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Let {G;|i € N} be a family of finite Abelian groups. We say that a subgroup
G < I G; is order controllable if for every i € N there is n; € N such that for
ieN

each ¢ € G, there exists a € G satisfying that a1 ;) = ¢jj1,4, supp(a) C [1,7n;], and
order(a) divides order(c|j1,n,])- In this paper we investigate the structure of order
controllable subgroups. It is proved that every order controllable, profinite, abelian
group contains a subset {g, |n € N} that topologically generates the group and
whose elements g,, all have finite support. As a consequence, sufficient conditions
are obtained that allow us to encode, by means of a topological group isomorphism,
order controllable profinite abelian groups. Further applications of these results to
group codes will appear subsequently.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Let Z and N respectively denote the group of integers and the semigroup of natural numbers. Suppose

that Z is given the discrete topology and ZN the corresponding product topology. Nunke proved in [10] that

every infinite, closed, subgroup G of ZN is topologically isomorphic to a product of infinite cyclic groups,

i.e., the group G contains a subset {g, |n € N} such that G = [] (gn). Furthermore, one can prove that

neN

the elements g, can be selected with finite support if and only if GNZ™M) is dense in G (here ZMN) denotes

the direct sum, that is, the subgroup of the product consisting of all elements with finite support). In this
case, we say that {g, |n € N} is a generating set that encodes the group G.
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The main goal of this paper is to study the existence of generating sets, in a profinite abelian group
G, whose elements have finite support. We prove that for order controllable groups it is always possible
to find a generating set whose elements all have finite support. As a consequence, we obtain a topological
group isomorphism that encodes an order controllable closed subgroup of a product of finite abelian group
and describes how the subgroup is placed within the product of finite groups where it appears. Further
applications of these results to group codes appear in [4,6].

Let {G;|i € I} be a family of topological groups. As usual, its direct product [],.; G; is the set of all
functions g : I — (J{G;|i € I} such that g(i) € G; for every ¢ € I. The group operation on [[,.; G;
is defined coordinate-wise: the product gh € [[,.; G; of g and h in [],.; G; is the function defined by
gh(i) = g(i)h(i) for each i € I. Clearly, the identity element e of [],.; G; is the function that assigns the
identity element e; of G; to every i € I. We equip the product with the canonical product topology. The
subgroup

@Gi ={ge€ HGi | g(i) = e; for all but finitely many i € I}
iel icl

is called the direct sum of the family {G; |i € I'}. The support of an element x € [[,.; G; is the set

iel
supp(x) :={i € I|z; # e;}.

Given a subgroup G < [][ G; and a subset J C I, we denote by G; := {¢ € G|supp(c) C J} and

icl
G| = m;(G), where 7y : [ G; — [] G is the canonical projection.
iel ieJ

If S is a subset of a group G, then we denote by (S) the subgroup generated by .S, that is, the smallest
subgroup of G containing every element of S. However, the symbol (g) will denote the cyclic subgroup
generated by {g}, ¢ € G. Since most results here concern abelian groups, we will use additive notation from
here on. In particular, we will denote the identity element by 0.

The following two group-theoretic notions originate from coding theory.

Definition 1.1. A subgroup G < [] G; is called
iel

(1) weakly controllable if GN @ G; is dense in G.

iel
(2) weakly observable if GNEP G; = GNEP G;, where G stands for the closure of G in [[ G; for the product
iel icl iel

topology.

Although the notion of (weak) controllability was coined by Fagnani earlier in a broader context (cf. [2,3]),
both notions were introduced in the area of coding theory by Forney and Trott (cf. [7]). They observed that
if the groups G; are locally compact abelian, then controllability and observability are dual properties with
respect to the Pontryagin duality: If G is a closed subgroup of [] G;, then it is weakly controllable if and

iel
only if its annihilator G+ = {x € [] G; | x(G) = {0}} is a weakly observable subgroup of € G; < I1 G;
il il il
(cf. [7, 4.8]).
We now describe different ways in which a subgroup is placed in a product of topological groups.

Definition 1.2. Let {G;};en be a family of compact groups and let G be a closed subgroup of the product

I1 G..

€N

(1) The subgroup G is called rectangular if for alli € N there is a subgroup H; < G such that G = [, n Hi-
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(2) The subgroup G is said to be topologically generated by the set {g,, |n € N} if all elements g,, n € N,

have finite support and the subgroup € (g,) is dense in G.
neN
(3) If, in addition, the map

P @(gn)ﬁG

neN

defined by

((zn) = Y .

neN

with x,, € (g,) for all n € N, extends to a topological, necessarily surjective, group isomorphism

P H (gn) = G

neN

we say that G is weakly rectangular and ® is an isomorphic encoder of G. We remark that since we are
only interested in topologies that are Hausdorff, the map o (the extension of the homomorphism & to
the product) is unique. Therefore, for simplicity’s sake, we will also use the same symbol ® to denote
® from here on.

(4) Finally, if ®(D,,cn (9n)) = G NP, Gi, we say that G is an implicit direct product.

The observations below are easily verified. (cf. [9]).

(1) Weakly rectangular subgroups and rectangular subgroups of [| G; are weakly controllable.
i€N
(2) If each G; is a pro-p;-group for some prime p;, and all p; are distinct, then every closed subgroup of the

product [] G; is rectangular, and thus is an implicit direct product.
ieN
(3) If each G; is a finite simple non-abelian group, then every closed normal subgroup of the product [[ G;
i€EN
is rectangular, and thus an implicit direct product.

The main goal addressed in this paper is to investigate when a profinite abelian group is weakly rect-
angular or an implicit direct product of finite groups. In particular we aim to know to what extent the
converse of (1) above holds. Specifically, we are interested in the following (cf. [9]):

Problem 1.3. Let {G; |i € N} be a family of finite abelian groups, and G is a closed, weakly controllable sub-

group of the product [[ G;. Which additional conditions ensure that the group G is topologically generated?
1eN

And when is G weakly rectangular? An implicit direct product?

A first step in order to tackle this question, was given in [5,8], where the following result was established.

Theorem 1.4. Let I be a countable set, {G;|i € N} be a family of finite abelian groups and [[,cn Gi be its
direct product. If G is a closed weakly controllable subgroup of [[;cn Gi, then G is topologically isomorphic
to a direct product of finite cyclic groups.

We notice that Theorem 1.4 does not answer Problem 1.3 directly, and its proof does not present any
generating set for G. Incidentally, the continuity of mappings defined on weak direct sums has been inves-
tigated in [1,12]. However, the results there go in a different direction and the questions in Problem 1.3 are
not addressed.
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Remark 1.5. The relevance of these notions stems from coding theory where they appear in connection
with the study of (convolutional) group codes [7,11]. In fact, similar concepts had been studied in symbolic
dynamics previously. Thus, the notions of weak controllability and weak observability are related to the
concepts of irreducible shift and shift of finite type, respectively, that appear in symbolic dynamics. Here,
we are concerned with abelian profinite groups and our main interest is to clarify the overall topological
and algebraic structure of abelian profinite groups that satisfy any of the properties introduced above. In a
subsequent paper, we will discuss some applications of our results to the study of group codes.

We now formulate our main result.

Theorem A. Let G be an order controllable, closed subgroup of a direct product [] G; of a countable family
€N
of finite abelian groups {G;|i € N}. Then the following hold.

(a) There is a generating set {yﬁﬁ) |mm € N,pePg} €GN (P, Gi) for G such that each element yﬁﬁ)
has order a power of p.
(b) If, in addition, G has finite exponent, then an isomorphic encoder

D H <y7(7€)> -G

meN, pePq

can be defined from the generating set and, as a consequence, G is weakly rectangular.
(c) If B,,en <y7(£)>[p] is weakly observable for each prime p, then G is an implicit direct product.

2. Basic definitions and terminology

In accordance with the general terminology, a group G is called torsion or periodic if the orders of all its
elements are finite, torsion-free if all elements, except the identity, have infinite order. If there is a natural
number n such that ng = 0 for all g € G, we say that G has finite exponent. Then the smallest such n is
called the ezponent of G, denoted as exp(G). An abelian torsion group G in which the order of every element
is a power of a prime number p is called p-group. An element g of a p-group G is said to have finite height
if there is a largest natural number n such that the equation p™"z = ¢ has a solution in G. We denote such
n as h(g,G@). Otherwise, we say that g has infinite height. Here on, the symbol G[p] denotes the subgroup
consisting of all elements of order dividing p. It is well known that G[p| is a vector space on the field Z(p)
of integers modulo p. In general, for every group G, we denote by (G), the largest p-subgroup of G' and
Pe ={p € P : G contains a non-tivial p — subgroup} where P is the set of all prime numbers.

Definition 2.1. Let {G;|i € N} be a family of topological groups and G a subgroup of [| G;. We introduce
i€N
the following notions:

(1) G is controllable if for every i € N there is n; € N such that for each ¢ € G, there exists a € G such
that ajj15 = ¢, and supp(a) C [1,7n,]. The sequence (n;);en is called controllability sequence of G
when each n; is minimal with the property.

(2) G is order controllable if for every i € N there is n; € N such that for each ¢ € G, there exists a € G
such that a5 = ¢jj1,4), supp(a) C [1,7n;], and order(a) divides order(cj1 ,,)). The sequence (n;);en is
called order controllability sequence of G when each n; is minimal with the property.

Remark 2.2. Property (1) implies the existence of b := ¢ — a € G such that ¢ = a + b, supp(a) C [1,n;] and
supp(b) C [i + 1, +o0].
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Property (2) implies the existence of b := ¢ — a € G such that ¢ = a + b, supp(a) C [1,n;], supp(b) C
[i + 1,400[, and order(b) divides order(c).

Remark 2.3.

(i) Every controllable group is weakly controllable and, if the groups G; are finite, then the notions
of controllability and weakly controllability are equivalent (see [5, Corollary 2.3], where the term
uniformly controllable subgroup is used instead of controllable subgroup that we have adopted here).

(ii) If {G;|i € N} is a family of finite, abelian, groups and G is an infinite subgroup of [] G; that contains
an order controllable dense subgroup H, then G is order controllable as well. (:FeoNsee this, take an
arbitrary element z € G and let [1,m] be an arbitrary finite block. By the density of H in G, there
is an element h € H such that 7y, 1(2) = 71 p,,](h), Wwhere (n;) denotes the order controllability
sequence of H. Now, applying that H is order controllable, there is hy € H such that mpy n,j(h1) =

T ,m](h) = 71,m)(2), supp(h1) C [1,7,,] and order(hy) divides order(hp p,,;) =order(z p,,1)-)
3. Profinite abelian p-groups
In this section, we describe the structure of profinite abelian p-groups.

Lemma 3.1. Let {G;|i € N} be a family of finite, abelian, p-groups and let G be an infinite subgroup of

[I Gi which is order controllable. If x € Gy ,)[p] and 1 () # 0, where (n;)ien is the order controllability
€N

sequence of G, then there exists T € Gy p,)[p] such that mpy 3 (T) = 71 4(2) and h(z, G) = h(Z, G[1 n,))- In the
particular case that 7y ;_1)(x) = 0 and there is j such that n; < i we can take T such that h(z,G[j11n,]) =
h(z,G) = h(x, Glj41,400])- In either case, we take T with the mazimum possible height among those elements

satisfying these properties.

Proof. Take an element x € G|y ,,1[p] with 7 ;(x) # 0. Since every group G; in the product is finite and
x has finite support, it follows that x has finite height. Pick an arbitrary element y € G such that x = p’y
(where h = h(x, G) is the maximal height), which implies that order(y) = p"*1. Since G is order controllable,
y = J+w where J € Gy ,,], order(y) = p"*, w € G140, order(w) < p" and p"w(j) = 0 for all j > n,.
Observe that phw € Glit1n,lp), T = phy e Ginilpl, 0 # T4 (2) = 7,0 (7), and h(Z, G py)) = M2, G).
Suppose now that 7y ;_1)(x) = 0 and there is j such that n; < i. Then 7y, )(*) = 7[1,n,)(Z) = 0 and
order (¥|1,n,]) < p". Moreover, §j = w; +ws, wy € Glin;)> w2 € Glji1,n,) and order(wy) < order(y1,n,)) < ph.
Then 0 # & = p" (w1 + w2) = p"wy + p"wy = p"ws, 71 ;) (w2) = 0 and order(ws) = p"**. As a consequence,
h(z,G) = M, G ,n,)) = MT, Glj11,n,))- The same argument shows that h(z, G) = h(z, Gj11 4oo). O

Next follows the main result of this section. It provides sufficient conditions for a subgroup G to be
weakly rectangular or an implicit direct product.

Theorem 3.2. Let {G;|i € N} be a family of finite, abelian, p-groups. If G is an (infinite) order controllable,

closed, subgroup of [] G; then the following assertions hold true:
ieN

(i) There is a generating set {y, |m € N} C GNP,y Gi for G.
(ii) If G has finite exponent, then there is an isomorphic encoder

OF H (ym) = G.

meN
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As a consequence G is weakly rectangular.

(iii) Let p"m*t be the order of ym. If the group > (p"myn) is weakly observable, then G is an implicit
meN
direct product.

Proof. The proof relies on the existence of two increasing sequences of natural numbers (dj)r>1 and
(m(k))r>0, where m(0) = 0, and a sequence of finite subsets By := {Zpi—1)4+1, -, ZTmu)} € Gp]) P G;
ieN

satisfying the following conditions:
a) T, _,+1,d,](Br) consists of linearly independent vectors in mg, , 11,4,1(G[p]);

(¢) 7,4, (B1U--- By) forms a basis of 7y 4,1(G[p]);

(d) if m(k —1)+1 < j <m(k), then z; € G4, _,11,n,,][P] \ (x1,- - @;j-1) and z; has maximal height h; in
G;

(e) for each x; € By there is an element y; € Gy, | such that z; = phiy;. Furthermore y; (i) = 0 for all
J > m(ni);

(f) Glp] = (B1) D - (Br) @ Gla,+1,+00[[P] (here, with some notational abuse, we mean vector space direct
sum).

(a)

(b) a1, dk](Bl U--- By) is a generating set of 7g, ,41,4,](G[p]);
)
)

Remark that (f) yields

(1,0 (Glp]) = 1,0, ((B1) €D - (B)) (Vk € N). (1)

As a consequence, we obtain

Glpl € P (Br) = P (wm).

keN meN

We proceed by induction in order to prove the existence of the sequences (di)ren, (m(k))ren, and
Bk = {mm(k,1)+1, s ,xm(k)}.

Since G is order controllable, there is an order controllability sequence (n;);>1 € N such that 71 ;)(G) =
711,i (G ,n,) for all i € N. We have further

G =G+ Glagoo] = Glng) 7 Gling) + Glit1,tools

Glpl = Guny Pl + G2, 4o0l[P) = Grina[p] + - Glisna [P) + Glie 1,100 [P)-

Remark that, since every group in the product Gj is finite, all the elements in (G (@D,.y Gi)[p] have
finite height.

Let d; € N be the minimum element such that

m(1) := dim 7y 4,)(Glp]) = dim 7,4, (G, [P]) # 0.

We select an element z; € G[Lndl][p] such that 7 4,)(z1) # {0} and has maximal height h; :=
h(zx1,G) = h(x17G[1,nd1])7 by Lemma 3.1. If dlmﬂ'[l,dl](G[l,ndl [p]) # 1, we repeat the same argu-
ment in order to obtain an element z2 € G n, [p] satisfying: (i) 71 4,)(v2) € (7[,4,)(21)); and (ii)
hi > ha := h(z2,G) = h(z2, G, ))- Furthermore, we select zz in such a way that has maximal height
among the elements in G|y ,, ] satisfying (i) and (ii). We go on with this procedure obtaining a finite subset
By = {x1,%2, - Tp(1)} such that 7y 4,1(B1) is a basis of 71 4,)(G[p]) and hy > hy > -+ > hp,(1), Where
hj = h(z;,G) = h(xj,G[l,ndl]) is the maximal possible height, 1 < j < m(1). Moreover, associated to
every z; € By there is y; € G[1 5, ] such that z; = phiy;. Thus the properties (a),..., (e) stated above are
satisfied for n = 1.
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We now verify (f), that is

Glp] = (B1) ® G4, +1,100[[P]-

Indeed, let 0 # ¢ € G[p]. If 771 4,)(c) = 0 then ¢ ¢ (B;) since, otherwise, we would have
c=M2Z1+ + A1) Tim(1)

and

0 =71,4,)(6) = M7 p,a,) (1) + -+ A0 T1,a] (Tim(1))

which yields A\; = -+ = A\,;,(1) = 0 because 71 4,)(B1) is an independent set.
On the other hand, if 7y 4,1(c) # 0, then 71 q,)(c) = 7[1,4,1(b) for some b € (By). Hence ¢ = b+ w, and

w=c—b€ G 11,100[P)-

Now, the inductive procedure for the proof of n = n 4 1 is straightforward. We will only sketch the case
n = 2, as it explains well the general case.

First, since G is infinite, for some dy € N (take the smallest possible one), we have

m(2) := dim 7y q,)(G[p]) # dim 7y q,)((B1))-

Furthermore, since G is order controllable, it follows

T11,d] (G[P]) = T(1,a2) ((B1) © Glay 41,400[[P]) = 71,45 ((B1) © Gl +1,n4,)(P))-

Now, we proceed as in the case n = 1 in order to obtain a subset

By = {ffm(1)+1, o 'xm(Q)} - G[d1+1,nd2][p]

satisfying the assertions (a),...,(d) and (f) stated above. On the other hand, assertion (e) follows from
Lemma 3.1. This completes the inductive argument.
Next, we prove the following

CLAIM:

GN(DG:) S Y (ym) =G.

meN

Proof of the Claim:
First, remark that for each x € By, we have order(x) = p, supp(z) C [dr—1+1,n4,], and 7g, _,41,4,](7) #

h+1

0. Furthermore, for each x € By, there exists y € G[l,ndk] with x = phy, order(y) = p"*!, where h =

h(z,G) = h(z, G[l,ndk])a and such that if n; < dg, for some j, then 77 j(y) = 0 by Lemma 3.1.
Set

Y = Z (Ym)-

meN

We first prove that every element in Y (x,,) has the same height in the group G as in the subgroup

meN
Y CG.
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Indeed, let z be an arbitrary element in Y (x,,). Then there is some index k& € N such that
meN

z€BIU-By)= Y (m)

1<m<m(k)

Set

Yy = Z (Ym),

1<m<m(k)

since Yy, CY C G, it is enough to verify that z has the same height in the group G (equivalently, in the
subgroup G[l)ndk]) as in the subgroup Yj.
Assume for the moment that

0# 2= (k=) +1Tm(k—1)41 T " Ary € (Bg), (2)

0 <A <p A #0, m(k—1) < j <r < m(k), where the terms appearing in (2) are displayed with
decreasing height, that is, in the same order as they are listed in Bj. Thus

hj = h(.’L‘J,G) Z h(xj+17G) = hj+1,

m(k —1) < j <r <m(k). We also have 7y 4, ,1(2) = 0 and mg, ,41,4,](2) # 0.
Set

Hy = Z <ym>'

m(k—1)<m<m(k)

Remark that, since the elements x; € B}, are taken with decreasing height, it follows that each Ajz; # 0
has the same height in G as in Hy. Furthermore, the height of z in G is

h:=h(z,G) = h(z,,G) = h, =min{h; | \; #0,m(k — 1) < j <r} = h(z, Hy). (3)

Indeed, if we had h > h,., then we would have selected z (or another vector of the same height) in place of
x, when defining By. Thus h(z, G) = h(z, H,) < h(z,Y:) < h(z,G), and we are done in this case.
The general case is proved by induction. Assume that whenever

0#Z€<BiU"‘UBk>,

where i is the first index such that 7y g,)(2) # 0, we have that h(z, G) = h(z, Y%).

Reasoning by induction, take an arbitrary element 0 # z € (B;—1 U - - Bi), where i — 1 is the first index
such that 7y q,_,1(2) # 0.
Then z =21+ 2 + - zi, 2 € (Bj), 1 —1 < j <k, where

T1,d; ] (Zio1) = Ta,,1(2)

and, from the argument in the paragraph above, the height of z; in H; is the same asin G, 7 —1 < j < k.
If h(zi—1,G) < h(z; + - - - 2z, G), then

h(z,Yy) < h(z,G) = h(zi-1,G) = h(zi—1, Hi—1) < h(2i-1, Yk) < h(2i-1,G)
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by (3). On the other hand, by the inductive hypothesis, we have
hzi+ - 25, G) = h(zi + - 25, Yi).
Hence
h(zi-1,Y) = h(zi-1,G) < h(zi + - 2, G) = h(zi + -~ 25, Vi),
which yields
h(z,Yy) = h(zi—1,Yy) = h(zi—1,G) = h(z,G).

This completes the proof when h(z;—1,G) < h(z; + --- 2k, G). The case h(z; + -+ 25, G) < h(z;—1,G) is
analogous.

Therefore, we may assume without loss of generality that

hzi—1,G)=h=h(z+ 2z, G).
Moreover, by the inductive hypothesis, we also have
hzi—1,Yr) = h(zi-1,G) =h=h(z; + - 2k, G) = h(z; + - - 2k, Yi).
Reasoning by contradiction, suppose that
Mz, G) =r > h(z,Yk) > h.

Since G is order controllable we can decompose

z2=p"y=pvi_1 +p w1,

where
BS G[l,ndk}, Vi—1 € G[1,7Ldi71]7 Wi—1 € G[di—l"rl:’ﬂdk]’
order(p"y) = order(p"v;—1) = p,
T1,ds—2) (P"Y) = 1,4, 2) (P"vi-1) = 0,
and

W[di—Q“l’l,di—l}(pry) = 7-‘-[di—erl,dq:—l](pT’U’i*1> = ﬂ.[di—Q“FLdi—l](z) = ﬂ-[di—2+1,d7‘,—1](2i*1) 7é 0.

Let A\jz; be the last term in the sum of z;_;, then the height of x; in G coincides with the height of z;_; in
G, which is h by (3). Furthermore, p"v;_1 € G[di72+1,nd_71][p] and

Td; o+ 1,di 1) (P Vi-1) & Td; p41,ds 1) ((Tm(i-2)+15 7 T1-1)).

This is a contradiction with the previous choice of x; because the height of p"v;_1 in G is r > h and x; was
selected with maximal possible height in G. Therefore, we have proved h(z,G) = h = h(z,Yy) = h(z,Y).
We now prove that for every z € tor(G) (the torsion subgroup of G) there is a sequence

() € I zG" )

meN
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such that

z = lim Z AmYm (4)

k— o0
1<m<m(k)

which is tantamount to

T[1,dy] (2) = (1] Z AmYm

1<m<m(k)

for every k € N.
We proceed by induction on the order p® of z.
Take any element z € G[p]. By Equation (1), we know that

11,4, (GIp]) = 71,400 (B1) P -+ (By))

holds for all k£ € N. Therefore, there is a sequence

(am) € H Z(p)

meN

such that

7T[1,dk](2)=7T[1,dk] Z AmTm | = T[1,d,] Z Oémphmym
1<m<m(k) 1<m<m(k)

for all £ € N. This means

z = lim Z A" Y.

T oz (k)
This completes the proof for s = 1 if we set A, := am,p™™ for all m € N.
Now, suppose that the assertion is true when order(z) < p® and pick an arbitrary element z € G with
order(z) = p**1. Then p°z has order p and therefore belongs to G|[p]. By Equation (1) again, we know that
there is a sequence

(am) € [] Z(0)

meN

such that

T1,dg) (psz) = T[1,d] Z AUmTm | = T[1,dy) Z amphm Ym
1<m<m(k) 1<m<m(k)

for all k € N.
Now, since we have chosen each element x,, with the maximal possible height, it follows that s < h,, for
all 1 <m < m(k), and k € N. Therefore

R —s

Ta (0°2) = T [ 27 D amp
1<m<m(k)

Ym | »
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for all £k € N, which yields

hm—s

T1,d) ps('z_ Z amp ym) =0

1<m<m(k)

for all £ € N.
Set

= li hyp—8
v= lim Z QP Yym € G
1<m<m(k)

where the limit exists, and therefore v is well defined, because y,, (i) = 0 for all m > m(n;). Then we have
z =0+ (2 —v), where order(z — v) < p*. By the inductive hypothesis, there is a sequence

() € T 2"

meN
such that
Z—0= klggo Z L Ym -
1<m<m(k)
Therefore

p=lim Y (@ )y
1<m<m(k)

This completes the proof of the inductive argument. Therefore, it is proved that

G N (DG;) Ctor(G) C > (ym)-

meN

Since G is closed and order controllable, it follows

Gn (@Gi) =G = Z <ym>'

meN

This completes the proof of the Claim.
We now proceed with the proof of the three assertions formulated in this theorem.

(i) We will now prove that G is topologically generated by the set {y,, |m € N}.
First, observe that the finite subgroup (y,,), generated by v,, in G, is isomorphic to Z(p"~*1) for every
m > 1. Thus, without loss of generality, we may replace the group (y,,) by Z(p"~*1) in the sequel. Consider

now the group [[ Z(p"~*1), equipped with the product topology and its dense subgroup € Z(p'=+1).
meN meN
Set

o: Pzt — Gn(eG) <G
meN

defined by
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O[(k1, ks ) = D kmYm.

meN

Since only finitely many k,, are non-null, the map & is clearly well defined. We will prove that ® is also a
topological group isomorphism on its image.
In order to verify that ® is one-to-one, suppose there is a sequence

(k1,-+ ,kr,0,-) € ker f, 0 <k <ph]-+1’
with some k; # 0. Then we have

kiyr + -+ kryr = 0.
Expressing every k; # 0 in base p, we obtain k; = ag_)phj 4+ agj)p + a(()j), 0< az(-j) <p, 0<7 < hy,
1 < j < 7. Let p% the minimal power of p that appears in the expression of £; # 0. Since y; has order phitl
the order of k;y; is phi=si+l,
Defining d := max{h; — s;|k; # 0,1 < j < r} and multiplying by p¢ the equality above, we obtain an
expression as follows
o <(a§;11)pml bt a;: )7dphi1*d)yil 4. (aﬁzl)pml et agzl;l)fsph”id)yio =0,

1
i1

= d. Since

where we have only considered those elements {y;, }5‘:1 such that h;; — s;;, = -+ hy —

hi.
p iy, = x;; has order p, we have

(1) . (). —
agwy, +-awy, = 0.

Since the elements {x;,,--- ,z;, } are all independents, it follows that
agill) — .. .agizl) —0.

This is a contradiction which completes the proof. Therefore ® is 1-to-1.
The sequence (y.,) that we have defined above verifies that y,,, (i) = 0 for all m > m(n;). As a consequence,
we have that lim y,,(¢) = 0 for all ¢ € N, which implies the continuity of ®. Indeed, let (z,) be a sequence
m—r oo
in @ Z(p"*1) converging to 0. If V; = (0,---0) x [[ G; is an arbitrary basic neighborhood of 0 in
meN j>i
[T Gy, since (0,---0) x [] Z(p"*?) is a neighborhood of 0 in [] Z(pi*1), then there is a; such that
jEN j>m(n;) JEN
Za|[1,m(n;)] = 0 for all @ > a;. Therefore zo = (0, ,0,km(n)4+1,0,---) and @(20) = >0 Emalym € Vi,
m>m(n;)
for all @ > a; and for all i € N. Thus, the sequence (®(z,)) converges to ®(0) = 0, which verifies the
continuity of ®.
As a consequence, there is a continuous extension

P . H Z(ph’"'Jrl) — G
meN

that we still denote by ® for short, which is continuous and onto. Furthermore, it is easily seen that it holds

(I)[(km)] = Z kmYm.

meN

Remark that, since y,,(7) = 0 for all m > m(n;), it follows that
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Z kmym(i)

meN

reduces to a finite sum for all i € N. Therefore ® is well defined. This proves that {y.,|m € N} is a
generating set for G.

(ii) Next we prove that if G has finite exponent then ® is 1-to-1 on [[ Z(p"~*1!) and, as a consequence,
meN
that ® is an isomorphic encoder and G is weakly rectangular.

For that purpose, it will suffice to check that ker ® = {0}.
We proceed by induction on the order p* of the elements v := ()\,;,) € ker ®.
Suppose order(v) = p, which means \,, = a;,p"", 0 < ay,, < p, for all m € N. We have

(I)(V) = Z amphmym, = Z ATy = 0.

meN meN

For every | € N, set v; := (f,), where p, = Ay, if 1 <m < m(l) and p,,, = 0 if m > m(l). It follows that
llim v; = v. By the continuity of ® we obtain
—00

lim E AU Ly = E Ty = 0.
l—o00

1<m<m(l) meN

Thus, for every k € N, there is [, € N such that

Ta (PV)) =Tay | D omEm | = D amTay(m) =0

1<m<m(l) 1<m<m(l)
for all [ > ;. On the other hand
m(2) m(l)
O(vy) = Z Qo T, + Z ATy, + -+ - Z QT
1<m<m(l) m=m(1)+1 m=m(k)+1
N——— N———
W[l,dl](”‘m)=0 W[l,dk](wm)=0

where 0 < a,,, < p, then for [ > [, we have

Tr[l,dl](q)(vl)) = Z O‘mﬂ-[l,dl](x’m) =0

1<m<m(1)
and since 71 q,)(B1) = {71,4,) (1), T11,,) (Tm(1)) } 18 @ basis for 7y 4,1(G[p]) we obtain that oy = --- =
am(l) =0.

In like manner, from
m(2)
Ta) (V) = Y o T1ay(@m) =0,

m=m(1)+1

we deduce that a,1)4+1 = *++ = ap2) = 0. Therefore, iterating this argument, we obtain oy =

Q) = 0. Since A, = Qppm for all 1 < m < m(l), it follows that \,, = 0 for all 1 < m < m(k). Since
this holds for every k € N, it follows that A,, = 0 for all m € N. This completes the proof for s = 1.

Now, suppose that the assertion is true when order(v) < p® and pick an arbitrary element v = (\,,) €
ker @ such that order(v) = p**1. Then p*v € ker ® and has order p. Therefore, the arguments above applied
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to p°v yield that p*v = 0, which is a contradiction. By the inductive assumption, it follows that v = 0,
which completes the proof.
Therefore, we have proved that

o: [[ zp" ") — G

meN
is 1-to-1. The compactness of the domain implies that ® is a topological group isomorphism onto G.

(iii) Assume that > (z,,) is weakly observable. This means
meN

Z (Tm) H@Gi = Z ().
meN meN
We have to verify that the map
o P ze't) — endPa
meN

is onto. Reasoning by contradiction, suppose there is an element

zeGﬂ@Gi\ Z(ym>,

meN

which has the smallest possible order, p**!, s > 0, of an element with this property. Since, by the foregoing
Claim, we have that

GlpIn@G: Z (Tm),
meN

it follows that
pl N @Gi = Z (Tm)-

Therefore, since p°z € G[p] N @ G;, there must be a finite subset J C N such that

Pr= amTm= Y mp " Ym, 0 < am <p.
meJ meJ
We have already proved that s < h,, for all m € J, which yields
Pr=p" > amp" Y.
meJ
Set

V= Z Olmphm_sym = f((amphm_s))'

meJ

Then p*(z — v) = 0.
If s =0, we obtain z = v and we are done.
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So, assume that s > 0. In this case, we have an element z — v € G N @ G;, whose order is p*. By our
initial assumption, this means that z — v = f((\,,)) for some element (\,,) € @ Z(p"~*!). Therefore
meN

z=v4 f((An)) = F((mp"™ ™ + An)),

which is a contradiction. This completes the proof. O

Example 3.3. Let G C [[ Gy, where G; = Z(2?), be the subgroup generated by the set {y,, |n € N}, where
€N
y1 € G1 ) with (1) :€2 and y1(2) = 1, and y, € G 1) With yn(n) = yu(n+1) =1 for n > 1.

The group G is not order controllable. Indeed, for any block [1,m], pick y € G such that y(n) = 2
for all 1 < n < m + 1, which only admits the sum y = 2, + 2z with the first part z,, € G[1 ;11), Where
Zm(n) =y(n) =2,1<n <mand z,(m+1) =1, m > 1. Then order(y|j1,m+1]) = 2 but order(z,,) = 4.

On the other hand, it is easily seen that 1% is an implicit direct product of the family {G;|i € N}.
Therefore, the choice of an appropriate generating set is essential in order to determine whether a subgroup
of a product is weakly rectangular or an implicit direct product.

4. Main result

Let G be a closed subgroup of X = [][ G; (a countable product of finite abelian groups). Since each
ieN
group G; is finite and abelian, by the fundamental structure theorem of finite abelian groups, we have that

every group G; is a finite sum of finite p-groups, that is G; = @ (G;), and P; = Pg, is finite, i € N. Note
peP;
that Px = UP;. We have

H G; = H( H (Gi)p) = H ( H (Gi)p)

where N, = {i € N |G, has a nontrivial p — subgroup}.
Thus

Consider the embedding

and the canonical projection

Tp + H ( H (Gi)p) — H (Gi)p-

pePq €N, €N,
Set GP) = (7, 0 j)(G), that is a compact group. We have
(@), =G®.

Now, it is easily seen that if G is order controllable then (G), has this property for each p € Pg. Taking
this fact into account, we obtain the following result that answers to Question 1.3 for products of finite
abelian groups.
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We can now prove Theorem A.

Proof of Theorem A. . Since GN (P G;) is dense in G, we have that
ieN

(mp o )(GN(EG)) =GP n (G,

ieN i€N,

is dense in G, Thus (a) is a direct consequence of Theorem 3.2. That is, for each p € Pg, there is a
sequence

{y |m e N} €GP n P (G,
i€EN,

such that {y%’) |m € N} is a generating set for G(P). Furthermore, observe that if p € Pg, then G®) N
P (Gi)p =Z (GN (P Gi))p- Thus, using this isomorphism, we may assume with some notational abuse
1€N, €N

that

(¥ |m e N} C (G (EGi)y
i€EN

Therefore, the sequence

{(yP |m e N,p e Pg,pcPg} C G“(EBGZ’)
€N

is a generating set for G.
In order to prove (b), we apply Theorem 3.2 again and, since G has finite exponent, for each p € Pg, we

have that G®) = T[] (yff?), which yields (b).
meN

Finally, If <y$§)>[p] is weakly observable for each p € Pg, then G® is an implicit direct product for
meN
every p € Pg, which again implies that G is an implicit direct product. O

Question 4.1. Under what conditions is it possible to extend Theorem A to mon-Abelian groups?
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