distyn(0y, x) denotes the distance to the center point. Hence, it
attains its maximum at r = 0, with E$'(0) = 0 and E§'(r) < 0 Vr €]0, R].

Proof Using the expresion of the Laplace operator given in Eq. 2.6, it is straightforward to
check that Ex(r) = f quw (t) dt satisfies the equation

AMiER = —1
with boundary condition Eg(R) = 0. O

2.3 Balance Conditions

We present now a purely intrinsic condition on the general model spaces M/}, (see [29]),
which will play a key role in the last section of the paper:

Definition 2.8 A given w-model space M) is balanced from above if we have the inequality
1

Gor(NNe(r) < 1 forall r > 0. (2.8)
n—

In [29] the following characterization of the balance condition was established:
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Proposition 2.9 Let us consider the w-model space M},. Then M}, is balanced from above
if and only if the following equivalent conditions hold:

d
< (@0() 2 0, 29

" (r) = (n— 1)w’(r)frw”—l(t) dt. (2.10)
0

Several examples of balanced from above w-model spaces M|, were given in [29]. We
enumerate some of them:

Example 2.10

(1) Every wp-model space M, ;’)b = [0, R[X«,S; of constant positive sectional curvature
b >0and R < Z”—b is balanced from above. In fact, when b > 0 and for r > 0 we
have that (2.10) is a strict inequality, (see Lemma 2.4 in [28]).

(2) The wp-model spaces My, of constant non-positive sectional curvature b < 0 are
balanced from above. In fact, when b < 0, we have that inequality (2.10) is equivalent
to inequality

/’ sinh™ (VBr) < sinh” (v/—br)
0 V/=b(n — 1) cosh(~/—br)

which holds for all » > 0 because tanhz(«/ —br) < 1Vr > 0. The case b = 01is trivial.
(3) The w-model space M) with w(t) :=t + 13,t € [0, 00) is balanced from above.

2.4 Symmetrization into Model Spaces

As in [29] we use the concept of Schwarz-symmetrization as considered in e.g., [1, 37], or,
more recently, in [10, 30]. The Schwarz-symmetrization it is also known in the literature as
the symmetric decreasing rearrangement, (see e.g. the works [2, 3, 39, 40]). For the sake
of completeness, we review and show some facts about this instrumental concept, in the
context of Riemannian manifolds.

Definition 2.11 Let (M", g) be a complete Riemannian manifold. Suppose that D € M
is a precompact open connected domain in M". Let (M}, g.,) be a rotationally symmetric
model space, with pole o, € M]. Then the w-model space symmetrization of D is denoted
by D* and is defined to be the unique L(D)-ball in M}, centered at o,,

D*(“ = BZ)(D)(()(‘))
satisfying
Vol(D) = Vol (BZ’( o) (ow)) .

In the particular case that D is a geodesic R-ball B% (0) in M centered at 0 € M, then
the radius L(B% (0)) is some increasing function s(R) = L(B%’ (0)) which depends on the
geometry of M, so we can write

B%’(o)*w = B;?R)(Ow)
and this symmetrization B;‘z R) (0) satisfies

Vol(BY (0)) = Vol(B{/ g, (00)). (2.11)
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Remark 2.12 When it is clear from the context, we write D* instead of D*.

In the remainder of the paper, and if there is not confusion, we shall omit the centers
0 € M and o, € M" when we refer to the balls BY (0) and B#(0,,) and the spheres S¥ (0)
and S¥(0y)-

Given f : D — R a smooth non-negative function on D, we are going to introduce the
notion of w- symmetrization f* : D¥» — R7T. But first, we will show some useful facts.

Definition 2.13 Let (M", g) be a complete Riemannian manifold, D € M a precompact
domainin M and f : D € M —> R™ a smooth non-negative function on D. For > 0 we
define the sets
D@#):={xeD|fx) =t} M
and
') :={xeD]|f(x)=1t}.

Remark 2.14

(1) The set D(t) is precompact for all # > 0 and moreover, dD(t) = I'(t) C D(¢).
(2) Note too that D(0) = D and that if 11 < t; then D(r2) € D(#1).

(3) IfT :=sup,ep f(x),then D(t) =¥ Vt > T, and hence, Vol(D(¢)) =0Vt > T.
(4) Therefore, we have a family of nested sets {D(#)};¢[o, ] that covers D.

Now, we define the symmetrization of a function:

Definition 2.15 Let (M", g) be a complete Riemannian manifold, D € M a precompact
domainin M and f : D € M — R* a smooth non-negative function on D. Let (M7, g.,)
be a rotationally symmetric model space. Then the w-symmetrization of f is the function
f*o : D* — R defined, for all x* € D*», by

fr @) =supft > 0|x* e D@)*}.

Note that the symmetrization f* ranges on [0, T], namely, f*» : D*» — [0, T], where
T :=sup,.p f(x).

Remark 2.16

(1) When it is clear from the context, we write f* instead of f*» and D* instead of D*e.

(2) By Sard’s theorem, if Dy € D denotes the set of critical points of f, the set Sy =
f(Dy) € [0, T] of critical values of f has null measure, and the set of regular values
of f, Ry =[0,T] ~ Sy is open and dense in [0, T']. In particular, for any ¢ € Ry, the
set ['(t) = {x € D| f(x) =t} is a smooth embedded hypersurface in D and ||VMf||
does not vanish along I"(¢).

(3) Given f1, f2 : D — R smooth and non-negative, if f1 < f2, then f;" < fJ.

With these observations in hand, we have the following

Definition 2.17 Let (M", g) be a complete Riemannian manifold and let (M, g,,) be a
rotationally symmetric model space. Given the precompact domain D € M and f : D C
M — R* a smooth non-negative function on D, let D(¢)* and T be as in Definition 2.15
and define the function

7110, T] — [0, L(D)]
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such that, for all ¢t € [0, T, 7(¢) is defined as the radius of the symmetrization
D(1)* = B, (00)
satisfying
Vol (D(1)) = Vol (B%’(,) (ow)> .
Remark 2.18 Note that, as D(0) = D, then D(0)* = D*, i.e., 7(0) = L(D), the radius

defined in Definition 2.11, and D* = B%’(O) (0w)- On the other hand, as Vol(D(¢)) =0 Vt >
T,then7(t) =0Vt >T.

Concerning this last definition, we have the following result, which will play an
important rdle in the proof of Proposition 4.6:

Lemma 2.19 The function 7 : [0, T] — [0, L(D)] is non-increasing. In particular, for all
regular values t € Ry, the function ?lRf Ry C[0,T] — [0, L(D)] satisfies

-1
_faD(t) V¥ £ du

vol (8%,

so ¥ is strictly decreasing in Ry, and hence, injective (and bijective onto its image).

7(t) =

Remark 2.20 Note that when Ry = [0, T, then 7 : [0, T] — [0, L(D)] is bijective.

Proof When t; < 1, then D(#2) < D(#;) and hence Vol(D(#2)) < Vol(D(#1)), so
Vol(BE, ) (00)) < Vol(Bf, 1(00)) and hence () < 7F(t1).

r(t r(t
On the other hand, given ¢ € Ry, let us denote as:

V(1) = Vol (D(1)) = Vol (B;”(,)) .
Then,
V(@) = Vol ( ;’(,)) 7 (1)

and as dD(#) = I'(t) = {x € D| f(x) = t}, by the co-area formula (see [9], [38]), and as
t € Ry, we have

-1
_faD(z) ”VMf” dus

vol (52, )
forallt € Ry. Therefore, 7| g s 1s strictly decreasing. O

() =

To finish this subsection, we are going to prove in Theorem 2.21 that, given f : D C
M — R™ a non-negative function defined on the precompact domain D, the symmetrized
function f* : D* — R is a radial function, and that f and f* are both equimeasurable.

Theorem 2.21 Let (M", g) be a complete Riemannian manifold, D € M a precompact
domain in M and f : D € M — R" a non-negative and smooth function on D.
Let (M}, g8,,) a rotationally symmetric model space such that its center o, is a pole. The
symmetrized objects f* and D* satisfy the following properties:

(1) The function f* depends only on the geodesic distance to the center o, of the ball D*
in M} and is non-increasing.
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(2) The functions f and f* are equimeasurable in the sense that

Volyy ({x € D| f(x) = t}) = Volyp, ({x* € D*| f*(x*) = t}) (2.12)
forallt > 0.
Proof To prove the first statement, let us consider x}, x; € D* = BY )(ow) such that

To, (X]) = 1o, (x3). Then it is evident that x| € Bj"(t)(ow) if and only if x5 € BN(z) (0y) for
all r € [0, T']. Hence,

F*(x) = sup {t >0[xf e B~(,)(ow)} — sup {t >0[x} e Br(,)(ow)} = ()

which means that f* is a radial function. Namely, f* depends only on the geodesic distance
to the center oy, f*(x*) = f*(ry, (x*)).

To see that f* is non-increasing, let us consider x}, x3 € D* such thatr,, (x]) < r,, (x3).
We are going to see that 7] := f*(x{) > 12 := f*(x)).

As

£*(x3) = sup {t >0[xfeB (,)(ow)} = sup |t > 0] ro, (x}) <F(1)} =
then, if ¢t < f,, we have that x2 € B~ (ow) SO row(xz) < 7)) Vvt < tz In partic-
ular, 1o, (x7) < 1o, (x3) < 7(t), so xl € B~(,)(0w) and therefore, 1 = f*(x) =
sup {t >0|xj e Bm)(ow)] >th = f*(x3

To prove the second statement, note that, for all + > 0, we have, by Definitions 2.15
and 2.17,

D(@®)* = Bf, (00) = {x* € D*| f*(x*) = 1}.

In fact, if x* € Bj"(t)

conversely, if f*(x*) = sup [t >0|x* e Br(z)((’w)} > t, then x* € B~(,)(0w)
Therefore, since D(¢) = {x € D| f(x) > t}, we obtain that

Vol ({x € D| f(x) > 1}) = Vol (D(1)) = Vol (D(1)*) = Vol ({x* € D*| f*(x*) > t}).
O

(0w), then f*(x*) = sup{t>0|x eBr(t)(ow)] > ¢ and,

3 Mean Exit Time Comparison

We start this section with the notion of transplanted mean exit time.

Definition 3.1 Let (M, g) a complete Riemannian manifold and (M/), g,) a model space
with center o,. Given 0 € M, let us consider a geodesic R-ball B;‘{I(o), with 0 < R <
inj (o) and the geodesic R-ball in M/}, centered at the center o,,, B{(0,). Let E j‘{l and Ef
be the mean exit time functions defined on B;‘e” (0) and B (0,), respectively.

Now, we transplant the radial mean exit time function of M to M by defining the
function E} : BII‘{ — Ras EQ(x) := EQ(r,(x)) Vx € BZI‘{ where r, is the distance
function to o, the center of the ball B% (0).

MThe function E} is a radial function called the transplanted mean exit time function of
By .
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We can compare the transplanted mean exit time function E} defined in a geodesic ball
BI’;” with the mean exit time function E ;‘e” corresponding with this ball. Remember that,
throughout the text, we can omit the centers o € M and o,, € M|, when we refer to the balls
B (0) and B®(0,,) and the spheres S¥ (0) and S¢(0,,).

Our first result in this regard is following:

Proposition 3.2 Let (M", g) be a complete Riemannian manifold and let (M}}, g.,) be a
rotationally symmetric model space with center o, € M). Let o € M be a point in M
and let us suppose that inj(0) < inj(oy). Let us consider a geodesic ball B;‘{I (0), with
R < inj(o) <inj(oy). Then the following assertions are equivalent:

(1) EM =E2 on BY¥ (o).
(@) Hsp,) = Hgm,y Vr €]0, R].

where Hgm () denotes the mean curvature of the geodesic r- sphere Sf” (0) € M andHgo (o,

is the corresponding mean curvature of the geodesic r-sphere S?(0,) € M}

Proof Using polar coordinates (r, 8) in M — (Cut (0) U {0}), Eqgs. 2.1 and 2.6 and applying
Maximum Principle, equality £ ?{ =% on B}‘{ (o) is equivalent to equality
AMES(r,0) = AMEM (r,0) = —1 = AMOES (1, 0)

which, in its turn, applying Proposition 2.3 and Eqgs. 2.4 and 2.6, is equivalent to equality,
for all (r, 0) € [0, R] x S;:

E%//(r) + (l’l — I)HS;W(O) E%l(l") = E%//(r) + (l’l _ I)HS","'(()H)) E(;if/(r)

and, as for all  €]0, R1, E"(r) = E"(r) and E§ (r) = E§ (r) < 0Vr €]0, R), this last
equality is equivalent to equality

Hgp (o) = Hsp(o,) ¥r €10, R].

Now, we can state the following comparison theorem:

Theorem 3.3 Let (M", g) be a complete Riemannian manifold and let (M}, g,,) be a
rotationally symmetric model space with center o, € MJ. Let o € M be a point in M
and let us suppose that inj(o) < inj(o,). Let us consider a metric ball B;‘{I(o), with
R < inj(o) < inj(oy). Let us suppose moreover that

HS’;’(ow) < (Z) HSﬁ”(o) for all 0<r <R (31)

where Hs;"f denotes the mean curvature of the metric r- sphere Sf” (0) € M and Hgo is the
corresponding mean curvature of the metric r-sphere S¥(0,) € M},
Then, we have the inequality

E$ > (<)EY in BH (o), (3.2)

where G (x) := E (r,(x)) is the transplanted mean exit time function in B/I‘é’ (0).
Moreover, if there exists p € B}{’ (0) such that ER(p) = E?{’ (p), then

©=EX in B¥ (o)

@ Springer



V. Palmer, E. Sarrién-Pedralva

and hence,
Hs;v((,w) = HS}"’(O) Vr 6]0, R].

Proof To prove first assertion, let us consider polar coordinates (r, 8) € [0, inj(0)) x STI
centered at the center 0 € M of the geodesic ball BY, with R < inj(0), (as before and
throughout the rest of the paper, we shall omit the center point of the ball o if there is not
confusion). By definition of EZ and Eq. 2.7, we have that this radial function satisfies

ER(r) = E{'(r) <0, forallr €]0, R]. (3.3)
Since AMrﬁE% = —lonB%,
/
(r)
B2 (r) = E2"(r) = —1 — (n — 1) 2L E9'(r).
@ r @) (n )a)(r) R @)

Therefore, using Eq. 2.1 and applying Proposition 2.3 and Eqs. 2.4 and 2.6, we have, for
all (r,9) €10, R] x S} ":

AMEL(r,8) = —1+ (n — 1) (Hsy - HS;?) EY(r). (3.4)

Then, from Egs. 3.3 and 3.4, and assuming inequality Hgo < Hs}” forallr > 0 we
obtain that

AMES(r,0) < —1 = AMEN (,8), forall (r,8) €10, R] x SV'™'.  (3.5)
Thus

AM (E —E) .9) = 0 on BY
and since (E ?{1 — E‘I‘é) (R) = 0 we have, applying the strong maximum principle
ER > E 5‘{1 on Bﬁ‘{l

as we wanted to prove. We obtain opposite inequalities with same arguments, assuming that
Hge > Hgu forall r > 0.

r r .

To prove the second assertion, assume that

Hseo,) < HSﬁ"’(a) forall 0 <r <R.

Suppose that there exists p € Bfe’l such that EQ(p) = E% (p). Therefore, we have
that AM (E} —E9) > 0 on BY and that Eff —E$ < 0 = (E¥ —E%)(p) on BY.
Hence, E RM — [E} attains its maximum in Bﬁ” . Applying the strong maximum principle,
the difference function E A}’I — IE% = C is constant on Bﬁ’[ and, by continuity, as E ?{1 —
E% = 0 on aBﬁ” = Sy, then C = 0. Equality of the mean curvatures follows from
Proposition 3.2. O

Remark 3.4 In Theorem 3.3, we have compared the functions E %’ : B,ﬁ” — Rand E} :
B}‘f — R, both defined in Bf‘{’ C M. Note that, using the properties of the symmetrized
functions, (see [30] and observation (3) in Remark 2.16) and under the assumptions of
Theorem above, we conclude from inequality (3.2) that

ER* > () ER* in Bl (ow), (3.6)

where B;‘f R (0y) is the Schwarz symmetrization of B;‘{ .
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As in a Talenti-type result, we have bounded the symmetrized function E ;‘{ * with another
radial function EQ* defined on BY S(R) (ow), the Schwarz symmetrization of B g’ . We shall see
in Corollary 4.7 the relation among E%* and E ?{R), the solution of the symmetrized Poisson

problem which is the natural bound of E RM * in a Talenti-type comparison theorem.

Corollary 3.5 Let (M", g) be a complete Riemannian manifold and let (M}, g.,,) be a
rotationally symmetric model space with center o, € MJ. Let 0 € M be a point in M
and let us suppose that inj(0) < inj(o,). Let us consider a metric ball Bg’ (0), with R <
inj(o) <inj(oy). Let us suppose moreover that

Hse < (=)Hgm forall 0 <r <R. 3.7
Then we have the isoperimetric inequalities
Vol (B® Vol (BM
M > (<) M forall 0<r <R. (3.8)
Vol (S (0,)) Vol (SM(0))

Moreover, equality in inequalites (3.8) for some radius ro €]0, R] implies that
HS}”(Ow) = HS,M(O) Vr E]O, ro].
As a consequence of inequalities (3.8), for all0 < r < R, we have
w M
Vol (B (00) = (2) Vol (B (0)) o)
Vol(S2 (00)) < (=) Vol(SM (0)).
Finally, equality
Vol (B, (0,)) = Vol (B2 (0))
for some radius ro €0, R] implies that

Hgp (o) = Hgy () Vr €10, r0l.

Proof Let us fix one radius r €]0, R]. The proof follows the lines of the proof of Theo-
rem 1.1 and Corollary 1.2 in [34], adapting it to this intrinsic context and using the new
hypotheses.

First, let us assume that Hse < HsM, forall 0 < r < R. If we fix r €]0, R], then we
have, in particular, that Hgo < HsM forall0 < s < r. We can apply Theorem 3.3 to obtain

AME® < () AMEM = —1 on BM.
Therefore, since |V r| = 1, and using the Divergence Theorem, we have
vol (BY) < / —AMEC 45 = —/ div (VMEY) d& (3.10)
BM BM
- —/ <VME3’,VMr>da — —E“(r)Vol (SM) 3.11)
SM

Thus, we obtain, using Proposition 2.7,

Vol (B,M) < —E“(r)Vol (Sﬁ” ) = qu(r)Vol (S,M) _ VoL BY) Gy (Sﬁ” )

Vol (S)
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and therefore

Vol (BY) _ Vol (BM)
Vol (S¢) ~ Vol (SM)’
We are going to discuss the equality assertion: we are still assuming that Hgo < HS%
for all 0 < r < R. If there exists rg €]0, R] such that we have

Vol (BY) _ Vol (Bf)
Vol (S¢) Vol (SM)
then the inequality in Eq. 3.10 becomes an equality with the radius ry.
In particular,

vol (B2 :/ —AME dF
B

and hence, as 1 + AM Ef <0on Brlzf , we conclude that 1 + AM E} =0on Brﬂg and hence,
as AM E;‘g =AME f(;’ on B,ZOW then, applying the maximum principle, ]Ej‘f) =FE fg on B,’OW and
hence, by Proposition 3.2, Hge = HS,M Vr €]0, ro].

When we assume that Hse > Hgm Vr €]0, R], we argue as before, inverting all the
inequalities to conclude the opposite isroperimetric inequality. The equality discussion is the
same, mutatis mutandi.

To prove statement (3.9), and as in Corollary 1.2 in [34], let us define, given 0 < R <
inj (o) the function

G:[0,RI— R

Vol (BM) ‘
In| ———=%), ifs>0,
G(s) == Vol (B¢)

0, if s =0.
Then, if Hgo < Hs{yl Vs €]0, R], we have, applying inequality (3.8), that

as

Vol (S¥) Vol (S¢)
Vol (BM) Vol (BY)

Hence, G is non-decreasing in ]0, R]. The rest of the proof follows as in [34], using in
this case the asymptotic expansion around s = O for the volume of a geodesic s-ball, (see
Theorem 9.12 in [17]) to conclude with a straightforward computation, that limg_,o G(s) =
0 = G(0), and hence, that G(s) is continuous and G(s) > G(0) Vs € [0, R], so, given
s =r €]0, R], we have

G'(s) =

> 0 Vs €]0, R].

Vol (BY) = Vol (BY) vr €]0, R].

Moreover, isoperimetric inequality (3.8), together with the above inequality implies that

Vol(S®) < Vol(S™) vr < R.
We are going to discuss the equality assertion: let us assume that Hse < Hgy Vr €]0, R]

and that there exists rg €]0, R] such that Vol (Bﬁg) = Vol (Bfg ) Then, G(0) = G(r9) =0
and, as G in non-decreasing, for all r € [0, rp], we have

0=G0)=<Gr) =G(ro) =0
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so G(r) = 0 Vr € [0, r9] and therefore, G'(r) = 0 Vr € [0, ro] which implies that Hso =
HsM Vr 6]0, rol.

When we assume that HS./;J > Hgm Vr €]0, R], we argue as before, inverting all the
inequalities to conclude that G is non-rincreasing in ]0, R] and hence

Vol (BY) = Vol (BY) vr €]0, R]

and Vol(5¢) > Vol(SM) vr < R.
The equality discussion is the same as above, mutatis mutandi. O

Corollary 3.6 Let (M", g) be a complete Riemannian manifold and let (M}, g,) be a
rotationally symmetric model space with center o, € M}. Let o € M be a point in M
and let us suppose that inj(0) < inj(0y). Let us consider a metric ball Bﬁ’[ (0), with R <
inj(o) <inj(oy). Let us suppose moreover that

Hgo < (=) HSM forall 0 <r <R. (3.12)

Then, if there exists p € Bg” (0) such that equality ER(p) = E % (p) holds, we have, for
allr €]0, R]:

(1)  The equalities E* = EM on B (o).
(2) The isoperimetric equalities
Vol (B (0,,)) Vol (B) (0))
Vol (S®(0,)) Vol (SM(0))
(3) The volume equalities Vol (B;‘)) = Vol (Bf’l) and Vol(S) = Vol(Sf”).

Proof First of all, equality assertion in Theorem 3.3 states that, as we are assuming one of
the inequalities in (3.12), then if there exists p € B;‘e” (0) such that equality E¢ (p) = E RM (p)
holds, we conclude the equality Ef = E f{ on B ;‘e” (0). Applying Proposition 3.2, from this
equality, we have equality Hso = HS,M Vr €]0, R]. This last equality implies that, given any
fixed r €]0, R], we have the equalities Hgo = Hgu Vs €]0,7] and hence, by Proposition
3.2 again, we obtain E® = EM on BM (o).

On the other hand, equality E% = E¥ on BY (0) implies that AME% = —1 = AMEY
on B g’ (0), which implies in its turn that

vol (BY ) = / | —AMEG do = —Ef (R)Vol ()
BR

and hence, by Proposition 2.7
Vol (B%(04)) _ Vol (B¥ (0)
Vol (S%(00)) Vol (S¥ (0)

Moreover, fixing r €]0, R], we know that, as Ef = Eﬁ‘e” on Bg’(o), then E? =
EM on BM (0). Applying Proposition 3.2 and using this equality implies

Vol (B?(0,,)) Vol (B} (0))
Vol (S¢(0,)) Vol (S (o))

with the same argument as above.
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Finally, as equality E¢ = E;‘e” on Bﬁ’[(o) implies that E = E,M on BrM(o) Vr €]0, R],
then, if we define

Vol (BY) ,
G(r):=In , ifr €]0, R],
Vol (B¢)
0, ifr =0,

then G'(r) = OVr €]0,R], and hence, G(r) = OVr €]0,R], so Vol (BY) =
Vol (BM) ¥r €]0, R] and differentiating with respect the parameter r, Vol(S¢) =
Vol(SM) ¥r < R. O

To finish this section, we present the following property satisfied by the symmetriza-
tion of the transplanted mean exit time function E¢. This result is an intrinsic corollary of
Theorem 4.4 in [22], (see too Section 6 in [22]).

Theorem 3.7 Let (M", g) be a complete Riemannian manifold and let (M}, g,,) be a
rotationally symmetric model space with center o, € MJ. Let o € M be a point in M
and let us suppose that inj(o) < inj(oy). Let us consider a metric ball B%(o), with
R < inj(o) < inj(oy), and let us assume that there exists B;‘ER) (0w), the Schwarz sym-

metrization of B 1’{’ in M. Let E%* : B?)( R R be the symmetrization of the transplanted

mean exit time function K% : B%I —> R. Then

/BM E‘,}?do:/Bw EY d&. (3.13)
R

s(R)

4 Moment Spectrum Comparison

We are going to apply the Mean Exit comparisons obtained in Section 3 to obtain esti-
mates of the moment spectrum, and the torsional rigidity of a geodesic ball in a Riemannian
manifold with bounds on the mean curvature of its extrinsic spheres.

4.1 Estimates for the Poisson Hierarchy and the Moment Spectrum of a Geodesic
Ball

We shall start by defining the so called Poisson hierarchy of a domain in a Riemannian
manifold, (see [15]).

Definition 4.1 Let (M", g) be a complete Riemannian manifold and let D C M be
a smooth precompact domain. We define the Poisson hierarchy for D as the sequence
{u kD }]til of solutions of the following recurrence of boundary value problems
AMuy p+kug_1.p = 0, on D,
uk,plyp = 0, 4.1

withup,p =1 on D.
Let us note thatuy p = E 1")4 , 1.e. the mean exit time function from D.

As we did in Definition 3.1, we transplant the Poisson hierarchy for the geodesic balls in
a model space to the geodesic balls in a Riemanian manifold in the following way:
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Definition 4.2 Let (M", g) be a complete Riemannian manifold and let (M}, g,,) be a
rotationally symmetric model space with center o, € M. Let 0 € M be a point in M
and let us suppose that inj(0) < inj(oy). Let us consider a metric ball B}{ (0), with R <

inj(0) <inj(oy).

o]
Let us consider the Poisson hierarchy for B (0,), namely, the sequence {u‘,f R}

k=1
which, for k£ > 1, are the solutions of

AMoy? o +ku_ | x = 0, on By,
”;{O,Rlsgg =0,
with ug , =1 on B%.
It is known, for all k& > 1 that uf o (x) = uf g (ro, (X)), i.e. uf p is radial, and that
uij < 0 (see Proposition 3.1 of [23]).
Thus, for all k > 1, we can transplant these functions to B%I (0) € M by defining
i :BY () >R
as 122’, r(X) = ufz g ro(x)) Vx € BII‘{I (0), where r, is the distance function to the center of
B (0).

oo
The sequence {ﬁf R} | is the transplanted Poisson hierarchy for B;‘e” (0).

Associated to the Poisson hierarchy of a domain D € M, the exit time moment spectrum
of this domain is defined in the following way:

Definition 4.3 Let D € M a smooth precompact domain. We define the moment spectrum
of D as the sequence of integrals {Ax (D)}, given by:

A (D) :=/ ug.pdo
D

where {uk, D };i] is the Poisson hierarchy for D.

Let us note that A; (D) is the torsional rigidity of D.

We have the following comparison for the Poisson hierarchy of a geodesic ball in a
Riemannian manifold:

Theorem 4.4 Let (M", g) be a complete Riemannian manifold and let (M}, g,,) be a
rotationally symmetric model space with center o, € MJ. Let 0 € M be a point in M
and let us suppose that inj(o) < inj(oy). Let us consider a metric ball Bg’(o), with
R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of the geodesic
spheres in M and M} satisfies

Hgo < >) Hs{_” forall 0<r <R. “4.2)
Then the Poisson hierarchy for B% (o) € M, {uk, R}]til, and its transplanted Poisson
hierarchy for Bg’ (0), {ﬁk,R}ltil (and, for any fixed r €]0, R], the corresponding Poisson
hierarchies for Bf” (0)), satisfies
(1 "_tT),R > (S)uyr,ron B/;él.
(2) Forallk =2, uf > (<)ug.g on BY.
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(3) Ifthere exists p € B;‘{I and ko > 1 such that L_t;;)’R(p) = uyy,r(p), then
Hgo = HSﬁ" Vr €]0, R]

and
- . M
Uy g =ukr in By Yk >1.

(4) If there exists p € B;‘{I and ko > 1 such that IZ%,R(]?) = Uky,R(P), then
i, =ug, in BY Vk>1 and Vr € [0, R].

and hence,
Ac(B®) = ABM)V¥r € 10,R] and k > 1.

Proof Statement (1) is proved in Theorem 3.3
The proof of statement (2) follows using induction on k, as it is done in [23]. Indeed,
assuming that Hse < HsM vr €]0, R] and as uy (r) < 0 Vr €]0, R], we have that

ﬁZ’fR (r)Hso > ﬁﬁ’R(r)HSy Vr €]0, R]
and then, by Egs. 2.4 and 2.6 and Proposition 2.3, we have, for all k£ > 2:

AM Uy g =g )+ (n — DHgw ity O (r) < ’21?/;3(’") +(n— 1)Hs¢uﬁz)”R(r)

4.3)
= AMwuk g = —ku®_ | (r) = —ki¢_,(r) Vr €10, R].
Now remember that #{ > u; on B%’ and let us suppose that
ﬁﬁR > Uk, g on BZ}{.
Then, by induction with k + 1 and using equation (4.3), we have that
AMEL | g < =+ Diif g < —(k+ Dug.g = AMugq1 g on BY. (4.4)

Thus, AM (uk+],R — ’2(/2)+1,R) > 0 on B’,‘;’ and, applying the Maximum Principle, we
obtain that
Uy g = UWK+1,R -
When we assume that Hgo > HsM Vr €]0, R], the argument is exactly the same,
inverting all the inequalities. All this proves (2).
To prove assertion (3), let us suppose that, as hypothesis, Hgo < Hs;” Vr €]0, R], and

that there exists p € B;‘e” and kg > 1 such that
iy r(P) = uky,R(P).

We know that, for all k > 1, uy’ p > ug,g on B%’. Then, as, on B%(o), AMIZ‘,fR <
—kit¢_| < —k ug—1 = AMuy g for all k > 1, we have, in particular,

AM (ugg, 5 — i, ) = 0
on B%’(()).
~w M —w M :

Moreover, as U R = Ukg,R O By (0), then ugy g — Up r = 0 on By (0) and there exists
pEB ﬁ” such that (ugy,gr — ﬁﬁ) #)(p) = 0. Then, applying the strong maximum principle,
ﬁfO’R = Ujy,R ON B%’, because u, p — ﬁ(lz),R is constant on B%’(a), continuous in B/I‘é’(o)

- M

and ug, g — u,‘;)’R =0on S (0).
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On the other hand, as ﬁi’o_l > Ugy—1 ON B%’, we have, on Bﬁ”(o):

AMIZZ)O’R = AMuko,R = —k(]llkofl’R > o (4 5)
_k()”z)o—l,R = _kO”‘ZZ)—l,R =A wuk
so, for all r €]0, R]:
ﬁ;;;”R(r) +(n— 1)HSM g g(r) = uk r(r) 4 (n = DHspug) p(r). (4.6)

As uf{””R r) = u (r) and u u g = u _g(r) for all r €]0, R], we conclude that

Hgmitg) p(r) = Hsouj) z(r) Vr €10, R]
and hence, as u (r) < 0 Vr €]0, R], then
Hse > Hgu Vr €]0, R].
As, by hypothesis, Hsgj < Hsy Vr €]0, R], we have finally that
Hse = Hgw Vr €]0, R].

Now, to prove that zljc‘f r = Uk, R ON B;‘{I (0), we argue as follows: as we know that Hge =
Hsﬁ” Vr €]0, R], let us apply Proposition 3.2, to have that ﬁ‘l‘),R = uj,gr On B}‘{I(o), and we
procceed by induction. Let us suppose that uy’ p = ug,g on B;‘e” (0). To see that ug’ | p =
Uk+1,R ON B,’%”(o), we compute

AMia, | = _(Ié)i’ll R() + Hsp ihy () = iy g(r) +Hspia ) g (r)
= AMoup | o =—(k+ Duf p = —(k+ i 4.7

= —(k + Dug,r = AMuyi1 g on BY (0).

Hence AM(IZ;‘)JFLR — ug+1,r) = 0 on B;‘{I(o) and as IZE’JFLR — ug+1,r = 0 on S;‘{I(o),
then, appliyng Maximum Principle again, we conclude that uy’, | = uk+1,g On B;‘f (0).
Finally, to prove assertion (4), let us assume that that Hge < Hsﬁ” Vr €]0, R], and that

there exists p € B}‘{I and kg > 1 such that

iy r(P) = uky,R(P).
As before, we conclude that
Hsp = Hgu Vr €]0, R],
and hence, fixing r €]0, R], that
Hgo = HSl{,” Vs €]0, r].

Now, to prove that ﬁ;(" = Uj,r on BM (0), we argue as in the proof of (3): as we know that

Hso = HsM Vs €]0, r], let us apply Proposition 3.2, to have that u ul = uy,, on BrM(o),
and we procceed by induction, as in the proof of assertion (3). O

As a consequence of the Theorem 4.4 we have the following result, where it is proved
that, under our hypotheses, any of the averaged moments of the geodesic balls determines
its first Dirichlet eigenvalue:

Corollary 4.5 Let (M", g) be a complete Riemannian manifold and let (M)}, g,) be a

rotationally symmetric model space with center o, € M}}. Let 0 € M be a point in M and let
us suppose that inj (0) < inj(oy). Let us consider a metric ball Bg’(o), with R < inj (o) <
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inj(oy). Let us suppose moreover that the mean curvatures of the geodesic spheres in M
and M, satisfies

Hso < (=)Hgw forall 0<r <R. 4.8)
Then, for all k > 1,
BY BM
A (B%) > (f)Ljf}). 4.9)
Vol (S%) Vol (S¥)

Equality in any of inequalities (4.9) for some k > 1 implies that
HS%(%) = Hs’,‘{(o) forall0 <r <R
and hence, we have the equalities

(1) Equality ﬁ;(‘iR = ur,g on B;‘Q’I (0) for all k > 1, and hence, equality IZZ)J = Uk, ON
BM (o) forallk > 1 and forall0 <r < R.

(2) Equalities Vol (B) = Vol (BM) and Vol (S¥) = Vol (S¥) forall 0 <r < R.

(3) Equalities Ay, (B‘,") = Ay (Bf’l),for allk > 1 and forall0 <r < R.

(4)  Equalities 11 (B®) = A1 (BM) forall0 < r < R.

A (B¥ (0))

Vol (S¥ (0))

volume, the L'-moment spectrum and the first Dirichlet eigenvalue of the ball BrM (o) for
all0 <r < R.

Namely, one value of for some k > 1 determines the Poisson hierarchy, the

Proof In the model spaces we have that AMwu‘];’ 1. = —(k+ Duy on the geodesic ball

BIIZI“’ (0w), s0, applying Divergence theorem in this setting , we obtain

~ 1 M" ~ 1 /
Ar (BR) = /B% ug g ds = “t11 . AYoup | pds = —mufﬂ’R(R)Vol (S?)-
Therefore, for all k > 1,
I Ak (BR)
- Ry= "~ R 4.10
k1R = o (S2) @10

Assuming now as hypothesis one of the inequalities in (4.8), we obtain correspondingly
the inequalities

M - M M
AV g < () A" ugy1.r on By

Then, using the Divergence theorem and that ﬁZ’ LR is radial in B, we have

1
Ak (B%) = fBR’Y’ ug rdo = —m fB'RV AM”k+l,Rd0'
< (). - — [pu AMaf | pdo
k+1 R +1,
1 o " “4.11)
=T 1fs%’ <V Uy gV r)dor

=~ 157 W R(BOVOL (SF) -

@ Springer



First Dirichlet eigenvalue and exit...

Then, using (4.10), and that i’} | »(R) = uf’, | p(R), we finally obtain that

Ay (B
A (B = ) 22 B v (5.
Vol (S%)
To discuss the case of equality, assume that Hs,w < HS% forall 0 < r < R, and that

Axy (BY) _ Asg (BY)
Vol (S%) Vol (S¥)

(4.12)

for some kp > 1. Then the inequality in (4.11) is an equality for this fixed ko, so
ﬁfoJrLR = Ujy+1,R ON B%(o). Applying assertion (3) in Theorem 4.4, we have that
Hso = HSM forall0 < r < R and that ﬁf!R = Up g on B;‘{I(o) for all £ > 1.
In particular, uf = ui g on BI%”((J), so, by Corollary 3.6, Vol (Sﬁ’) = Vol (Sﬁ”) and
Vol (Bﬁ’) = Vol (Bf’l) for all r €]0, R] and, hence, for all k > 1,

A (BY) = [py ur.rdo = Joy AMug1 rdo

1 k+1 1
_meM AM ”k+1,R do = Y F1 ﬁ;{"jrl r(R)Vol (S%) (4.13)

éfl((swgv 1(Y) = Ac (B).

Moreover, applying assertion (4) in Theorem 4.4, from equality ﬁ%’ 41.R = Uko+1,R ON

BM(o) we can deduce that u uk , = Uk, ON BM(o) for all k > 1 and for all r €]0, R], so
given r €]0, R], and for all k > 1,

1
Ay (Bﬁw) = fo’l I’;k,r do = el 1
=~y Jey AV, do = — g (OVOL(SY) @)

c;‘l ((sw; Vol (SM) = A (BY).

M
fBM AUy, do
r

Finally, to prove the last assertion of the Theorem, we know that, assuming that Hs;u <
Hsﬁ” for all 0 < r < R, the equality

Ay (B2) _ As (BY)
Vol (S‘I‘é) Vol (S%I)

implies equalities Ay (B‘r") = Ay (Bf’[ ), for all k > 1, and for all r €]0, R]. Then, given
B}"’ C M in a Riemannian manifold (M, g), (see [24] and [7]):

my _ g KA (BY)
)= i
_ o KA (BY)
= i =g = M) 4.15)
O
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4.2 An Estimate for the Torsional Rigidity of a Geodesic R-ball

We are going to bound the torsional rigidity of a metric ball BII‘{ in a Riemannian manifold
(M, g) in Theorem 4.8, assuming that the mean curvature of the geodesic spheres in this
Riemnnian manifold is bounded from above or from below by the corresponding mean
curvature of the geodesic spheres in a symmetric model space (M}, g.,) which is balanced
from above.

This result can be considered as a continuation of the intrinsic comparison done in
Section 6 of the paper [22]. In that paper upper and lower bounds for the torsional rigid-
ity of a metric ball B’I‘g (0) in a Riemannian manifold (M, g) with a pole 0 € M were
obtained under more restrictive conditions, namely, assuming that the radial sectional cur-
vatures were bounded above or below by the corresponding radial sectional curvatures of a
suitable model space.

The proof of Theorem 4.8 relies on Proposition 4.6. Let us consider a symmetric model
space rearrangement of the metric ball B%’ as described in Definition 2.11 and Defini-
tion 2.15, namely, a symmetrization of B%I which is a geodesic s(R)-ball in the model

space M), such that Vol (B% (0)) = Vol (B‘;’( R) (ow)), together with the symmetrization

IE%* : B‘S“( R R of the transplanted mean exit time function E} : B’,‘g — R. Itis
evident that Proposition 4.6, Theorem 4.8 and Corollary 4.9 make sense for those geodesic
balls B Ifé’l (o) which posses a Schwarz symmerization B;"( R) (0)-

Then, in Proposition 4.6 we compare the symmetrized function E%* : By R (0w) = R
and the solution of the Poisson problem in BffR) (0w), E;‘)(R — R. Its proof follows closely
the lines of the proof of Propositions 5.2 and 5.4 in [22], we have included it because the
changes due to its intrinsic character, the different assumptions on the curvatures we have
assumed here and the new analysis of the case of equality.

Proposition 4.6 Let (M", g) be a complete Riemannian manifold and let (M}}, g.,) be a
rotationally symmetric model space with center o,, € M}, balanced from above. Let o € M
be a point in M and let us suppose that inj(0) < inj(o,). Let us consider a metric ball
B;‘{I (0), with R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of
the geodesic spheres in M and M,, satisfies

Hse < () Hsﬁ"’ forall O0<r <R. (4.16)
Then
E%*/(ﬂ > () E;”(’R)('F) forall ¥ e (0,s(R)) 4.17)
and hence,
E%*(F) < (> E;"(R)(?) forall 7€ [0,s(R)]. (4.18)

Equality in any of the inequalities (4.18) implies the equality among the radius s(R) = R
and the equality
Hso = HSV’ forall0 <r <R

and hence, we have the equalities

(1) Equality ﬁ;",R = up g on B;‘?’[(o) for all k > 1, and hence, equality ﬁf’r = Uk, ON
Bf”(o)for allk > 1 and forall0 <r < R.

(2) Equalities Vol (Bﬁ)) = Vol (Bﬁ”) and Vol (Sﬁ’) = Vol (Sf’f) forall 0 <r <R.

(3) Equalities Ay (Bf’) = Ay (By),for allk > 1 and forall0 < r < R.
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(4) Equalities .1 (B®) = »1(BM) forall0 < r < R.
Proof We are going to analyze first the symmetrization E%*. The transplanted function
E$ : BY (o) — R

satisfies that E} € COO(B;\?/[(O) —{oh N CO(EZ (0)), and, moreover, that ]E%IS[A{;(O) =0.
Let us consider the radial function v = EY defined on the interval [0, R] in Eq. 2.7
of Proposition 2.7. Let us denote by T = maxjg g)y. Thus, as ¥ is monotone, (strictly
decreasing, with ¥(0) = T and ¥ (R) = 0), we have that %‘ﬁ < 0 on ]0, R] and that
¥ 1 [0, R] — [0, T] is bijective.
Now, let us define the function a : [0, T] —> [0, R] as a(z) := ¥~ '(z), satisfying
a(0) = y~1(0) = R and a(T) = ¥~ (T) = 0. We know that

a@) = <0Vte(0,T7)

1
¥/ (a(1))
so a(t) is strictly decreasing in (0, 7).
Let us denote, for all x € B?{’ (0),
p(x) = ER(x) := ER(ro(x)) = ¥ (ro(x)).

We have that (p(B,’y(o)) = ¥ ([0, R]) = [0, T, so the function ¢ : B%(a) — [0, T]
satisfies |[VM | = |f—rw|||VMr0|| # 0 for all x € B}{’(o) — {0}. Therefore, the set of
regular values of ¢ is R, = (0, 7).

On the other hand, and given ¢ € [0, T], let us consider the sets

D(t) = [xe BY | p(x) > t] - [xe BY |ES(x) > z}

= [xe Bl 1@ = v} =B,

and

) = {xe BY 1900 =1} = [xe BY 19 o0y =1} =52,

We have too that D(0) = Bé"{o)
of the geodesic ball B ;‘{I .

We consider the symmetrization in M}, of the sets D(t) = B :{t)g B% C M, namely, the

geodesic balls D(¢)* = B%’(t)(ow) in M} such that

= Bllg and D(T) = B(%T) = {0}, where o is the center

Vol (D(1)) = Vol (B%’(t)(ow)> .

For each t € [0, T, let us consider the function 7(¢), defined in Definition 2.17. Then,
in this particular context, we have that 7 : [0, T] —> [0, s(R)] is strictly decreasing and
hence, bijective. In fact, note that if ¢1, , € [0, T] such that #{ < f;, then, as a(t) is strictly
decreasing, a(t;) > a(tp), so

M M
Vol (B, (0)) = Vol (BA,,)) > Vol (B, ) = Vol (BY,,,(0.))

and hence 7(t1) > 7(t).
On the other hand, applying Lemma 2.19, we have that for allt € R, = (0, T),

—1) /l“(t)

vol (8%,

-1
’V%H do,. (4.19)

71(t) =
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The inverse of 7 is the decreasing function

¢ :[0,s(R)] — [0,T]; ¢ :=¢(),

such that ¢’ (F(r)) = % forallf € [0, T],¢(0) = T and ¢ (s(R)) = 0.
With all this background, we can say now that, in accordance with Definition 2.15
and Theorem 2.21, the symmetrization of ¢ = K} : B%I —> R is a radial function

p* = E‘I‘é* : B{(g) — R which satisfies the following equality

P* (") =B (x*) =ER (r0, (") =10 = ¢ F(00)) = ¢ 7). (4.20)

To see Eq. 4.20, we argue as follows: given x* € Bg”(o)* = B?’(R)(ow) =

Ure[o,T]S%)(,)(Ow), (concerning the second equality, recall that ¥ : [0, T] — [0, s(R)]

is bijective), there exists some biggest value fo such that r,, (x*) = 7(f) and, hence,
x* e B%)(ro) = D(#p)*. We then have that

() = 0 0, () =sup {1 = 0% € B 0} = =@ G @21)

and hence, for all 7 € (0, T), ¢* = ¢*(¥(r)) and we have, applying Eq. 4.19:

d . L
EIF:?@)QD*(F) =" F(1) =E} 'F (1) = ¢'F1)

| Vol (Sw ) (4.22)

_ _ 7 (1)
(1) fr(z) ”VM‘/"|71 doy

But, as [|[VMo(x)| = [¢/(ro(x))| # O forall x € BY (0) — {o} and I'(r) = sg{,) for all
t € Ry = (0, T), we conclude that

1
fm,) T @)

and hence, Eq. (4.22) becomes, using Eq. (4.23), and the fact that = E, in the following
expression, for all ¢ € [0, T']:

—1

vol (s34, (4.23)

vol (52, )

Vol (sg{,)) ot

vol (B2,,) Vol (s%,)

Vol (s2,)) Vel (S¥,)
On the other hand, let us assume that Hse < Hs% for all r € (0, R]. Then by Corollary
3.5 we know that Vol (B®) < Vol (B) for all » € [0, R]. Therefore,

@*1(F(1) = —[Y/(a®)]

Vol (B, ) = Vol (BY,)) = Vol (BY,,). forallr € [0,T] (4.25)

Then, since Vol (B‘r") is an increasing function, because %Vol (Bﬁ") = Vol (Sﬁ") >0, we
have that

F(t) > a(t), forallt e [0,T]. (4.26)
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so, since M is balanced from above, g,/ (r) > 0, we obtain:

vol (Bg,) Vol (B,))
>

Vol (S~m) ~ Vol (sa(t))

Therefore, using Eq. 4.24 and the fact that Vol (B%)(I)) = Vol (B%D, we have

vol (B4,
vol (s2,)

Now, we apply Proposition 2.7, the isoperimetric inequality (3.8) of Corollary 3.5, the
fact that 7(¢) > a(t), and that qc’o > (, to obtain finally

, forallt €0, T]. 4.27)

EQ* 7 (1)) = ¢*1(F (1)) = — , forallz € [0, T]. (4.28)

vol (B4, v (B2,)
<z
Vol (S2,) Vol (5%,

Now, as E3*' () > E O Yr e (0 s(R)), we have, integrating along [0, s(R)], and
taking into account that ]E“’*(s(R)) = S(R) (s(R)) =0,

ES*/(F(1)) > — = Ep ) V1 € (0.T). (429

s(R)
—E{* () = /N ER" (u)du >
" (4.30)

s(R)
fF E%p du = —E&p () ¥F € [0, 5(R)]

SO
EY* () < E9p, () V7 € [0, 5(R)].

If we assume that Hgo > Hsy, for all » € [0, R], we use the same argument, changing
all the inequalities, to obtain

ER" (1)) < Egig (1)) ¥t € (0, T) and hence

4.31)
EY () > Eg () V7 € [0, s(R)].

We are going to study the case of equality, when we assume the hypothesis Hse < Hgw,
forall r € [0, R], (the discussion of equality if we assume Hgo > HSM forall r € [0, R] is
the same, mutatis mutandi).

Equality EQ*(7) = E;"(R)(F) vr €]0, s(R)] implies equality Q¥ (7) = E‘“’ (") Vr e
(0, s(R)), which in its turn implies that inequalities in (4.29) and hence, in (4.28) and (4.27)
become equalities for all # € [0, T]. In particular, from equality in Eq. 4.27 and inequality
(4.25), we deduce that

Vol (sum)

<1, forallz €[0,T]. (4.32)
vol (52, )
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On the other hand, using again equality in inequality (4.27) and taking into account that
Hso < Hsﬂ” for all r € [0, R], and then using the isoperimetric inequality (3.8), we obtain:

vol (B, ) B vol (B, . vol (B2,

= > , forallr e [0, T]. (4.33)
vol (sg,) Vol (sy,) Vol (si,)
Using (4.32) and Vol (B, ) = Vol (B2, ). we have
Vol (82, ) = Vol (8, ) = Vol (Si4,)) (4.34)
Now, differentiating the equality
Vol (B, ) = Vol (BJY,)) . forall 1 € [0, 71, (4.35)
we obtain
Vol ($%,)) 7/(6) = Vol (83, ) a'(®),  forall + € (0, T), (4.36)
and hence, using inequality (4.34),
;70) Vol (Sa(t))
> 1, forallt e (0,T), 437

at) ol (S~m>

SO 17’(t) > a'(t) Vt € (0,T), and therefore, as 7(T) = a(T) = 0, we finally obtain,
integrating along [0, T'], that 7(¢) < a(¢) Vt € [0, T]. Hence, as we know, (see inequality
(4.26)), that 7(¢) > a(t) Vt € [0, T, we obtain

7(t) =a(t) YVt € [0, T].

Therefore, s(R) = 7(0) = a(0) = R and, moreover, Vol (B, ) = Vol (B, ) for al
1 €[0,T],so0
Vol (BY) = Vol (B} ) ¥r € [0, R]
and hence
Vol (7) = Vol (S}) vr € [0, Rl
Now, we apply the equality assertion in Corollary 3.5 to conclude that
Hsp = Hgu, forall0 <r <R
To prove equality assertions (1), (3) and (4), the argument follows as in the proofs of The-
orem 4.4 and Corollary 4.5. Namely: to prove (1), and as we know that Hgo = Hgwm Vr €
10, R], let us apply Proposition 3.2, to have that u{’ , = uj,g on B (0), and we proc-
ceed by induction, as in the proof of assertion (3) in Theorem 4.4, to obtaln the equalities
uf LR = Uk,R ON BM % and for all k € N. From these equalities we also have the equalities
ﬁi’m = U, On B,M, for all » €]0, R] and for all k € N. To prove (3), as we have that

Vol(Bf{’) = Vol(BY) and Vol(Sf{’) = Vol(S%), we proceed as in the proof of Corollary 4.5,
(see Eq. 4.13), to conclude that, for all k > 1,

A (BY) = ékl((sw; Vol (S¥) = A« (B%).

Finally, to prove (4) the argument is the same than in the proof of Corollary 4.5. O
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A first consequence of Proposition 4.6, as we previously announced in Remark 3.4 in
Section 3, is the following two-sided Riemannian version of Talenti’s comparison theo-
rem, (see [39], [40]), restricted to the mean exit time function defined on geodesic balls in
Riemannian manifolds satisfying our assumptions:

Corollary 4.7 Let (M", g) be a complete Riemannian manifold and let (M)}, g8,) be a
rotationally symmetric model space with center o,, € M}, balanced from above. Let 0 € M
be a point in M and let us suppose that inj(o) < inj(o,). Let us consider a metric ball
B;‘{I (0), with R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of
the geodesic spheres in M and M,, satisfies

Hse < (=) HSM forall O0<r <R. (4.38)
Then
ERM*(r) < (>) E;”(R) (r) forall r €[0,s(R)]. (4.39)
Equality in inequality (4.39) implies the equality among the radius s(R) = R and the
equality
HS,w = HS% forall0 <r <R
and hence, we have the equalities

(1) Equality ﬁi’,R = Up R on B%(o) for all k > 1, and hence, equality ﬁk’“’r = Uk, ON
BrM(o)for allk > 1 and forall0 < r < R.

(2) Equalities Vol (Bj") = Vol (Bﬁw) and Vol (S‘;’) = Vol (Sf’l) forall 0 <r <R.

(3) Equalities Ay, (Bf’) = Ay (Bﬁ”),for allk > 1 and forall0 <r < R.

(4)  Equalities .1 (B®) = »1(BM) forall0 < r < R.

Proof Applying Theorem 3.3 and the properties of the symmetrized functions, (see [30]
and assertion (3) of Remark 2.16) we have the inequality

EX* > () ER* in By (ow).

where BS“() R) (0y) is the Schwarz symmetrization of BYM | namely, Vol(B;‘() R (ow)) = Vol(Bﬁ” ).
Now, from Proposition 4.6, we have that

E%* (r) < (2) Ej(g)(r) forall r € [0,s(R)].

and the result is done.
Equality in inequality (4.39) implies equality in inequality (4.18) of Proposition 4.6 and
we conclude the list of equality assertions as in Proposition 4.6. O

Also as a consequence of the Proposition 4.6 we have the following result, where it is
proved that, under our hypotheses, the torsional rigidity of the geodesic balls determines its
first Dirichlet eigenvalue:

Theorem 4.8 Let (M", g) be a complete Riemannian manifold and let (M}, g,,) be a rota-

tionally symmetric model space with center o, € M, balanced from above. Let 0 € M
be a point in M and let us suppose that inj(o) < inj(oy). Let us consider a metric ball
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B;‘{I (0), with R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of
the geodesic spheres in M and M, satisfies

Hse < (=)Hgy forall 0<r<R. (4.40)
Then
A (B?)(R)) > (A (Bi‘?) (4.41)

where B"’( R) 8 the Schwarz symmetrization of B%I in the model space (M}, 8,).
Equality in any of inequalities (4.41) implies the equality among the radius s(R) = R
and that
Hse(o,) = Hsm(,) forall0 <r <R
and hence, we have the equalities

(1) Equality ﬁ;{‘),R = up g on Bg{(o) for all k > 1, and hence, equality ﬂi{r = Uy, on
BrM(o)for allk > 1 and forall0 <r < R.

(2) Equalities Vol (B‘r” (ow)) = Vol (Bf’l(o)) and Vol (S‘r"(ow)) = Vol (Sf’l (0)) forall 0 <
r <R.

(3) Equalities Ay (Bf’(ow)) = A (Bf/[(o)),for allk > 1 and forall0 < r < R.

(4)  Equality 21 (B} (00)) = kl(BrM(o))for all0 <r <R.

Namely, the torsional rigidity determines the Poisson hierarchy, the volume, the

L'-moment spectrum and the first Dirichlet eigenvalue of the ball BM (o) for all
0<r <R

Proof Let us consider a symmetric model space rearrangement of the metric ball BII‘e/I as it
has been described in Definition 2.11 and Definition 2.15, namely, a symmetrization of B%

which is a geodesic s(R)-ball in the model space M’ such that Vol (B’I‘;’) Vol ( 3(R)>
together with the symmetrization IE%* : Bg')( gy — Rof the transplanted mean exit time
function E§ : BY — R.

Applying Theorems 3.3 and 3.7 and Proposition 4.6, we have that

A (BY) :/};%ERMda < (z)/M]E%do

:/B“’ EY d& < (>)/ E{(g do _A1< S(R))

s(R) S(R>

(4.42)

and Eq. 4.41 is proved.

We are going to study the case of equality, when we assume the hypothesis Hse < Hgw,
for all r € [0, R], (the discussion of equality if we assume Hgo > HSM, for all r € [0, R]
is the same, mutatis mutandi). Equality in (4.42) implies that all the mequalities contained
in this expression become equalities In particular, we have that fB% EMdo = fB’,‘{ E% do

and that fBgJ(R) wa Efg d
From this second equahty and inequality (4.18) in Proposition 4.6, we have that ]E%* =

ES“)(R) on [0, s(R)]. Applying again Proposition 4.6, we deduce that s(R) = R, and that

Hgo = HS,M forall0 <r < R.
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On the other hand, equality fB% E?{I do = fB% E% do implies, using Theorem 3.3, that
Eﬁ‘{[ = E% on B%. Hence we conclude equality ﬁ;{‘iR = ur,g on B%(o) forall k > 1
using assertion (3) in Theorem 4.4 and that uf . = u , on BrM (o) for all £ > 1 and for all

r € [0, R] using assertion (4) in Theorem 4.4.

Moreover, equality E % = [E% on B%’ implies, using equality conclusions in Corollary

3.6, that, for all r €]0, R],

Vol (BY (0,,)) Vol (BY (0))
Vol (S¢(0,)) ~ Vol (S¥(0))’

Vol (B2) = Vol (BY),

(4.43)

Vol(§¢) = Vol(sM).
Hence, as we are assuming that A (B’};’) = A (B;‘)(R)) and we have deduced s(R) =
R, then we obtain the equality

A (BR)  Ai(BY)
Vol (S2) Vol (S¥)

and hence, by Corollary 4.5, A (Bﬁ”) = A (Bﬁ’) forall k > 1 and forall0 < r < R.
Finally, as equality A (B%’ )= A (B‘;’( R)) implies equalities Ay (Bﬁ") = A (Bﬁ” ), for

all k > 1 and for all r €]0, R], we have that, given BrM C M in a Riemannian manifold
(M, g) with r €]0, R], (see [24] and [7]):

my o KA (BY)
)‘-I(Br ) - k1i>n010 Ak (Bf’f)
kAL
= lim B " *1(B2). (4.44)
O

Corollary 4.9 Let (M", g) be a complete Riemannian manifold and let (M}, g.,,) be a
rotationally symmetric model space with center o, € M, balanced from above. Let o € M
be a point in M and let us suppose that inj(o) < inj(oy). Let us consider a metric ball
B%(O), with R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of
the geodesic spheres in M and M, satisfies

Hso < (2)Hgy forall 0 <r <R. (4.45)
Then

A1 (BY) = Edtp VolBY). (4.46)

Proof Assuming that Hso < Hgm forall 0 < r < R, we use Eq. 4.42 to obtain, having

r

into account that E_Y“ZR) r) < ES“’(R)(O) Vr €]0, s(R)],
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Al (B%):/ME,”{da < /ME‘;;da
Bl Bie (4.47)
= / § E% d5 < » E{lg dG < E{g, (0)Vol(BY).
s(R) s(R)
O

Remark 4.10 As (M}, g.,) is balanced from above, then (qw(r)) > 0, s0 g, (r) is non-
decreasing with r. Then, as E  (r(x)) = ¥ (r(x)) = fs“” 4o (1) dt, we have that

r(x)
Vol Bz, (0))

s(R)
SRy (0) = / do () dt < s(R)qu(s(R)) = s(R) ——=-
0 Vol (R)(Oa))>

SO

A (B%) < Bz, (0)Vol(BY) < s(R) —————2-Vol(BY).

(s
Vol (B z)(0.))
)

Vol (S%(, (@)

5 Cheng-type First Dirichlet Eigenvalue Comparison and the
Determination of the Moment Spectrum of a Geodesic Ball

Finally, as a corollary of the previous results, we have in Theorem 5.1 a Cheng-type first
Dirichlet eigenvalue comparison, (see [8]). On the other hand, in Corollary 5.2, we have
been able to show that, under our hypotheses, the first Dirichlet eigenvalue of geodesic balls
determines its exit time moment spectrum and its Poisson hierarchy.

Theorem 5.1 Let (M", g) be a complete Riemannian manifold and let (M}, 8,) be a
rotationally symmetric model space with center o, € M}. Let o € M be a point in M
and let us suppose that inj(o) < inj(o,). Let us consider a metric ball Bg’(o), with
R < inj(0) < inj(oy). Let us suppose moreover that the mean curvatures of the geodesic
spheres in M and M, satisfies

Hgo < >) Hs;_W forall 0 <r <R. (5.1
Then we have the inequalities
M(BR) < (=) M(BR) (5.2)

where By is the geodesic ball in M) .
Equality in any of these inequalities implies that

HS,w = HS,M forall0 <r <R
and hence, we have the equalities

(1) Equality ﬁ;",R = up g on B;‘?’[(o) for all k > 1, and hence, equality ﬁi)’r = Uk, ON
Bf”(o)for allk > 1 and forall0 <r < R.

(2) Equalities Vol (Bf) = Vol (Bﬁ”) and Vol (Sﬁ’) = Vol (Sf’f) forall 0 <r <R.

(3) Equalities Ay (Bf’) = A (By),for allk > 1 and forall0 < r < R.
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Namely, the first Dirichlet eigenvalue determines the Poisson hierarchy, the volume, and the
L'-moment spectrum of the ball BrM (0) forall0 <r < R.

Proof The proof follows the lines of the proof of Theorems 6 and 7 in [24]. This technique
is based in the the description of the first Dirichlet eigenvalue of a smooth precompact
domain D in a Riemannian manifold given by P. McDonald and R. Meyers in [32].

When D = B%, we have

(5.3)

k Ay (Bg
)»ﬂB%’):sup!nZO hm sup(z) F(/(k(—i—l; oo}

Let us assume first that Hgo < Hsy, forall0 < r < R. Then, we have, by Corollary
4.5, that

Ac(BR) _ Ac(BR)
Vol(S4) = Vol(5%)
On the other hand, by Corollary 3.5:

forall k € N. 5.4

Vol (S¥) N Vol(BY) N
Vol(5%) = Vol(BY) ~

(5.5)

Then, using inequality (5.4) the set

. k Ay (BR) Vol(SM)

is included in the set

k Ay (Bg
d { s (3) rz;fﬂim} ,

so we have, using this last observation and inequality (5.5),

M
A (BY) = sup[ﬂ 20: lim SuP(z)k% B oo}

_ Y. 1 k Ag(B) Vol(S¥)
Zsupyn = m sup (2) T(k + 1) Vol(S%) =

_ Vol(Sy) . k Ar(BR)

= VOl(S%)sup{n >0: hm sup(z) Tkt D) oo}
_ Vol(Sy)
~ Vo 1(S%)

(5.6)

o MBR) = A (BR).

If we assume Hgo > Hgwm, forall 0 < r < R, then we obtain A;(Bg) > )\1(3%) with
the same argument, invertiné all the inequalities.

Finally, equality A1(Bg) = )Ll(Blfé’l ) implies that all the inequalities in (5.6) are
equalities, so we have the equality in the inequality (5.5), (namely, the equality in the
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isoperimetric inequality (3.8) in Corollary 3.5), and moreover the equality between the vol-
umes Vol(BR) = Vol(BI’;”) and Vol (S%) = Vol (S%). Hence, we have, by Corollary 3.5,
the equalities

Hgo = HSﬁ” forall0 <r <R

and, in its turn, equalities Vol(B/) = Vol(BrM) and Vol (S‘;’) = Vol (Sf’f) Vr €]0, R].
Assertions (1) and (3) follows from Proposition 3.2 and Theorem 4.4. O

We finish the paper with a consequence of Theorems 5.1 and 4.4 which summa-
rizes the relation between the first Dirichlet eigenvalue, the L'-moment spectrum and
the Poisson hierarchy of the geodesic balls B{,}” (0) of a Riemannian manifold which
satisfies our restriction on the mean curvatures of the geodesic spheres included in it,
SM(0),r < R.

Corollary 5.2 Let (M", g) be a complete Riemannian manifold and let (M)}, g,) be a
rotationally symmetric model space with center o, € M. Let 0 € M be a point in M and let
us suppose that inj (o) < inj(oy). Let us consider a metric ball B,’gl(o), with R < inj(o) <
inj(oy). Let us suppose moreover that the mean curvatures of the geodesic spheres in M
and M, satisfies

Hso < () HSQ/’ forall O0<r <R. 5.7
Then, the following equalities are equivalent:
(1) A1(BR) = M(BR).
(2) Ak(BY) = Ax(BY) Vi > 1.
(3) g =urgr Vk>1inBy.

Moreover, equality Hgo = HSV forall 0 < r < R implies any, (and hence, all), of the
equalities (1), (2) and (3).

Proof We are going to prove these equivalences. We first assume that
Hso < Hgu forall O <r <R.

We see first that equality (1) implies equalities (3), namely, that the first Dirichlet eigen-
value of the geodesic ball B% determines its Poisson hierarchy. To do that, we start with
the last observation in Theorem 5.1, namely, that equality A1(Bg) = A (B}‘e’l ) implies that
all the inequalities in (5.6) are equalities, so we have the equality in the inequality (5.5),
(namely, the equality in the isoperimetric inequality (3.8) in Corollary 3.5), and moreover
the equality between the volumes Vol(B?) = Vol(B}) and Vol (S?) = Vol (S¥) for all
r € [0, R]. Hence, we have, by Corollary 3.5, the equalities

Hgo = HSﬁ” forall0 <r < R.

Then, by Proposition 3.2, we have that u}’ , = u1, on B g’ . Hence we conclude equality

lZ;iR = Uy, g on B;‘{I (o) for all k > 1 using assertion (3) in Theorem 4.4. We have concluded
that (1) implies (3).

To see that equality (1) implies equalities (2), we compute now as in Corollary 4.5: for
all k > 1, we have that, as Vol (S?) = Vol (S¥) for all r € [0, R,
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1

Ae (BY) = fo)g I’ik,R do = il fBI;g AM“k-il-l,RdU
= i fBM AM”k+1 rdo = ) Izk_/'_LR(R)VOI (S%) (5.8)
A BR) vy sy = 4, (B9)
Vol (S%) R R

and hence we have equalities (2).
To see that equalities (2) implies equality (1), i.e., that the exit time moment spectrum of
B ;‘2’1 determines its first Dirichlet eigenvalue, we compute, using Theorem A in [24] and as
Ay (BY) = A (BY) Vk > 1:
kA (BY)
koo A (BY)
kA1 (B%
= lim —EL R (w )
k=00 Ay (BR)
To see that equalities (3) implies equality (1), namely, that the Poisson hierarchy of the
ball Bg determines its first Dirichlet eigenvalue, we will see first that equalities (3) implies
equalities (2). Assuming that (3) is satisfied, we have that ﬁi’, R = Uk,R ON BIAQ” (o) for all
k = 1.In particular, uf p = ui g on Bl’é” (0), so, by Corollary 3.6, Vol (S‘r") = Vol (Sf”) and
Vol (Bﬁ’) = Vol (Bf’l) for all r €]0, R] and, hence, given r €]0, R], and for all k > 1,

M(BY) =

= M1(BY). (5.9)

M M
Ay (BR) = fle\g I:k,R do = —m fBll‘g A ukJ;LRd(T
T Tkt fB% AMap,, pdo = Tk+1 ity g (R)Vol (SF)
Ai (B)
="~ R vol (S¥) = A, (BY
VOl (S%) ( R) k( R)
so we have inequalities (2). Now, we use equation (5.9) to obtain (1). O
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