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Abstract

In a “claims problem” (O’Neill 1982), a group of individuals have claims on a resource
but its endowment is not sufficient to honour all of the claims. We examine the follow-
ing question: If a claims problem can be decomposed into smaller claims problems,
can the solutions of these smaller problems be added to obtain the solution of the origi-
nal problem? A natural condition for this decomposition is that the solution to each
of the smaller problems is non-degenerate, assigning positive awards to each claimant.
We identify the only consistent and endowment monotonic adjudication rules satisfying
this property; they are generalizations of the canonical “constrained equal losses rule”
sorting claimants into priority classes and distributing the amount available to each
class using a weighted constrained equal losses rule. The constrained equal losses rule
is the only symmetric rule in this family of rules.
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1 Introduction

A “claims problem” (O’Neill 1982) models a situation where a group of individuals
have claims on a resource but its endowment is not sufficient to honour all of the claims.
Research on the problem attempts to shed light on basic questions of distributive justice.
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The seminal contributions studied the division of the liquidation value of a bankrupt firm
among its creditors (O’Neill 1982; Aumann and Maschler 1985) and the distribution of a
tax burden among citizens differing in their taxable incomes (Young 1987, 1988).

The literature on the claims problem evaluates the allocation mechanisms, or
rules, examining their normative and practical properties.! In this paper, we con-
sider the following stability property: when a problem can be separated into smaller
problems by fractioning individual claims and the endowment across these, the allo-
cations recommended for the smaller problems should add up to the allocation rec-
ommended for the original problem. This additivity property is appealing from an
accounting perspective, since it enables the allocation of a grand budget to be decen-
tralized into area-specific budgets.

When can a claims problem be separated? Upon closer inspection, separating arbi-
trary problems and then adding their solutions is unjustified. For instance, consider the
distribution of a million euros among individuals A and B, each holding a claim of one
million euros. Taken naively, additivity would allow us to separate this problem into
two smaller problems. In the first problem, a million euros are to be distributed, A has
a claim of a million euros, and B has a claim zero euros. In the second problem, zero
euros are to be distributed, A has a claim of zero euros, and B has a claim of a million
euros. The only overall solution to these problems involves A receiving one million
euros. This particular separation is arbitrary, favouring A, and is, thus, incompatible
with basic equity properties in the original problem. To overcome this pathological
case, we only require additivity when the allocation recommended for each smaller
problem is non-degenerate, assigning positive awards to each claimant.

We identify the family of all rules satisfying this modified version of additivity
property as well as “consistency” and “endowment monotonicity”. The rest of the
paper is organized as follows. Section 2 introduces the claims problem, notation, and
defines the constrained equal losses rule and its asymmetric extensions. Section 3
discusses the axioms involved in our analysis and presents the main results. Sec-
tion 4 contains the proofs. Section 5 concludes by discussing further corollaries of
our results and a conjecture.

2 Model

An endowment of a divisible resource is to be distributed among a group of claim-
ants drawn from a finite set A with |A| > 3.2 Let A/ denote the collection of all pos-
sible claimant groups drawn from A. For each N € NV, a claims problem is a pair
consisting of a profile of claims and an endowment (c, E) € IR’J\: X R,, such that
YnC = E.Foreach N € N, let C" denote the collection of claims problems involv-
ing the claimants in N. An allocation for (¢, E) € CVis a profile z € IRQ’ such that

! See Thomson (2003, 2015) and Moulin (2002) for surveys. A forthcoming book (Thomson 2019)
offers an overview of this literature.
2 The basic mathematical notation is as follows: Let {¥,},c; be a family of sets ¥; indexed by I. Let

Y = X, Y. For each y € Y/ and each J C I, we denote by y, the projection of y onto ¥’. If x,y € R/,
then x > y(x > y) means that, for eachi € I, x; > y;(x; > y;).
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Yvz =E and, for eachi € N, z; < ¢;. We refer to z; as the award of claimant i and
to ¢; — z; as her loss. Let Z(c, E) denote the collection of all allocations for (c, E).
An adjudication rule is a function f recommending an allocation for each possible
claims problem: for each N € A/ and each (¢, E) € eV, f(c,E) € Z(c,E).

For each rule f, its dual (Aumann and Maschler 1985) is the rule g defined by set-
ting for each (¢, E) € eV,

gc.E)y=c —f<c, Y- E)

ieN

2.1 Rules

In this paper, we examine the relationship between additivity properties and two
canonical rules attributed to medieval philosopher Maimonides (Aumann and
Maschler 1985): the “constrained equal losses” and the “constrained equal awards”
rules.

The constrained equal losses rule, denoted by CEL, equalizes the losses
imposed on claimants subject to the constraint that no claimant receives a negative
award: for each (¢, E) € C" and eachi € N,

CEL(c,E) = max{0,c; — A},

where A € R, is chosen so as to satisfy ¥,y max{0,¢; =1} = E.

The constrained equal losses rule can be extended to allow for asymmetric treat-
ment, by equalizing the weighted losses imposed on claimants (Moulin 2000).?
The weighted constrained equal losses rule corresponding to a weights profile
w e RA | denoted by CEL", is such that for each (¢, E) € C" and eachi € N

++

CELIY"(C, E) = max{0,c; — w;A},

where A € R, is chosen so as to satisfy ), max{0, ¢;—wjA} =E.

A weighted constrained equal losses rule can be further extended to include pri-
ority classes, whereby claimants in lower priority classes receive awards conditional
on full compensation among those in higher classes (Moulin 2000). We refer to such
a rule as priority-augmented weighted constrained equal losses rule, or PWCEL
rule. Formally, a rule fis a PWCEL rule, if there is a partition of A into n < |A|
non-empty priority classes A, ...,A, and a weights profile w € IRﬁ‘r . such that, for
each N € N and each (c, E) € C", fic, E) can be computed sequentially as follows:

3 Moulin (2000) refers to these rules as “weighted losses rules.”
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foreachie NnA,, f(cE)= CELW(CNnAlvEl)s

where Ey = min{} v, ¢, E};

foreachie Nn4,, fi(c,E)= CEL"(cypa, - Es
where E; = min{ZNnA, Cj» E - ZNH[AIU-~-UA,,1]f}(C’ By}

In the special case where each of the sets A4,,...,4, is a singleton, we refer to the
resulting rule as a priority rule.

The constrained equal awards rule, denoted by CEA, equalizes awards subject
to the constraint that no claimant receives more than her claim: for each (¢, E) € C¥
and eachi € N,

CEA/(c,E) = min{c,, A},

where A € R, is chosen so as to satisfy 3,y min{c;, A} = E.
Like the constrained equal losses rule, this rule can also be generalized to allow
for weights and priority classes (Moulin 2000).

3 Axioms, results, and duality
3.1 Axioms

We start recalling the two classical properties of adjudication rules, consistency
and endowment monotonicity. Consistency is a basic property in the theory of dis-
tributive justice; it requires that if an allocation is considered desirable for a group
of individuals, then it should remain so when restricted to each sub-group (Young
1987). More precisely, suppose that a rule is applied to settle a claims problem and a
group of claimants is withdrawn along with their awards. If the situation is re-evalu-
ated from the viewpoint of those who remain, in distributing the remaining endow-
ment, a consistent rule assigns the same awards it did initially.

Consistency: For each pair N’,N € A such that N’ C N, each (c,E) € C", if
x = f(c, E), then, for eachi € N, x; = fi(cyr, D x;)-

Whereas consistency allows us to deduce that an allocation is desirable for each
pair of individuals from its overall desirability, its converse allows us to deduce the
desirability of an overall allocation from its desirability for each pair of individuals.

Converse consistency: For each N € N, each (¢, E) € C", and each x € Z(c, E),
if, for each pair {i,j} C N,f(c{ilj},xi + xj) = X(i then f(c,E) = x.

The following two properties are standard:

Endowment monotonicity: For each (¢, E) € C" and each E’ € [0, E],

f(e.E') < f(c.E).

Endowment continuity: For each ¢ € IR’X , f(c, ) is continuous.
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Endowment monotonicity implies endowment continuity. We say that a rule sat-
isfies bilateral endowment monotonicity if it satisfies endowment monotonicity
for the two-claimant case.*

We now examine additivity in claims problems.’ Additivity requires the overall
allocation is invariant to whether two claims problems are solved independently or
jointly, by aggregating each individual’s claims on the aggregate endowment.

Additivity: For each pair (c, E), (', E") € C",

fe,E)+f(,EY=Ff(c+,E+E).

Despite appearing natural at first sight, the condition is demanding. Consider the
example in the introduction stated formally:

Example 1 Let i,j € A and (c*, E*) € C'"/) be such that c¢* = ¢ = E* = 1. Note that
(¢*,E*) can be decomposed into (c,E),(c',E’) € C'! where ¢=E=1¢=0,
c; =F =0, and cl’ = 1. Then, the definition of an allocation and additivity imply
that, for each rule f, fi(c*, E*) = 1 and fi(c*,E*) =0.

Bergantifios and Méndez-Naya (2001) and Bergantifios and Vidal-Puga (2004)
use similar examples to show that, in fact, no rule satisfies additivity.6 Another dif-
ficulty is that it requires ignoring an individual’s claim by transferring it into a sub-
problem with a null-endowment.

To rule out pathological cases featuring arbitrary transfers of claims and endow-
ments across the subproblems, we consider a weaker property: additivity holds con-
ditional on all individuals receiving positive awards in each of the smaller problems.

Positive-awards-conditional additivity: For each pair (c, E), (¢, E') € C" such
that f(c, E) > Oand f(c',E') > 0, f(c,E) +f(c',E') =f(c+,E+ E).

For brevity, we refer to the above property as PAC additivity.

3.2 Results

The following lemma establishes that each PWCEL rule satisfies all of the proper-
ties that we will invoke. A proof can be found in the Appendix.

4 If a rule is consistent and satisfies bilateral endowment monotonicity, then it is endowment monotonic
in general (Lemma 3.4 in Dagan et al. 1997); endowment monotonicity is then said to be “lifted” by con-
sistency from the two-claimant case (Hokari and Thomson 2008).

5 Additivity properties are important in the analysis of many allocation problems, most prominently
in cooperative games (starting with the seminal work of Shapley 1953) and cost sharing (Young 1985;
Moulin 2002).

% This impossibility has motivated weaker yet meaningful properties. For example, a rule may be
required to be additive only on the endowment, f(c, E) + f(c, E') = f(c, E + E'). This axiom is only sat-
isfied by the proportional rule (Chun 1988). Relaxing the property further yields a substantially larger
family of rules (Harless 2017). Marchant (2008), Alcalde et al. (2014), and Arin et al. (2017) consider
properties obtained by restricting the domain of problems over which additivity is imposed.
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Lemma 1 The PWCEL rules satisfy consistency, endowment monotonicity, endow-
ment continuity, PAC additivity, and converse consistency.

We can now state our result:

Theorem 1 A rule satisfies consistency, endowment continuity, and PAC additivity if
and only if it is a PWCEL rule.

The axioms in Theorem 1 are logically independent (see Table 1 in the Appen-
dix). Each PWCEL rule is not only endowment continuous, but continuous in both
the claims and the endowment (a standard property used by Young 1987). Moreo-
ver, since each PWCEL rule is endowment monotonic, and hence endowment con-
tinuous, our main result is a corollary of Theorem 1:

Corollary 1 A rule satisfies consistency, endowment monotonicity, and PAC additiv-
ity if and only if it is a PWCEL rule.

The basic equity condition in claims problems specifies that claimants with equal
claims receive equal awards:

Equal treatment of equals: For each (¢, E) € C" and each pair i,j € N such that
¢; = ¢, fi(e, E) = fi(c, E).

Since the only PWCEL rule satisfying equal treatment of equals is the constrained
equal losses rule, the following is a corollary of Theorem 1 as well:

Corollary 2 A rule satisfies consistency, endowment continuity, PAC additivity, and
equal treatment of equals if and only if it is the constrained equal losses rule.

The axioms in Corollaries 1 and 2 are also logically independent (see the
Appendix).

3.3 Duality

The following axiom is linked through duality to PAC additivity and is used in the
axiomatic derivation of the PWCEL rules.

Positive-losses-conditional additivity: For each pair (c, E), (¢, E') € C¥ such
that f(c,E) < cand f(c',E") < ¢, f(c,E)+f(c',E')=f(c+,E+E").

For brevity, we refer to the above property as PLC additivity.

We say that two properties are dual if whenever a rule satisfies one of them, its
dual satisfies the other (Thomson and Yeh 2008).

Lemma 2 PAC additivity and PLC additivity are dual.
Proof Let f denote a rule satisfying PAC additivity and let g denote its dual rule.

Let (c,E),(c’,E') € CY be such that g(c,E) < c and g(c’,E') < ¢’. Thus, letting
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C=YeycandC =3,y cl, f(c,C—E)>0and f(c',C’' — E') > 0. Since f satis-
fies PAC additivity,

fle,C=E)+f(,C'—EY=f(c+,C+C —E-E. )
By definition, g(c,E) + g(c',E')=c—f(c,C—-E)+ —f(c',C' —E"). Thus, by
(1),
g, E)+g(d,EN=c+ —flc+,C+C —E-EY=g(c+,E+E),
as desired.
Conversely, if a rules satisfies PLC additivity, then its dual satisfies PAC
additivity.
Let g denote a rule satisfying PLC additivity and let f denote its dual rule.
Let (c,E),(c’,E') € CY be such that f(c,E)> 0 and f(c’,E') > 0. Thus, letting

C=YycandC' =Y. ¢, gc,C—E)<candg(c,C' —E') <. Since g satis-
fies PLC additivity,

glc,C—E)+g(d,C'—EY=g(c+,C+C —E-E"). 2)

By definition, f(c,E)+f(c,E')=c—g(c,C—E)+c" —g(c,C' —E"). Thus, by
(),

fe,EY+f(',EY=c+ —glc+,C+C —E-E)=f(c+,E+E),

as desired. O

The next lemma shows that PLC additivity implies that increasing the claims of
a claimant does not change the outcome whenever no claimant achieved her claim.

Lemma 3 Let f denote a rule satisfying PLC additivity. Then, for each (c,E) € CV
and each ¢’ € [R]J\r’ such that f(c,E) < c <, f(c',E) =f(c,E).

Proof Let f denote a rule satisfying PLC  additivity.  Let
(c,E)eC” be such that f(c,E)<c¢ and ¢ >c¢. By PLC additivity,
f(E)=f(c+ (' —c),E+0)=f(c,E)+f(c' —c,0). Since f(c' —¢c,0)=0,
f(',E) =f(c,E), as desired. O

A dual analysis of the results above concludes that (relying on Lemma 2), if we
replace PAC additivity by PLC additivity, then we obtain the dual results of Theo-

rem 1 and Corollaries 1 and 2.

Corollary 3 (Dual to Theorem 1). A rule is consistent, endowment continuous, and
satisfies PLC additivity if and only if it is a PWCEA rule.

Analogously,
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Corollary 4 (Dual to Corollary 1). A rule satisfies consistency, endowment monoto-
nicity, and PLC additivity if and only if it is a PWCEA rule.

And,

Corollary 5 (Dual to Corollary 2). A rule satisfies consistency, endowment continu-
ity, PLC additivity, and equal treatment of equals if and only if it is the constrained
equal awards rule.

The axioms in Corollaries 3, 4, and 5 are logically independent. Their independ-
ence follows from the independence of the axioms in the original axiomatization.

4 Proofs

To prove Theorem 1, we proceed in two steps, corresponding to the following
subsections. In the first step, we consider the implications of PAC-additivity and
endowment continuity in two-claimant problems (Lemmata 4 and 5 below). Here we
establish that, if a rule is endowment continuous and its dual satisfies PAC additiv-
ity, then it is either a weighted constrained equal awards or a priority rule (Lemma
6). The dual of a weighted constrained equal awards or a priority rule is a weighted
constrained equal losses rule or a priority rule (Lemma 7).

The second step of the proof uses consistency to extend the two-claimant result to
general claims problems. It relies on the fact that the PWCEL rules satisfy the prop-
erty of “converse” consistency.

4.1 Two-claimant problems

The lemma below states that, for problems with two claimants, the additivity axioms
jointly with endowment continuity imply endowment monotonicity.

Lemma 4 If a rule satisfies endowment continuity and either PAC or PLC additivity,
then it is bilaterally endowment monotonic.

Proof Let g denote a rule satisfying endowment continuity and PLC additivity. Let
i,jEAandc € IRE:’”. We first prove that, for each pair E, E’ € [0, c; + cj],

E<E . g(c,E)<c, and g(c,E") < c imply g(c, E) < g(c, E'). (3)

Let E and E’ be as specified in (3) and let ¢’ € Rﬂj’” be such that £ — E < min{c], cj’. 3
In (c,E' —E), neither i nor j can feasibly be awarded their claim,
0 < g(c',E' — E) < . By PLC additivity,

@ Springer



Additive adjudication of conflicting claims

Lj

E

0

Fig. 1 Illustration of the proof of condition (4) in Lemma 4

glc+ EN=glc+,E+E —E)=g(c,E)+g(c,E' —E) > g(c,E).

Since g(c,E") < ¢, by Lemma 3, g(c + ¢’,E") = g(c, E'). Thus, g(c,E) < g(c, E),
establishing (3).
Let

E, =min{E € [0,c; + cj] 1 8i(c,E)=c¢;},
E;=min{E € [0,¢; + ¢;] © gi(c,E) =¢;}.

Since g is endowment continuous, E; and Ej are well defined. Without loss of gener-
ality, suppose that E; < E;. We will prove that

foreachE € [E;,c; +¢;], g;(c,E) =c; @)
By way of contradiction, suppose that there is E* € [E}, ¢; + ¢;]such thatg;(c, E*) < ¢;.
By endowment continuity, the set {x € Ri"” :x=g(,FE)E€ [Ej, c; + cj]} is a con-
tinuous path in Ri"’} connecting g(c, E;) and ¢, and containing g(c, E*), as illustrated
by the thick curve in Fig. 1. Thus, there are E|, E, € [Ej,E*] such that g(c,E)) < c,
g(c, E,) < c,and E| < E, where it is not true that g(c, E;) < g(c, E,), as illustrated in
Fig. 1. This contradicts (3). This contradiction establishes (4).

To conclude the proof, note that by (3), g;(c, ) and g;(c, -) are non-decreasing on
[0, Ej). By (4), for each E € [Ej,c,- + cj], gi(c,E)=E - ¢ and gj(c, E) = Cj. Thus,
gi(c,+) and gj(c, -) are non-decreasing on [Ej, c; + cj]. Thus, g;(c,-) and gj(c, -) are
non-decreasing on [0, ¢; + cj]. Recall that the claimants i, j and the claims profile ¢
were chosen arbitrarily, and thus g is bilaterally endowment monotonic.

Let f denote a rule satisfying endowment continuity and PAC additivity. Then,
immediately, the dual of f satisfies endowment continuity and PLC additivity. By the
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argument above, the dual of f'is bilaterally endowment monotonic. This immediately
implies that fis bilaterally endowment monotonic. O

The next lemma shows that PLC additivity jointly with endowment monotonic-
ity implies a linearity-type property (endowment linearity) whenever no claimant
achieved her claim.

Lemma 5 Let g denote a rule satisfying bilateral endowment monotonicity and
PLC additivity. Then, for each N € N such that |N| =2, each (c,E) € C, each
E' € [E, Y c,]such that g(c,E') < ¢, and each a € [0, 1],

glc,aE' + (1 — @)E) = ag(c, E') + (1 — a)g(c, E).

Proof Let g denote a rule satisfying bilateral endowment monotonicity and
PLC additivity. By PLC additivity, for each k € N and each (c, E) € C" such that
8(c.E) <,
g(ke,kE) = kg(c, E). 3)

Let(c,E) € CN and E' € [E, Y ¢;]1be such that g(c, E’') < ¢, and a € [0, 1].

Case I: a = 5 where p,q € N and p < g. By bilateral endowment monotonicity,
sinceE' > E,c > g(c,E") > g(c, §E’ + @E). By PLC additivity and (5), we have
that,

q- g<c, ;—)E’ + @E) = g(gc,pE' + (q — p)E) = pg(c, E") + (¢ — p)g(c, E).

It follows that,
- LE' - E
g(“ P+ p)E> e ag(c, E") + (1 - a)g(c, E),
q q
as desired.

Case 2: a € [0, 1]\ Q. Take an increasing sequence of rational numbers {«, } and
a decreasing sequence of rational numbers {f,}, both converging to a. By bilateral
endowment monotonicity, for each ¢,

gle,oE' + (1 = a)E) < g(c, aE" + (1 — »)E) < g(c, B,E' + (1 = B)E).
By Case 1,
a,8(c, E") + (1 — a)g(c, E) < gle,aE' + (1 = 0)E) < f,g(c, E") + (1 = B)g(c, E)

Letting r — oo, g(c, aE' + (1 — @)E) = ag(c, E') + (1 — a)g(c, E), as desired. O

The lemma below shows that if a rule satisfies bilateral endowment monotonicity
and PLC additivity, then we obtain either a weighted CEA rule or a priority rule.
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Lemma 6 Let g denote a rule satisfying bilateral endowment monotonicity and PLC
additivity. Then, for each pairi,j € A, one and only one of the following statements
is true:

(1) There is w > 0 such that, for each (c,E) € C“‘”,
gi(c, E) = min{c;, A},
gj(c, E) = min{c;, wh},
where A € R, is chosen so as to satisfy min{c;, A} + min{c;, wA} = E.

(i) There is k € {i,j} such that, for each (c,E) € clidh, gi(c, E) =min{c,, E}.

Proof Let g denote a rule satisfying bilateral endowment monotonicity and PLC
additivity and leti,j € A. The proof consists of three claims.

Claim 1 Suppose that there is (c, E) € C'" such that 0 < g(c, E) < c. Then, there is
® > 0 such that, for each E' € [0,¢; + ¢l

g:(c,E") = min{c;, A},
g(c, E') = min{c;, wh},
where . € R is chosen so as to satisfy min{c;, A} + min{c;, oA} = E'.
Let (¢, E) € C'" be such that 0 < g(c, E) < c and define w = %. By Lemma 5,
for each a € (0, 1], ‘
g(c,aE) = g(c,aE + (1 — a)0) = ag(c, E) + (1 — a)g(c,0) = ag(c, E) > 0.

Thus, {x € [Rii‘i} :x=g(c,e),e € [0,E]} is a line with a constant slope of ® con-
necting g(c, 0) to g(c, E), as illustrated in Fig. 2. Let

E; =minfe € [0,¢c; + ¢] : gi(c,e) = ¢},

Ej = min{e € [0,¢; + cj] : gj(c, e) = cj}.

Since g is bilaterally endowment monotonic, g(c, -) is continuous and thus, E; and Ej
are well defined. Without loss of generality, suppose that E; < E;. By definition, for
each E' < E; g(c, E’) < ¢. Thus, by Lemma 5, for each « € (0, 1),

g(c,akE;) = g(c,ak; + (1 — a)0) = ag(c, E)) + (1 — a)g(c, 0) = ag(c, E;) > 0.
This implies that the set of points {x € IRE:‘” :x=g(c,e),e €[0,E;]} is a line con-

necting g(c, 0) to g(c, E)). Since there is a € (0, 1) such that E = aE;, the slope of
this line is w, as illustrated in Fig. 2. Thus, for each E’ € [0, Ej],
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[ Je

E|. 9(c, Ej)

"9(c, E) >0

9(c,0)
A E E; Ti

Fig. 2 Illustration of the proof of Claim 1

g:(c, E") = min{c;, M}andg,(c, E') = min{c;, @)}, where)

€ R, is chosen so as to satisfy min{c;, A} + min{c;, wA} = E'.

By bilateral endowment monotonicity, the same is true for each E’ € [E;, c; + ¢;l.

Claim 2 Suppose there is no (c,E) € CYY such that 0 < g(c,E) < c. Then, for each
(c,E) € C'"), either g(c, E) = min{c;, E} or g,(c, E) = min{c;, E}.

This follows immediately from the assumption that there is no (c, E) € C!¥!
such that 0 < g(c, E) < ¢ and the fact that, since g is bilaterally endowment mono-
tonic, g(c, -) is continuous.

Claim3 Let (¢, E) € C'). We have:

() If there exist A€ R, and w>0 such that g(c,E) =min{A,c;} and
gj(c, E) = min{wh, ¢;}, then, for each (', E" e i}, g(c E"= min{%’,c;}
and g;(c', E") = min{w)’, cj’.} where ' € R is chosen so as to satisfy

min{}\, ¢/} + min{a)}\’,cj’,} =F.

(ii) Ifg,(c, E) = min{c;, E}, then, for each (¢',E') € C{""{'}, gi(c,E)= min{c;, E'}.
(iii) If g;(c, E) = min{c;, E} then, for each (', E') € clivt, gj(c’, EN = min{cj’.,E’}.

We prove statement (i); the proofs of (ii) and (iii) are analogous. Let
(c,E) € C'"9' and suppose that gi(c, E) = min{},¢;} and gi(c, E) = min{wh, ¢;}
where
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min{A, ¢;} + min{wk, ¢;} = E and w > 0.

Let (¢, E") € C'¥). Let ¢ A ¢/ be the claims profile such that (¢ A ¢"); = min{c;, ¢/}
and (cACc'); = min{cj,cj’.}. Let E” > 0 denote an endowment strictly smaller than
both ¢; A clf and ¢; A c]f. Then, g(c Ac',E") < cAc’. By Lemma 3, ¢ A ¢ < ¢ implies
g(c,E"y=glcAc',E"). By Claim 1,

for each E € [0, (¢; Ac)) + (¢; A c]’.)], gle Al E) = g(c,E).

Therefore, g recommends allocations for both claims profiles ¢ and ¢ A ¢’ following
the same ray starting from the origin. Similarly, by Lemma 3, ¢ A ¢ < ¢’ implies
g, E"y=(cAc,E"). By Claim 1,

for each E € [0, (c; Ac)) + (¢; A c]’,)], glcnc E)=g(cE).

By Claim 1, g,(c’,E’) = min{}A,c}} and g;(c’, E') = min{w, cj’.} where A € R, is
chosen so as to satisfy min{A, c; } + min{wA, c]’.} = E’, Combining the above claims
establishes the Lemma. O

The lemma below shows that if a rule satisfies endowment continuity and PAC
additivity, then we obtain either a weighted CEL rule or a priority rule.

Lemma 7 Let f denote a rule satisfying endowment continuity and PAC additivity.
Then, for each pairi,j € A, one and only one of the following statements is true:

(i) There is w > 0 such that, for each (c, E) € C'"!,
fi(c, E) = max{0, ¢; — 1}
fi(c, E) = max{0,¢; — wh},

where A € R, is chosen so as to satisfy max{0, ¢; — A} + max{0,¢; — wr}= E.
(i) Thereis k € {i,j} such that, for each (c,E) € clisy, fi(c, E) = min{c,, E}.

A proof can be found in the Appendix.

4.2 Proof of Theorem 1

By Lemma 1, each PWCEL rule satisfies the axioms in Theorem 1. Conversely, let f
denote a rule satisfying the axioms in Theorem 1. We will prove that fis a PWCEL
rule.

For each pairi,j € A, define

i ~ jif and only if Statement (i) in Lemma 7 holds,

i > j if and only if Statement (ii) in Lemma 7 holds for k = i,
j > iif and only if Statement (ii) in Lemma 7 holds for k = j,
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jziifeitheri > jori~j.
By Lemma 7, for each pairi,j € A,

i~j & thereis o > 0 such that, for each (¢, E) € C(ij),
fi(c, E) = max{0,c; — A} and];(c, E) = max{0, ¢ = o)}, where L € R, (6)

is chosen so as to satisfy max {0, ¢; — A} + max {0, ¢ - w\} =

Throughout the rest of the proof, for each pair i,j € A such thati ~ j, we will use the
notation w;; for the corresponding parameter w in (6).

Completeness and transitivity of >: Completeness follows immediately from
Lemma 7. To establish transitivity, let i,j, kK € A be such that i > j = k. We need to
show that i > k. By way of contradiction, suppose that this is not true, so that k > i.
Let (c, E) € C'"* be such that ¢; = 1/w; and ¢; = ¢, = E = 1. Let x = f(c, E). By
consistency, ' '

Xy =Sy X+ X)) Xy = F(Cprys X + X0, Xy =F €y X+ X0 (7)
Thus’®

i~j and x;+x,>0 = x>0, 8)

1

J~k and x;+x,=1 = x>0,x>0, )

and, by the definition of >,
k>i = x;=0. (10)

We consider four cases:

(@) i>j> k.By the definition of > and (7), i > j implies x; = 0 and j > k implies
x; = 0. Since x; + x; + x, = 1, x; = 1, contradicting (10) Thus, i > j > k is not
possible.

(b) i~j~k.Bythe(9),x; =0. Thus, X +x = 1. By 9), x; > 0.By(8),x;>0,a
contradiction. Thus, i ~ j ~ k is not possible.

(¢) i~j>k. By the definition of > and (7), j> k implies x, =0. Since
X +x+x = 1, by (10), x; = 1. By (8), x; > 0, a contradiction. Thus, i ~ j > k
is not possible.

(d) i>j~k. By the definition of > and (13), i >j implies x; =0. Since
x; +x;+x, = 1, by (10), x, = 1. By (9), x; > 0, a contradiction. Thus i>j~k
is not p0531ble

Thus, indeed, i > k, and X is transitive.

7 By (6), i ~ j implies that x; = max{0, 1 /w; — A} and x; = max{0, | —w;A}. If x; = 0, then A > 1/w;.
Thus, x; = 0. Thus, x; + X = 0, a contradiction.

8 By (6), j ~ k implies that x; = max{0,1 —A} and x;, = max{0, I —wyA}. If x; =0, then x, =1 and
A>1.Thus,1 =x;, =1 =max{0,1 — a)jkk} < 1, a contradiction.
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Construction of the priority classes: Recursively define the subsets of A:

A, ={i€eA: foreachje€A,iZzj},
Ay={i€A\A, :foreachje A\A,,iX%j},
Ay ={i€A\[A UA,] : foreachj € A\ [A, UA,L,iZj},

Since A is finite and % is complete and transitive, there is n < |A|such that A is parti-
tioned by the sets A, ... ,A,.
Construction of the weights: Let m € {1,...,n} and (c,E) € C* be such that,
foreachi€A,, c;=1and E=1. Let " = ¢ — f(c, E). Note that " > 0. We next
prove that

|A,| >2 implies that, foreachi € A,, r" > 0. (11)

Suppose, instead, that there is i €A, such that " =0 and let j€A,\ {i}.
Then, fi(c,E)=1 and f(c,E)=0. By consistency, fi(c;,1+0)=1 and
fi(c(ijy» 1+0) = 0. Thus, (i) in Lemma 7 holds, implying that i > j. However, by
definition, for each pairi,j € A,,, i ~ j. This contradiction establishes (11).

By (11), we can define a weights profile w e [R{ﬁ:Jr such that, for each
me{l,...,n}andeachi €A, w,= r§".

We make an observation regarding the relationship between the coordinates
of w corresponding to each agent. Suppose again that [A,| > 2 and let i,j € A,,.
Thus, i ~ j. Thus, by (6),

1 1

(c,E)=1— ——, f(c,E)=1- e

Jile.E) 1+ fi(e.E) 1+ a)ijwj
Thus, w;, = r"* = L andw, ==L .. Thus,

t i l+w; J J 4w, Y
. w;
foreach pairi,j € 4, — =, (12)

w

Concluding the proof: Let F denote the PWCEL rule specified by the partition
A, ..., A, and weights profile w constructed above. We prove that f = F.
LetN e N, (c,E) € CV, and x = f(c, E). By consistency,

foreach pairi,j €N, flc( X + X)) = x5 (13)
Suppose thati,j € N are such that i ~ j. Then, by (6),

x; = max{0,c; — A}, X = max{0, ¢ = a)ij%},wherex eER,

is chosen so as to satisfy max{0, ¢; — A} + max{0, ¢; — w;A} = x; +x;.

By the definition of F,
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Ficqijy- X+ %) = max{0,¢; —w;)'},  Filey; % + %) = max{0,¢; — w;A’}, where

A € R, is chosen so as to satisfy max{0, ¢; — w;\' } + max{0,¢; - w,\'} = x; + x;.
Thus, by (12),
for each pair i,j € N,i ~ j = Fi(c(;jy,%; + %) = x;, Fi(cijp. X% + X) = X, (14)
Suppose thati,j € N are such that i > j. Then, by (ii) in Lemma 7,
x; = min{c;, x; + x;}.
By the definition of F, Fy(c; ;,x; + x;) = min{c;, x; + x;} as well. Thus,
for each pair i,j € N,i > j = Fi(c(;jy,%; + %) = x;, Fi(ci 0. X% + X)) = X, (15)

By Lemma 1, F is conversely consistent. Thus, by (14) and (15) and since % is com-
plete, F(c,E) =x = f(c,E). Since N € N and (c,E) € C" were chosen arbitrarily,
F=f. O

Note that, as established in the Appendix, the axioms in Theorem 1 are logically
independent.

5 Concluding remarks

We discuss here some axiomatizations that are related to other results in the lit-
erature. For instance, Theorem 3* in Herrero and Villar (2001) states that the
constrained equal losses rule is the only one satisfying equal treatment of equals,
composition down, and minimal rights first. The result in our Corollary 2 adds con-
sistency and replaces composition down and minimal rights first by endowment
continuity and PAC additivity. Similarly, Flores-Szwagrzak (2015) says that a rule
satisfies consistency, composition down, and minimal rights first if and only if is a
PWCEL rule. Our main result in Theorem 1 replaces once again composition down
and minimal rights first by endowment continuity and PAC additivity in order to
axiomatize the PWCEL rules.

Regarding the constrained equal awards, we can invoke duality to conjecture sim-
ilar conclusions. For instance, a rule satisfies equal treatment of equals, composition
up (dual to composition down), and claims truncation invariance (dual to minimal
rights first) if and only if is a constrained equal awards (Dagan 1996). Similarly,
Flores-Szwagrzak (2015) states that a rule satisfies consistency, composition up, and
claims truncation invariance if and only if is a PWCEA rule. The result dual to Theo-
rem 1 replaces composition up and claims truncation invariance by endowment con-
tinuity and PLC additivity in order to axiomatize the PWCEA rules. Finally, if we
replace endowment continuity by endowment monotonicity in all our results men-
tioned above, we obtain the very same conclusions.

Interestingly, Flores-Szwagrzak et al. (2020) study a version of additivity where
a problem can be decomposed into two smaller problems whenever i) all individuals
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receive positive awards in each of the smaller problems, and ii) these smaller problems
keep the same claims vector.

Restricted additivity: For each ¢ € RY, and each pair E, E’ € [0, ), ¢;] such that
f(c,E) > 0and f(c, E') > 0,

f(E)+f(c,E)y=f(c+c,E+E).

In contrast, PAC additivity does not impose the restriction of keeping the same
claim vectors in the decomposed problems. Note that if we replace PAC additivity
by restricted additivity, the main result in Theorem 1 does not hold anymore since
solutions like the priority-augmented proportional rules would also satisfy consist-
ency, endowment continuity, and restricted additivity.

We finally discuss a conjecture suggested to us by Youngsub Chun, Hervé Moulin,
and José Zarzuelo. Consider the following property: for each pair (c, E), (¢, E') € C¥
such that 0 < f(c,E) < cand 0 < f(c', E") < ¢,

fe,E)+f(,EY=Ff(c+,E+E). (16)

Clearly, this property is implied by both PAC and PLC additivity. Is the family of
consistent and endowment continuous rules satisfying this property the union of the
PWCEA and the PWCEL rules? The answer is no. For a counterexample, see the
subsection Counterexample 1 in the Appendix.

Appendix

Independence of the axioms in Theorem 1, Corollaries 1 and 2, and the results
dual to them

The PWCEL rule with non trivial priorities satisfies consistency, endowment continu-
ity, and PAC additivity but does not satisfy equal treatment of equals. For instance, let
IN| =3with A, = {1}, A, = {2}, A; = {3}.
3 1 111
PWCEL( 11,1 ,-) - (1,-,0) (-,—,-).
( ) 2 2 # 2°2°2
The constrained equal awards rule satisfies consistency, endowment continuity, and
equal treatment of equals but does not satisfy PAC additivity. It is well-known that
the CEA rule satisfies equal treatment of equals. We provide a numerical example
showing that the CEA rule fails PAC additivity.
CEA((12,4,4),9) + CEA((12,4,4),16) = (3,3,3) + (8,4,4)
=(1,7,7)
#(9,8,8) = CEA((24,8,8), 25).
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The following rule satisfies consistency, PAC additivity, and equal treat-

ment of equals but does not satisfy endowment continuity. Let |N| =n and

¢=(9,7,1,...,1) € R" Let G such that for each N € A and each (c, E) € C",
When |N| =2

o IfN={1,2}.G(c,E)=(0,1)if c =(9,7) and E = 1. The rule coincides with the
CEL otherwise.
e IfN # {1,2}, the rule G coincides with the CEL.

When |N| >3

o IfND{1,2}.G(c,E)=1(0,1,0,...,0)ifc=¢and E = 1
o IfN 2 {1,2}, the rule G coincides with the CEL.

To see that G is not endowment continuous consider the following claims ¢ = (9,7, 1)
and E = (1 - Hwithk>2 €N, G((9, 7,1),(1 - i)) = (1 - £,0,0). Thus,

G((9, 7,1),(1 — %)) ¥ (1,0,0) and yet G(9,7, 1), 1) = (0, 1,0).

The rule H defined below satisfies endowment continuity, PAC additivity, and equal
treatment of equals but does not satisfy consistency. Let H such that for each N € N
and each (¢, E) € CV.

e When|N|=3andc =(1,8,9)

(0,0,E)  if ¢(1,8,9) and E <8
H(c,E) =14 (0,E—38,8) if ¢(1,8,9) and 8 <E < 15
CEL(c,E) if ¢(1,8,9) and E > 15

e Otherwise the rule H coincides with the CEL.

For instance, let ¢ = (1,8,9) and E = 3. Thus, H((1,8,9), 3) = (0,0, 3). By consist-
ency, if the claimant number one leaves with her outcome, i.e., with 0, the rest of the
claimants remain unaffected, but

H((8,9),3-0)=(1,2) # (0,3)

If we replace PAC additivity by PLC additivity, results dual to Theorem 1, and Cor-
ollaries 1 and 2 mentioned above hold too. Analogously, we show the independence of
the axioms of these dual results below (see a summary in Table 2).

The PWCEA rule with non trivial priorities satisfies consistency, endowment conti-
nuity, and PLC additivity but does not satisfy equal treatment of equals. For instance,
let|N| =3with A, = {1}, A, = {2}, A; = {3}.

@ Springer



Additive adjudication of conflicting claims

pucea(102)=(1h0) # (4 44)

The constrained equal losses rule satisfies consistency, endowment continuity, and
equal treatment of equals but does not satisfy PLC additivity. It is well-known that
the CEL rule satisfies equal treatment of equals. We provide a numerical example
showing that the CEL rule fails PLC additivity.
CEL((12,4,4),5) + CEL((12,4,4),14) = (5,0,0) + (10,2,2)

=(15,2,2)

#(17,1,1) = CEL((24, 8, 8), 19).
The following rule satisfies consistency, PLC additivity, and equal treat-
ment of equals but does not satisfy endowment continuity. Let |N| =n and

¢=0,7,1,...,1) € R" Let G* such that for each N € N and each (c,E) € cv,
When |N| =2

o IfN=1{1,2}. G(c,E)=(9,6)if c = (9,7) and E = 15. The rule coincides with
the CEA otherwise.

e If N # {1,2}, the rule G* coincides with the CEA.

When |N| >3

o IfN2{1,2}.G*(c,E)=(9,6,1,...,1)ifc=¢and E=15+n—-2
o If N 2 {1,2}, the rule G* coincides with the CEA.

To see that G* is not endowment continuous consider the following claims
¢=(9.7.DandE = (16 - Hwithk>2 € N,G*<(9,7, 1), (16 — %)) =@8-L7.1.
Thus,

G*<(9,7, 1), (16 — %)) 2 (8,7,1) and yet G*((9,7, 1), 16) = (9,6, 1).
Let H* such that for each N € A and each (¢, E) € C".
e When|N|=3andc=(1,8,9)
CEA(c,E)  if ¢(1,8,9) and E <3

H*(,E)=4 (1,1,E=2) if ¢(1,8,9) and 3<E<11
(1,E—10,9) if ¢(1,8,9) and E > 11

e Otherwise the rule H* coincides with the CEA.

The rule H* satisfies endowment continuity, PAC additivity, and equal treatment
of equals but does not satisfy consistency. For instance, let ¢ = (1,8,9) and E = 6.
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Tal.)le 1 .Independence of the PWCEL CEA G H

axioms in Theorem 1, and

Corollaries 1 and 2 Consistency Yes Yes Yes No
Endowment continuity Yes Yes No Yes
PAC additivity Yes No Yes Yes
Equal treatment of equals No Yes Yes Yes

Taple 2 }ndepender}ce of the PWCEA CEL G I

axioms for Corollaries 3, 4,

and 5 Consistency Yes Yes Yes No
Endowment continuity Yes Yes No Yes
PLC additivity Yes No Yes Yes
Equal treatment of equals No Yes Yes Yes

Thus, H*((1,8,9),6) = (1, 1,4), if claimant number one leaves with her outcome,
i.e., with 1, the rest of the claimants remain unaffected, but

H((8.9),6 — 1) = (g, %) #(1,4)

The examples above also establish that the axioms in Corollary 1 (and Corollary
4) are logically independent. To see this, simply replace endowment continuity with
endowment monotonicity in Table 1 (and Table 2) noting that G (and G¥) is not endow-
ment monotonic because it is not endowment continuous.

Proof of Lemma 1

The PWCEL rules belongs to the wider family of consistent, continuous, and endow-
ment monotonic rules characterized by Moulin (2000). An endowment monotonic and
consistent rule is conversely consistent (Chun 1999); thus, each PWCEL rule is con-
versely consistent. We now prove that these rules satisfy PAC additivity.

Let f denote a PWCEL rule associated with the partition of A into n < |A|
priority classes A,,...,A, and the weights profile we R%,. Let N €N and
(c,E),(c',E") € C" be such that f(c, E) > Oand f(c’,E') > 0.

Let B,,...,B,, denote non-empty and distinct elements of {NNA,,...,NNA,}
such that B corresponds to the N N A, with the smallest index ¢, B, corresponds to
the N n A, with the second smallest index ¢, and so forth; moreover m is chosen so
that the union of B, ..., B,, is a partition of N. Thus, B, consists of the claimants in N
with the highest priority, B, consists of the claimants in N with second highest prior-
ity, and so forth. Let B = U;’:ll B,. By the definition of a PWCEL rule, for each i € B,
fi(c,E)=c;, fi’(c’,E’) = c;, and fi(c+,E+E)=c; + c;. Thus,
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foreachi € B, fi(c,E)=c;+f/(c',E")=f(c+,E+E". (17
By the definition of a PWCEL rule, for eachi € B,,

fi(c, E) = max{0, c; — w;A} where A € R is chosen so as to satisfy
Z max{0,c; —w,A} = E — 2 ¢
B, B

fi(c',E") = max{0, ¢, —w;\} where " € R, is chosen so as to satisfy

Y max{0,c] —w'} =E - ) .

B, B
Since, f(c,E) > 0 and f(c’,E") > 0, for each i € B,,
fic.E)=¢;=wA>0 and fi(c,E)=c —w) >0
Thus,
foreachi € B, (¢c; +¢)) —w;(A+1') >0 and
Dle;+ ) =wh+ M) = E+E) = Y (e, +c). (18)
B B

m

On the other hand, by the definition of a PWCEL rule,

for each i € B,,..fi(c + ¢/, E + E') = max{0, (¢; + ¢}) — w;\} where A € R,
. . / A ! /
is chosen so as to satisfy Z max{0,(c; +c;) —wA} = (E+E') - Z(CJ + cj).
B B

m

(19)
Note that, by (18), we can choose A=A+, Thus, for eachi € B,,

filc+ E+E)=(c;+c)—wh=c;—wh+c, —w) =f(c,E) +f(c,E).

Combining this with (17) establishes that f satisfies PAC additivity. O

Proof of Lemma 7

Let f denote a rule satisfying PAC additivity and endowment continuity, let g denote its
dual, and let i,j € A. By Lemma 2, g satisfies PLC additivity. By Lemma 4, g is bilat-
erally endowment monotonic. Thus, by Lemma 6, one and only one of the following
statements is true:

(a) There is @ >0 such that, for each (¢, E) e Cl¥, gi(c, E) = min{c;, A}
and g(c, E) = min{c;,wh} where A€ R, is chosen so as to satisfy
min{c;, A} + min{c;, wA} = E. N

(b) There is k € {i,j} such that, for each (c, E) € C'"), g(c, E) = min{c,, E}.

Suppose (a) is true. Let (¢, E) € Cli}, Then, by (a) and since g is the dual of f;
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f.(c,E) = ¢; — min{c;, A} = max{0,¢; — A}
fi(c, E) = ¢; — min{c;, wh} = max{0, ¢; — wh}

where A € R, is chosen so as to satisfy min{c;,A} + min{c;, @A} =¢;+¢; — E.
Rearranging,

max{0, ¢; — A} + max{0,c; — wA} = E.

Thus, if (a) is true, (i) in Lemma 7 is true. Similarly, if the alternative and mutually
exclusive statement (b) is true, (ii) in Lemma 7 is true. O

Counter example 1

There are rules that are consistent, endowment continuous, and satisfy property (16)
that are neither a PWCEL nor a PWCEA rule. For example, let i € A and define rule
F as follows:

For each N € N such thati € N and each (c,E) € CN,
Fi(c,E) = CEA;((0.5¢;, c_;), max {0,E — 0.5¢;} ) + min {0.5¢;, E},
Fi(c,E) = CEA;((0.5¢;,c_;), max {0, E — 0.5¢; }) for each j € N \ {i}.
For each N € N such thati ¢ N and each (c, E) € ey, F(c,E) = CEA(c, E).

Clearly, F satisfies consistency and endowment continuity. It remains to show that
it satisfies property (16). Since the constrained equal awards rule satisfies the prop-
erty and F' coincides with it when claimant 7 is not present in the claims problem,
there is nothing to show unless i is present. Let N € N be such that i € N and
(c,E),(c',E") € C" be such that ¢ > F(c,E) > 0 and ¢/ > F(c/,E") > 0. These ine-
qualities imply that E > 0.5¢; and E' > 0.5c:. Thus,

Fi(c,E) = CEAi((O.Sci, c_l-), E - O.SC,-) + 0.5¢;,

Fi(c, E) = CEA;((0.5¢;,¢_;), E = 0.5¢;) for each j € N \ {i},

F(c,E)= CEA,-((O.SC;, c'_l.),E' — 0.501’.) +0.5¢],

Fi(c'.E") = CEA;((0.5¢,¢",),E' — 0.5¢}) for each j € N \ {i}.
Since ¢ > F(c,E)and ¢’ > F(c', E"),

CEA((0.5¢;,¢_;),E—0.5¢;) < (0.5¢;,c_;), CEA((0.5¢],c" ), E' —0.5¢}) < (0.5¢].c",).

Thus, since the constrained equal awards rule satisfies PLC-additivity,

CEA((0.5¢;,c_;),E = 0.5¢;) + CEA((0.5¢],¢" ), E' = 0.5¢))

equals
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x = CEA((0.5¢; +0.5¢),c_;+ "), E—0.5¢c; + E' = 0.5¢]).
Thus,
Fic,E)+ F(c',E') = x; 4+ 0.5¢; + 0.5¢, = Fi(c + ¢, E + E"),
and, for each j € N\ {i},
Fi(c,E) + Fj(c',E/) =x; =Fi(c+ c,E+E.

Thus, F(c,E) + F(c',E') = F(c + ¢, E + E"), as desired.

Counter example 2

We provide a counterexample showing that when we have problems with N > 3
claimants the conjecture that a rule satisfy composition down and minimal rights
first if and only if satisfies endowment monotonicity and PAC additivity does not
hold.

For instance, the rule H (defined in the subsection Independence of the axioms
of this Appendix) clearly satisfies endowment monotonicity (then also endow-
ment continuity) and PAC additivity. However, we show that H fails both composi-
tion down and minimal rights first. We show first that H fails composition down.
Let E' =3, E=15, and ¢ = (1,8,9). We have that H((1,8,9),15) = (0,7, 8) and
H((1,8,9),3) = (0,0, 3). Therefore, H does not satisfy composition down since

H(H((1,8,9),15),3) = H((0,7,8),3) = (0,1,2) # (0,0, 3).

We also show that H fails minimal rights first. In the first step we com-
pute the minimal rights m. Thus, m((1,8,9),E)=max{E — 17,0},
m,((1,8,9), E) = max{E — 10,0}, and m;((1, 8,9), E) = max{E —9,0}.

We take now E = 11, then m((1,8,9),11) = (0, 1, 2). Therefore, H does not sat-
isfy minimal rights first since

H((1,8,9),11) =(0,3,8) # (0,1,2) + H((1,8,9) - (0,1,2), 11 = 3)
=(0,1,2)+(0,4,4) = (0,5, 6).
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