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!
ABSTRACT!

!
!

This! paper! aims! to! increase! the! knowledge! of! the!Markowitz! model! and! through! its!

practical! application,! create!a! series! of! efficient! portfolios! that! can! beat! the! IBEXM35!

and/or!the!naïve!strategy!1/N.!These!portfolios!should!provide!the!lowest!possible!risk!

for!a!given!level!of!return.!

!

For!this!purpose,!we!will!select!several!assets!from!different!sectors!that!will!make!up!

our! investment! portfolio.! By! solving! the! mathematical! optimisation! model! with! the!

model's!boundary!conditions,!we!will!obtain!the!Markowitz!corner!portfolios.!These!will!

be! compared!with! IBEXM35! and! the!naïve! strategy! 1/N! to! check! if! the! objective!has!

finally!been!achieved.!!

!

 
RESUMEN!

!
!

El! objetivo! del! presente! trabajo! consiste! en! aumentar! los! conocimientos! sobre! el!

modelo!de!Markowitz! y!mediante! su!aplicación!práctica,! crear!una!serie!de! carteras!

eficientes!que! consigan! batir! al! IBEXM35! y/o!a! la! naïve! strategy!1/N.!Estas! carteras!

deberán! proporcionar! el! menor! riesgo! posible! para! un! determinado! nivel! de!

rentabilidad.!

!

Para! ello,! deberemos! seleccionar! una! serie! de! activos! de! distintos! sectores! que!

integrarán! nuestra! cartera! de! inversión.! Al! resolver! el! modelo! matemático! de!

optimización! con! las! condiciones!de! contorno!del!modelo,! obtendremos! las! carteras!

esquina!de!Markowitz.!Estas!las!compararemos!con!el!IBEXM35!y!la!naïve!strategy!1/N!

para!comprobar!si!finalmente!se!ha!alcanzado!el!objetivo.!!
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INTRODUCTION!
!
First!of!all,!I!would!like!to!explain!the!reasons!why!I!decided!to!choose!portfolio!management!

through!the!Markowitz!model!as!my!final!thesis,!to!be!able!to!apply!the!knowledge!acquired!

during!my!degree!in!finance!and!accounting.!

!

My! interest! in! portfolio! management! initially! stemmed! from! its! popularity! in! the! world! of!

finance.!This!interest!grew!when!I!realized!that!there!are!currently!a!large!number!of!people!

without!adequate!financial!knowledge!who!choose!to!invest!their!savings!in!equities.!This!is!

large!because!nowadays!fixed!income!does!not!provide!good!returns.!!

!

!

"He&who&does&not&know&his&origin&does&not&know&his&destiny".!

Popular!saying!

!

!

As! the! above! popular! saying! goes,! one! of! the! reasons! why! I! have! decided! to! conduct!

portfolio!management!using! the!Markowitz!model! is!because! it! is!vitally! important! to!know!

the!origins!of!portfolio!management!to!understand!and!develop!hypotheses!and!models!after!

it.!Hereupon,!the!Markowitz!model!will!be!the!main!core!of!this!paper.!Specifically,!the!aim!is!

to!demonstrate! that!active!portfolio!management!can!beat! the!Spanish!stock!market! index!

(IBEXM35)! and/or! the! naïve! strategy! 1/N! (passive! management).! In! other! words,! the!

investment! portfolio! created! by! applying! this! model! provides! a! higher! return! at! the! same!

level!of!risk,!or!conversely,!a!lower!risk!for!the!same!return.!

!

!

Although!there!are!authors!such!as!Grinold!(1989)!who!defend!active!management,!stating!

that! the! manager's! strategy! adds! value! to! investments,! we! must! bear! in! mind! that,! in!

Markowitz's!case,!the!set!of!efficient!portfolios!obtained!show!past!behaviour,!this!does!not!

mean!that!the!model's!solution!is!irrefutable,!since!markets!can!be!affected!by!a!multitude!of!

factors,!which!means!that!they!do!not!have!a!defined!behaviour!the!other!hand,!if!we!were!to!

take!all!these!factors!into!account,!it!would!be!technically!impossible!to!carry!out!the!model,!

so!we! can! take!Markowitz's! proposal! as! a! reference! for! the! future! creation!of! investment!

portfolios.!

!

!
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The!structure!of!the!paper!is!divided!into!five!sections.!

!

The!first!of!these!consists!of!the!theoretical!explanation!of!the!model.!First!of!all,!to!put!the!

reader!in!context,!we!will!explain!the!diverse!ways!of!managing!an!investment!portfolio.!We!

will!then!proceed!to!develop!the!Markowitz!model!in!depth,!explaining!the!hypotheses!to!be!

considered,!how!it! is!developed,!which!functions!have!to!be!maximised!and!minimised!and!

under!which!restrictions,!etc.!All!this!is!to!obtain!the!portfolio!composition!that!optimises!the!

riskMreturn!optimizes!

!

Once!the!theory!of!the!model!has!been!explained,!in!the!second!section,!we!will!extract!the!

necessary!data.!To!do!this,!we!will!start!by!defining!the!time!horizon,!the!stock!market!and,!

the! number! of! assets! we! are! going! to! work! with.! With! this! established,! we! will! create! a!

database! in! Microsoft! Excel! consisting! of! the! daily! closing! prices! of! the! selected! time!

horizon.!

!

!

In!the!third!section,!after!obtaining!the!database,!we!will!develop! the!methodology!used!to!

find! the! optimal! investment! portfolio.! Briefly,! the! procedures! we! will! conduct! will! be! the!

calculation! of! the! annualized! returns,! volatilities,! and! correlations! of! all! the! assets! of! the!

IBEXM35.!Considering!all! the!above!we!will! select! the!12!assets! that!will! form! part! of! the!

optimal!portfolio!and!we!will!create!their!annual!variance!and!covariance!matrix.!Finally,!the!

risk!of!the!portfolio!will!be!obtained.!

!

In!the!fourth!section,!to!check!whether!the!objective!of!the!paper!is!met,!we!will!calculate!the!

return!and!risk!that!would!be!extracted!if!both!passive!and!active!management!were!chosen,!

and!then!compare!the!results.!

!

!

In! the! last! section,!we!will! bring! together! the! conclusions! drawn! during! the!work! and! the!

objective!whether!of!the!work!has!been!achieved,!that!is,!whether!active!management!beats!

passive!management.!

!

!

Finally,!the!bibliography!used!and!the!annexes!necessary!to!complete!the!document!will!be!

presented.!

!
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I.!THEORETICAL!FRAMEWORK:!
!
Firstly,!before!explaining!in!depth!the!active!management!of!a!portfolio!using!the!Markowitz!

model,!let!us!name!the!diverse!ways!in!which!an!investment!portfolio!can!be!managed.!

!

1.!Ways!of!managing!a!portfolio:!
!

There!are!two!ways!of!managing!a!portfolio!to!achieve!an!investor's!objectives,!passive!and!

active.!

!

The!passive!management!or!passive!strategy!of!a!portfolio!of!securities! is!used!when!the!
hypothesis!of!market!efficiency!is!assumed!to!be!fulfilled,!i.e.,!when!we!think!that!the!quoted!

prices! of! the! assets! that! are! going! to! form! part! of! our! portfolio! reflect! all! the! information!

existing! in!the!market.!Given!the!existence!of!perfect! information,!from!the!point!of!view!of!

portfolio!managers,! it! will! not!make! sense! to! try! to!predict! the! future! interest! rates! of! the!

assets,!as!this!will!not!allow!us!to!obtain!more!profitability!than!in!the!reference!market.!For!

this! reason,! the! objective! will! be! to! follow! a! benchmark! portfolio! that! reflects! market!

movements! and! to! create! mirrors! in! the! performance! of! that! index.! This! portfolio! will! be!

composed!of!stocks!from!the!index,!which!will!have!a!high!degree!of!diversification!and!will!

maintain!our! risk! aversion,! allowing!us! to! keep! the! portfolio! unchanged! in! the! short! term,!

altering! it! only! to!make!necessary!adjustments,!such!as!a! reinvestment!of!dividends,! thus!

optimising!transaction!costs.!

!

One!of!the!most!common!ways!to!diversify!an!investment!portfolio!while!maintaining!our!risk!

aversion!as!documented!by!Benartzi!and!Thaler!(2001)!is!by!using!the!naïve!1!/!N&portfolio!

diversification!rule,!which!consists!of!distributing!wealth!equally!by!allocating!to!each!of!the!N&

available!assets!the!proportional!share!that!corresponds!to!them!by!the!fraction!1!/!N.&The!

reasons!why!this!rule! is!so!common!are:!firstly,!because!of! its!simplicity!of! implementation,!

since! it! is! based! neither!on! the! estimation! of! the!moments!of! return! of! the! assets!nor! on!

optimisation,!and!secondly,!because! investors!continue! to!use!this!simple! rule!to!distribute!

their!wealth!among!assets,!despite!the!development!of!much!more!sophisticated!theoretical!

models!and!advances!in!the!methods!for!estimating!the!parameters!of! these!models! in!the!

last!50!years!(DeMiguel!et!al.,!2009).!!

!

On! the!other!hand,!before!starting! to!talk!about! the!active!management!or!strategy!of!a!
portfolio!of!securities,! I!would! like!to!quote!Grinold!(1989),!who!defends!the!existence!of!a!
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fundamental! rule,! with! which! he! aims! to! shed! some! light! on! this! type! of! management,!

defining! it!as!follows:!"the!added!value!of!the!manager's!strategy!is!equal! to!the!product!of!

the!number!of! independent! forecasts!of!extra! returns!made!per! year! times! the!correlation!

between!the!forecasts!and!the!actual!results!squared".!

!

For! Fabozzi! and! Fong! (1994),! active! portfolio! management! or! strategy,! as! its! name!

suggests,!consists!of!actively!seeking!market! inefficiencies! that!allow!us! to!obtain!a!profit.!

This! search! for! new! opportunities! is! conducted! by! making! variations! in! the! investment!

portfolio! through! the! purchase! and! sale! of! undervalued! or! overvalued! assets,! seeking! to!

achieve! the!highest!possible! return,!which!must!always!be!capable!of!covering! transaction!

costs!and!without!exceeding!the!determined!level!of!risk!(that!which!the!investor!is!willing!to!

assume).!All! this! is!due!to!the!belief! that! the!hypothesis!of!market!efficiency! is!not!fulfilled,!

i.e.!the!assumption!that!asset!prices!do!not!reflect!all!the!available!information,!and!therefore!

the! managers'! aim! by! anticipating! its! movements! through! active! management,! The!

managers!will! behave! differently! depending! on! the!quantity! and! quality! of! the! information!

available! to! them,! since! not! all! investors! will! have! the! same! information,! which! will! allow!

them!to!obtain!profits,!since!otherwise,!all!investors!would!invest!in!the!same!assets,!thereby!

causing!their!prices!to!adjust.!

!

According! to!Bodie,!Kane!and!Marcus! (1993),!a!portfolio! can!be!actively!managed! in! two!

diverse!ways.!The!first!of!these!is!the!one!previously!described!by!Fabozzi!and!Fong!(1994),!

which! is!based!on!making!profits!by!buying!and!selling!undervalued!or!overvalued!assets.!

The!other!way! is! to! beat! the!market! by! forecasting! the! behaviour!of! future! interest! rates,!

based!on!historical!interest!rates!and!without!considering!market!uncertainty,!so!we!will!have!

to!be!aware!that!past!returns!will!not!guarantee!future!returns.!

!

Moreover,!although!the!use!of! forecasting! in!portfolio!management! is!advantageous,! it!has!

its!critics,!such!as!Choice!(1990),!who!considers!that!there!are!two!possible!alternatives!for!

successful!portfolio!management:!the!first!consists!of!developing!a!model!that!is!capable!of!

predicting!future!interest!rate!movements!in!their!entirety!correctly!or!at!least!fairly!accurately!

(such! as! the! crystal! ball! model,! which! is! very! common! among! managers),! the! second!

alternative!that!the!author!proposes!is!a!model!that!he!has!developed,!called!DDS!(Duration!

Strategy),! based!on! the!development! of! a! strategy! that! tries! to! seek! the! highest! possible!

participation!in!markets!with!an!upward!trend.!

!

After! explaining! what! active! management! consists! of! and! the! diverse! ways! in! which! a!

portfolio! can! be! actively! managed,! it! is! necessary! to! highlight! the! main! tools! used! for!
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traditional! active! management.! Firstly,! a! macroeconomic! analysis! is! conducted,! which!

consists!of!a!prior!study!of! the!global! functioning!of! the!economy,!obtaining! the!necessary!

information!to!know!where!we!have!to!invest.!Next,!fundamental!analysis!is!conducted!from!

which!we!will!obtain!which!company!to!invest!in!and!finally,!technical!analysis!is!conducted,!

based!on!the!study!of!the!evolution!of!a!security,!from!which!we!will!obtain!when!we!have!to!

invest!(market!timing).!

!

2.!Markowitz!Model:!
!

2.1&Biography:&
!

Harry! Max! Markowitz! was! born! in! Chicago! in! 1927.! During! his! professional! career,! he!

trained!as!an!economist,!specialising! in! investment!analysis.! In!his!working!life,!aside!from!

immersing!himself! in!numerous! research!and!creative!projects,!he!was!also!a!professor!at!

the! City! University! of! New! York.! In! 1990! he! was! awarded! the! Nobel! Prize! in! Economics!

together!with!Merton!H.!Miller!and!William!F.!Sharpe!for!their!pioneering!work!in!the!theory!

of! financial! economics! and! their! contributions! to! the!analysis! of! investment! portfolios! and!

methods!of!corporate!finance.!

!

Markowitz! attended! high! school! in! his! hometown,! and! when! he! finished! his! studies! he!

entered! the! University! of! Chicago,! where! he! graduated! with! a! degree! in! economics.!

According! to! his! autobiography,! he! was! fortunate! to! have! great! professors! such! as! M.!

Friedman,!T.!Koopmans,!J.!Marschak!and!Leonard!J.!Savage,!who!had!already!worked!on!

the! problems! of! investment! selection.! In! addition,! during! his! studies,! he! was! invited! to!

become!one!of!the!student!members!of!the!Cowles!Commission!for!Research!in!Economics.!

!

In!1954!he!obtained!his!doctorate!with!a!thesis!based!on!portfolio!theory,!which!served!as!

inspiration!for!his!article!"Portfolio&Selection"&published!in!the!prestigious!journal!The!Journal!

of!Finance,!considered!to!be!the!origin!of!portfolio!selection,!in!which!he!studied!the!process!

of!optimal!selection!of!an! investment!portfolio.!A!few!years! later,! in!1959,!he!published!his!

book!"Portfolio&Selection,&Efficient&Diversification&of&Investments",!which!gave!impetus!to!his!

portfolio!theory.!In!it,!he!pioneered!a!mathematical!approach!to!diversifying!an!investment!so!

that! the! composition! of! the! portfolio! maximises! the! return! for! a! given! level! of! risk! or!

minimises! the! risk! for! a! given! level! of! return.! This! all! began! as! a! result! of! a! casual!

conversation! in!which!the!possibility!of!applying!mathematical!methods!to!the!stock!market!

came!up,! inspiring!him! to! the!basic! concepts!of!his!portfolio! theory! in! John!Burr!Williams'!
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"Theory&of& Investment&Value"& (1938),! in!which!Williams!proposed!that!the!value!of!a!stock!

should!be!equal!to!the!present!value!of!its!future!dividends.!

!

This!model!has!been!phenomenally!successful!at!the!theoretical!level,!but!it!is!worth!noting!

the! technical! complexity! of! the!model,! which! at! the! time! led!most! portfolio!managers!and!

investment!analysts! to!opt! for! the!Sharpe!model,!as! this!simplified! the!calculations.!Today!

the!model! can!be! solved!without! further! complication! thanks! to!advances! in! software!and!

quantitative!computing!techniques.!

!

Finally,! some! of! his! other! publications! are! worth! mentioning.! Firstly,! "The& SIMSCRIPT& II&

programming& language",!produced! together!with!Kiviat!P.J.! and!Villanueva!R.! (1968),! is!a!

manual!for!users!and!programmers!of!a!new!programming!language!called!SIMSCRIPT&II,&

the& main& objective& of& this& design& was& the& production& of& a& readable& language& oriented&

towards&debugging&and&efficient&execution&of&large&simulation&models.&Another&publication&of&

note& is& "MeanIvariance& analysis& in& portfolio& choice& capital& markets"& (1987),! in! which! the!

reader! will! find! a! complete! treatment! of! the! portfolio! choice! model,! efficient! solution!

algorithms,! characteristics! of! viable! solutions,! aspects! of! several! important! exceptional!

cases!and!much!more.!

!

2.2&Model&assumptions:&

&
To! develop! and! subsequently! calculate! the! model,! Markowitz! makes! the! following!

assumptions:!

!

•! The!model!has!a!single!period!as!its!time!horizon,!therefore,!at!the!time!of!analysis,!
all!investments!will!have!the!same!period,!with!a!period!of!securities!being!purchased!

at!the!beginning!of!the!period!and!sold!at!the!end!of!the!period,!so!that!the!securities!

will!have!immediate!liquidity!at!the!end!of!the!period!in!question.!

•! The!assets!(N)!that!will!be!part!of!the!portfolio!are!known.!
•! All!selected!assets!are!risky,!using!the!variance!or!standard!deviation!as!a!measure!

of!risk,!which!will!always!be!greater!than!zero.!

•! Investors!measure!the!return!on!assets!by!their!average,!i.e.,!the!expected!return.!
•! The! random!variables!of! the! return!on!assets!are! known,! and! they!must! also! be!

distributed!according!to!regular!laws.!
•! Investors!behave!rationally,!preferring!higher!returns!to!lower!returns,!but!they!are!

riskPaverse! when!making! their! decisions,! i.e.,! between! two! portfolios! of! securities!
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with! the! same!expected! return,! investors!prefer! the!portfolio!with! the! lower! risk.! In!

conclusion,!investors!will!prefer!a!portfolio!in!which!they!earn!low!returns!and!do!not!

have!to!expose!their!capital!to!elevated!risk.!

•! Because! investors! are! riskMaverse,! their! isoutility! functions! or! indifference! curves!
are!increasing!(implying!that!the!higher!the!risk,!the!higher!the!required!return),!and!
convex! (the!higher! the! risk,! the!higher!the! required! return! increases! in!proportion).!
These!curves!indicate!the!riskMreturn!combinations!that!provide!the!same!utility!to!the!

investor.! The! investor! will! choose! the! one! that! is! further! to! the! left! and! upwards!

because!it!will!be!the!one!that!provides!the!highest!return!with!the!lowest!risk.!

•! Credit!or!short!selling!is!not!allowed,!i.e.,!short!selling!positions!are!not!covered!by!
this!method,!only!longs.!This!implies!that!all!ratios!are!positive!or!zero.!!

•! The!budget!available!to!the!investor!to!build!the!portfolio!must!be!fully!invested.!
•! Perfect!capital!markets!are!assumed,!in!which:!

!

M! All!information!is!equally!available!to!all!market!participants!and!is!free!of!charge.!

M! Investors!are!price!takers,!i.e.,!they!cannot!influence!price!formation.!

M! There!are!no!taxes!and!no!inflation!in!the!economy.!

M! There!are!no!transaction!costs!in!the!purchase!and!sale!of!financial!assets.!

M! All! actions! are! infinitely! divisible,! i.e.,! any! proportion! of! the! budget! can! be!

invested.!

&

2.3&Model&development:&
!

Before!starting!to!explain!Markowitz's!portfolio!selection!theory,! i.e.,! the!general!analysis!of!

portfolio!management!with!N!securities,!we!should!mention! the! fact! that! it! is!based!on! the!

idea!that!a!portfolio!with!higher! return!and! lower! risk! (better!performing!portfolio)!could!be!

obtained!through!the!appropriate!combination!of!two!or!more!securities.!

!

In!this!model,!Markowitz!aims!to!obtain!the!best!combinations!among!a!set!of!given!financial!

assets!and!then!decide!which!one!to! invest! in,!solving!the!problem!of!how!to!distribute!the!

investment! budget!among! the! different! risky! financial! assets! traded!on! the!market.! To!do!

this,! he!makes! a!mathematical! model! assuming! the! rationality! of! investor! behaviour,! i.e.,!

assuming! that! the! investor! desires! profitability! (profit! obtained! from! an! investment! or!

operation!compared!to!the!resources!used!to!generate! it)!and!rejects!risk!(probability!of!an!

adverse!event!occurring!that!causes!negative!financial!consequences).!It!aims!to!obtain!an!

efficient! portfolio! for! each! investor,! either!by!obtaining! the!maximum!possible! return! for! a!
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given!level!of!risk!or!the!other!way!around,!i.e.,!having!the!minimum!possible!risk!for!a!given!

level!of!return.!When!it!comes!to!optimising!and!finding!the!corner!portfolios!in!the!practical!

application!of! this!model,!we!will! focus!on!the!second!of! the!cases,!using!as!a!measure!of!

profitability! the!expectation!of! the!current!value!of! the!equity!portfolio!and!as!a!measure!of!

risk!its!variance.!

!

The!search!to!minimise! the! level!of! risk!will!be!conducted!by!employing! the!diversification!

strategy,! which! consists! of! expanding! the! investment! portfolio! to! balance! the! overall!

profitability!of!the!portfolio,!compensation!being!generated!in!one!investment!with!the!gains!

that!may!appear!in!another.!To!do!this,!it!is!necessary!to!analyse!the!historical!behaviour!of!

share! prices! and! the! relationship! between! them! beforehand,! thus! reducing! the! impact! of!

potential!risk!with!an!appropriate!investment!portfolio.!

!

To!develop!Markowitz's!portfolio!selection!theory,!several!steps!must!be!followed!to!identify!

the! optimal! portfolio,! i.e.,! the!portfolio! composition! that!maximises! the! investor's! expected!

utility.!

!

The! first! step! is! based! on! observation! and! experience,! whereby! the! set! of! investment!

possibilities!offered!by! the!market!must! be!determined.!To!obtain! this!with!multiple!assets!

and! in! the!meanMvariance! environment,! we!must! identify! all! the! possible! combinations! of!

expected! return!and!standard!deviation! that! can!be!achieved!given!a!number!N!of! assets!

with! risk,! which! requires!an! analysis! of! all! the! assets! traded! in! the!market,! estimating! for!

each!security! its!expected!return,! its!risk!and!its!covariances!with!the!rest!of! the!securities!

and! portfolios! that! can! be! formed.! Once! these! estimates! are! known,! all! the! possible!

combinations!can!be!plotted!on!the!expected!return!M!standard!deviation!coordinate!axes.!In!

this!way,!we!obtain!the!set!of!investment!opportunities!given!by!the!market!as!each!investor!

sees!it.!

!

In!the!second!step,!the!efficient!frontier!must!be!determined,!considering!the!investor's!set!of!

possibilities! (previous! step),! the! investor! must! consider! which! is! the! portfolio! that! mostly!

satisfies!them,!seeking!the!riskMreturn!combination!that!maximises!his!expected!utility.!

!

Portfolios!will! be! considered!efficient!when! they!are!generating! the!highest! return!given!a!

standard!deviation!(risk)!and!when!they!have!a!lower!standard!deviation!given!an!expected!

return!(return).!

!
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As!we!can!see!in!the!following!image,!any!portfolio!that!is!below!or!to!the!right!of!the!frontier!

will!be! inefficient.!This! frontier! is!delimited!at! the!bottom!by!the!portfolio!with! the!minimum!

variance,!and!at!the!top!by!the!portfolio!with!the!maximum!level!of!profitability.!Moreover,!the!

efficient!frontier!must!necessarily!be!concave.!

!

Figure&1:&Markowitz&Efficient&Frontier&(theoretical).&

Source:&own&elaboration.&

!

Once! the! efficient! frontier! has!been! obtained,! the! next! step! is! to! determine! the! investor's!

attitude!to!risk,!i.e.,!the!possibility!that!the!expected!returns!will!not!be!met!and!that!this!will!

lead!to!negative!financial!consequences!for!the!investor.!

!

The!meanMvariance!criterion!does!not!allow!comparisons!to!be!made!between!two!efficient!

portfolios,!since!the!riskier!portfolio!will!also!be!the!one!that!offers!a!higher!return,!so! it!will!

only!be!possible!to!know!the!choice!of!the!optimal!portfolio!if!we!know!the!investor's!specific!

degree!of!risk!aversion.!

!

Each!investor!has!a!different!risk!aversion,!as!there!will!be!investors!willing!to!take!on!more!

risk! in!exchange! for!a!higher! return,!and! there!will! be!other! investors!who!will! settle! for! a!

lower!return! in!exchange!for!bearing! less!risk,! i.e.! investors!will!demand!a!higher!return!for!

each!increase!in!the!level!of!risk!they!are!willing!to!take!on.!

!

The!last!step!is!to!determine!the!optimal!portfolio!for!the!investor!using!the!data!obtained!in!

the! previous! steps,! i.e.! once! the! efficient! frontier! and! the! investor's! particular! risk!

preferences!have!been!determined,!we!can!obtain!his!optimal!portfolio,!which!is!the!portfolio!
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that! combines!mean! M! standard!deviation! (or!meanMvariance)! that!maximises!his!expected!

utility,!i.e.!the!portfolio!that!best!fits!his!personal!risk!preferences.!!

!

Finally,!it!should!be!noted!that!each!investor!will!have!a!different!optimal!portfolio!depending!

on!their!expectations!of!stock!returns!and!their!preferences!in!terms!of!riskMreturn!tradeMoffs.!

!

!

2.4&Approach&to&the&Markowitz&mathematicalIfinancial&model:&
!

The! boundary! conditions! to! be! met! for! the! Markowitz! mathematicalMfinancial! model! of!

portfolio!construction!are!as!follows:!

!

!

!"#"$"%&:((((((()*(
+
= -

.
∙ 0 ∙ -((((((1)!

!

!

!1-"$"%&:(((2* = (3-4 ∙ (24

5

467

((((((2)!

!

!

;<=>&?@(@A(@ℎ&(CADDAE"#F(G&H@G"?@"A#H:((!

!

The!sum!of!all!the!weights!of!each!security!in!the!portfolio!cannot!be!greater!than!1,!i.e.,!the!

sum!of!the!values!must!equal!1.!

!

3-4

5

467

= 1(((((3)!

!

!

In! addition,! Markowitz! sets! a! condition! of! nonMnegativity,! which! means! that! the! portfolio!

weights!cannot!be!negative,!i.e.,!they!must!be!equal!to!or!greater!than!0.!

!

∀L ∈ {1,2, … , #}, -4 = 0(((((4)!

!

!
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Being:!

!

(()*(
+
= TAG@CAD"A(U1G"1#?&(V!

!

((-
.
= WAD<$#(U&?@AG(AC(@ℎ&(VGAVAG@"A#(AC(&1?ℎ(1HH&@(-L!

!

((- = XAE(U&?@AG(AC(@ℎ&(VGAVAG@"A#(AC(&1?ℎ(1HH&@(-L!

!

(((0 = 01G"1#?& − ?AU1G"1#?&($1@G"-(AC(@ℎ&(1##<1D"H&Z(G&@<G#H!

!

(((2* = 2-V&?@&Z(VAG@CAD"A(G&@<G#(V!

!

(((24 = 2-V&?@&Z(G&@<G#(A#(&1?ℎ(H&?<G"@[!

!

(((-4 = TGAVAG@"A#(AC(@ℎ&("#U&H@AG′H(=<ZF&@(1DDA?1@&Z(@A(1HH&@(L!

&

2.5&Modes&of&model&resolution:!
!

As!mentioned!above,!the!model!has!two!objectives:!to!obtain!the!maximum!return!for!a!given!

level!of!risk!or!to!have!the!minimum!possible!risk!for!a!given!level!of!return.!

!

These!objectives!can!be!achieved!in!two!diverse!ways:!

!

•! Graphically.!!

•! With!mathematical!optimisation!methods.!!

!

The!use!of!each!will!depend!on!the!number!of!assets!selected.!

!

If!the!number!of!assets!to!be!worked!with!is!small,!two!or!three,!the!graphical!representation!

can!be!used!to!solve!the!model,!since!the!calculations!are!not!overly!complex.!

!

For!a!large!number!of!assets,!as!is!the!case!in!this!work,!where!it!will!be!seen!later!that!12!

assets!are!selected,!mathematical!optimisation!methods!must!necessarily!be!used.!

!

One!of! the!mathematical!methods!that!we!can!use!to!solve!the!Markowitz!model! is!the!soM

called!critical! line!method,!which! is!a!quadratic!programming!algorithm! that!aims! to!detect!
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the! corner! portfolio.! To! perform! the! calculations! of! this! method! we! will! use! the!Microsoft!

Excel!Solver!tool!for!its!simple!and!fast!use.!

!

A!corner!portfolio!is!one!in!which!an!asset!that!was!not!previously!in!the!portfolio!is!added!to!

the!portfolio,! or!an!asset! that!was!previously! in! the!portfolio!disappears! from! the!portfolio,!

i.e.,!the!corner!portfolio!is!one!that!quantitatively!changes!the!composition!of!the!portfolio.!In!

any!table!of!corner!portfolios,!the!first!one!is!the!one!that!offers!the!highest!expected!return!

and!the!last!one!is!the!one!that!offers!the! lowest!risk!according!to!the!measure!selected!in!

each!model.!

!

Finally,! once! the! efficient! frontier! has! been! determined,! each! investor! will! choose! their!

optimal! portfolio,! i.e.,! the! one! they! are! most! satisfied! with,! which! will! depend! on! the!

investor's!degree!of!risk!aversion.!This!selection!will!be!subjective,!as! it!will!depend!on!the!

qualitative!and!quantitative!variables!of! the! investor,!such!as! their!wealth,! family!and!work!

situation,! age,! etc...! Therefore,! the! investor! will! choose! the! portfolios! closer! to! maximum!

profitability!the!riskier!they!are!and!the!portfolios!closer!to!minimum!risk!the!more!riskMaverse!

they!are.!

!

2.6&Effect&of&asset&correlation&on&the&variance&of&the&portfolio:!
!

Firstly,! as! the! model! seeks! the! lowest! volatility! (risk)! for! a! given! level! of! return! and! to!

develop! the!model,! correlations!between! assets! are! key.! It! is! of! significant! importance! to!

highlight! the! fundamental! effect! that! correlation! and! diversification! have! on! the! variance!

(risk)!of!the!portfolio.!!

!

It!is!worth!noting!that!the!covariance!depends!on!the!correlation!between!assets.!

!

)]^ = (_]^ ( ∙ ()]( ∙ ( )̂ (((((5)!

!

!

And!that!in!turn,!the!variance!depends!on!the!covariance.!

!

()
+
=33a](( ∙ ( â ( ∙

5

^67

5

]67

()]^(((((6)!

!

!
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Being:!

!

!

)]^ = WAU1G"1#?&(!

(_]^ = WAGG&D1@"A#(?A&CC"?"&#@!

)]( = ;@1#Z1GZ(Z&U"1@"A#(AC("!

)̂ ( = ;@1#Z1GZ(Z&U"1@"A#(AC(>!

()
+
= 01G"1#?&!

a](( = c&"Fℎ@(AC(1HH&@("!

â (( = c&"Fℎ@(AC(1HH&@(>!

!

!

If!we!examine!the!two!equations!above!we!can!see!that!if!the!correlation!between!the!assets!

is! positive,! the! variance! (risk)! will! increase,! and! conversely,! if! the! assets! are! negatively!

correlated,!the!variance,! i.e.!risk,!will!decrease,!which!will!be!essential!for!our!model!since,!

as!mentioned!above,!its!objective!is!to!minimise!risk!as!much!as!possible!for!a!given!level!of!

return.!

!

Next,!we!will!demonstrate!with!an!example!(see!annexe!1)!that!by!increasing!the!number!of!

assets,! we! will! still! obtain! the! same! return! (profitability),! but! by! having! a! greater!

diversification,!the!variance!(risk)!will!decrease.!

!

Finally,!it!should!be!noted!that!if!)]^ > 0!the!risk!will!decrease!more!slowly!than!if!!)]^ < 0.!

!

2.7&Building&an&efficient&portfolio:!
!

As!mentioned!above,! to! find! the! corner! portfolios!we!will! use! the!Critical! Line!Method,! in!

which!a!corner!portfolio!is!defined!as!efficient!if!and!only!if!it!is!a!convex!linear!combination!

between!two!consecutive!corner!portfolios.!In!our!case,!a!convex!linear!combination!of! two!

points,!in!this!case,!two!consecutive!corner!portfolios,!is!a!straight!line.!

!

Assume! that! by! applying! the! algorithm! to! n! assets! we! will! obtain! m! corner! portfolios,!

knowing!the!following!data:!

!
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Corner!Portfolio! Expected!Return!
Risk!(Standard!
Deviation)!

Asset!Ratios!

1! E1! )7
+
! a7( = (a7.7(((((((a7.+(((( …(((a7,5(()(!

…! …! …! …!

h! Eh! )g
+! a7( = (ag,7(((((((ag,+(((( …(((ag,5(()!

h+1! Eh+1! )gh7
+ ! a7( = (agh7.7(((((((agh7.+(((( …(((agh7,5(()!

…! …! …! …!

m! Em! )i
+ ! a7( = (ai,7(((((((ai,+(((( …(((ai,5(()!

!

Table&1:&Expected&return,&risk,&and&asset&weighting&of&each&corner&portfolio&(theoretical).&

Source:&own&elaboration.&

!

!

Let!E*!be!the!desired!expected!return!satisfying!the!condition!Eh!!!!E!E*!!h+1:!

!

!

2
∗
= (k( ∙ 2g + (1 − k() ( ∙ (2gh7((7)((?A#((k( ∈ [0.1], Eℎ&G&((k =

2
∗
−(2gh7

2g −(2gh7
((((8!

!

!

Starting! from! the! value! of",! the! efficient! portfolio! gives! an! expected! return! of! 2∗will! be!

obtained!by!applying:!

!

a
∗
= (k( ∙ (ag +((1 − (k) ( ∙ (agh7(((((9), ". &.:!

!

r

a7
∗

a+
∗

…

a5
∗

s = (k( ∙ ( r

ag,7

ag,+

…

ag,5

s + (1 − (k)( ∙ r

agh7.7

agh7.+

…

agh7,5

s(((((10)!

!

In!conclusion,!once!all!the!corner!portfolios!are!available,!to!obtain!any!efficient!portfolio!it!is!

not!necessary!to!use!any!mathematical!programme,!it!is!only!necessary!to!find!the!value!of!"!

and! look! for! the!desired! return! that! is!within! the! efficient! frontier,! i.e.,! that! is! between! the!

portfolio!of!maximum!return!and!the!efficient!portfolio!of!minimum!volatility.!

&
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2.8&Criticisms&of&the&Markowitz&model:&&
!

The!Markowitz!model!is!a!model!that!has!been!remarkably!successful!at!a!theoretical!level!

due! to! its! great! usefulness,! which! is! why! it! has! given! rise! to! multiple! subsequent!

developments!and!derivations!based!on! it,!such!as! the!Sharpe!or!BlackMLitterman!models.!

However,! in! its! early! days,! its! practical! use! was! not! as! successful! among! investment!

analysts!and!portfolio!managers!as!might!have!been!expected.!The!reasons!why!the!model!

was!more!successful! in!theory! than! in!practice!were:! the!mathematical!complexity!and!the!

restrictive!assumptions!of!the!model.!The!first!of!these!is!since,!being!a!parametric!quadratic!

programme,! the! resolution! algorithm! is! complex.! This! problem! ceased! to! exist! with! the!

creation!of! software!and!hardware! tools! such!as!Microsoft!Excel's!Solver,!which!performs!

the!calculations! immediately.!This!tool!did!not!exist!and!therefore!could!not!be!used!when!

the! model! was! published,! being! of! great! difficulty! to! obtain! the! simple! calculation! of! the!

variance!of!a!portfolio!with!several!assets.!

!

Some! of! these! restrictive! assumptions! are! that! the! model! considers! neither! taxes! nor!

transaction!costs,! that! it!considers! the!selected!securities!to!be!perfectly!divisible!and! that!

the!model! does!not! provide!any! tool! for! the! investor! to! assess!his! attitude! to! risk!and! to!

derive!his!utility!function.!

!

Despite!the!above,!Michaud!(1989)!points!out!several!advantages!of!using!an!optimisation!

technique! such! as! the! Markowitz! model,! such! as! satisfying! investors'! objectives! and!

constraints,! controlling! the! portfolio's! exposure! to! risk,! establishing! an! investment! style,!

efficient!use!of!information,!etc.!

!
II.!DATA: 
!

To!develop!the!practical!application!of!the!model,!we!define!the!time!horizon!over!which!we!

will! conduct! the! study,! the! stock!market! we! will! focus! on! and! the! number! of! assets! with!

which!we!will!work.!

!

The!first!aspect!to!consider!when!constructing!the!optimal!portfolio!is!the!time!horizon!we!are!

going!to!use.!In!this!case,!we!have!defined!a!twoMyear!timeline,!specifically,!from!1!January!

2018!to!31!December!2019.!On!the!other!hand,!one!of!the!reasons!why!we!have!chosen!this!

time! horizon! is! to! simplify! the! search! for! the! dividends! distributed! by! the! assets! used,!

necessary! for! the! calculation!of! the! yields,! since! the! corporate!websites!of! the! companies!

only!publish!the!dividends!distributed!in!recent!years.!
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!

Concerning!the!selection!of!the!stock!market!from!which!we!are!going!to!extract!the!assets,!

in!this!case,!the!equity!market!we!have!chosen!is!the!IBEXM35,!as!it!is!the!benchmark!stock!

market! index!of! the!Spanish! stock!exchange,!made!up!of! the!35! companies! listed!on! the!

Spanish!Stock!Exchange!Interconnection!System!(SIBE)!with!the!highest!liquidity,!which!will!

facilitate!access!to!the!data!necessary!to! implement!the!study,!allowing!us!to!have!greater!

knowledge!of!the!assets!and!the!market.!

!

Table!9!in!annexe!2!shows!the!35!companies!that!make!up!the!IBEXM35!divided!by!sector.!

 
Once! the!above! distribution! had!been!made,!we! decided! to! select! two! assets! per! sector,!

except!for!real!estate!services,!since!we!only!had!two!assets!and!selecting!them!would!not!

have! been! objective.! Despite! this,! we! selected! the! assets! based! on! their! correlations,!

looking! for! the!pair! of!assets!with! the!most! negative! correlation!or,! failing! that,! the! lowest!

correlation,!which!we!will!explain!in!detail!later!on.!This!method!was!chosen!because!it!is!the!

closest!to!the!Markowitz!method,!seeking!to!reduce!risk!as!much!as!possible. 

 

Finally,! once! all! the! above! aspects! have! been! defined,! we! have! created! a! database! in!

Microsoft! Excel,! formed!by! the! daily! closing! prices! from! 1! January!2018! to!31!December!

2019!of!the!35!companies!that!make!up!the!IBEXM351,!extracting!several!486!closing!prices!

per! asset,! also! adding! the! dividends2! contributed! by! each! of! the! companies! during! the!

selected!period!and!the!splits3!produced.!!

 

The!data!obtained!in!this!database!have!been!used!to!calculate!the!monthly!returns!of!each!

of!the!assets,!which!is!why!we!have!introduced!dividends!and!splits!since!they!influence!the!

returns!of!the!assets,!something!that!we!will!explain!in!greater!depth!in!the!methodology!of!

this!work. 

 

 

                                                
1!Data!on!the!daily!closing!prices!of!the!35!IBEXM35!companies!for!the!chosen!time!horizon!have!been!
obtained!from!the!website!www.elespanol.com/invertia/.!
!
2! The! dividend! data! have! been! obtained! from! the! following! websites:! https://es.investing.com/,!
http://www.infobolsa.es/!and!the!corporate!websites!of!each!of!the!entities.!!
!
3!The!data!on!splits!have!been!obtained! from!https://www.bolsamadrid.es/,!checking!the! information!
obtained! on! them! in! the! 2018! audited! consolidated! annual! accounts! of! the! MásMóvil! group,!
https://www.grupomasmovil.com/informacionMeconomicaMyMfinanciera/memoriasManuales/.!
!
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III.!METHODOLOGY: 
 

Once! the! necessary! aspects! have! been! defined! and! the! appropriate! database! has! been!

obtained! for! this! model,! in! this! section! we! will! develop! the!methodology! used! to! find! the!

optimal! investment!portfolio,! i.e.,! the!set!of!procedures! that!we!have!conducted! to!achieve!

the!objective!of!this!work.!

!
Calculation!of!monthly!returns!for!each!asset: 

 

To!calculate! the!monthly! returns,!we!have! first! defined! the! type!of! return!we!are!going! to!

use,!being!the!simple!return,!which!is!characterised!by!the!assumption!that!the!reinvestment!

rate!is!0,!i.e.!it!is!the!most!conservative!hypothesis!when!reinvesting,!based!basically!on!the!

difference!between!the!capital!obtained!and!that!invested!on!the!capital!invested. 

 

In!this!case,!when!calculating!monthly!returns,!in!addition!to!the!gain!or!loss!in!share!values,!

we! have! considered!whether! companies! have! distributed! dividends! during! the!month! and!

whether!there!have!been!splits. 

 

The!expressions!we!have!used!to!calculate!the!returns!are!as!follows: 

 

 
X; = (

Tt +(Z"Uugvwx −(T]

T]
!

 

11(

 
X; = (

Tt +(Z"Cugvwx −(T]

T]
!
(12)(

To!calculate!difshare,!i.e.,!the!difference!that!occurs!when!there!is!a!split!between!the!price!of!

the! old! and! the! new! share,! we! have! used! the! following! expressions,! explained! with! an!

example!below. 

 

 Z"Cugvwx = (Ty( −(T5 

 

(13)(
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 #º{|}(ugvwxu( ∗ (Ty( = (#º5x~(ugvwxu( ∗ (T5 

 

(14)(

Where:!RS!=!Simple!Return 

!!!!!!!!!!!!!Pf!=!Final!month's!share!price 

!!!!!!!!!!!!!Pi!=!Initial!month's!share!price! 

!!!!!!!!!!!!!divshare!=!dividends!distributed!during!the!month! 

!!!!!!!!!!!!!diffshare!=!difference!between!old!and!new!share!price 

!!!!!!!!!!!!!!Pv!=!Old!share!price 

!!!!!!!!!!!!!!Pn!=!New!share!price 

!!!!!!!!!!!!!!nº!old!shares!=!number!of!old!shares 

!!!!!!!!!!!!!!nº!new!shares!=!number!of!new!shares 

!

The!expression!used!for!the!calculation!of!simple!returns!is!the!first!expression!(11),!as!long!

as!there!are!no!splits,!in!which!case,!we!will!use!the!second!expression!(12),!except!when!a!

company,! in!addition! to!having!splits,!has!distributed!dividends,! in!which!case,!we!will!use!

both!expressions,!which!is!not!the!case!here,!since,!during!the!period!we!have!used!for!the!

study,!there!is!no!company!in!which!there!has!been!a!split!and!at!the!same!time!distribution!

of!dividends.!!

!

The!first!expression!(11)!consists!of!adding!the!dividend!distributed!during!that!month,!if!any,!

to!the!closing!price!of!that!month!minus!the!closing!price!of!the!previous!month!and!dividing!

by!the!closing!price!of!the!previous!month.!

 

The! second! (12)! is! the! same! as! the! previous! one,! but! instead! of! adding! the! distributed!

dividend,!we!will!add!the!difference!between!the!price!of!the!old!share!and!the!new!one. 

 

Once! these!calculations!have!been!made,!we!have!obtained!a! total!of!24! simple!monthly!

returns! for! each! asset,! increased! in! the! months! in! which! dividends! or! splits! have! been!

distributed. 

 

As!an!example,!we!are!going!to!calculate!the!first!simple!monthly!yield!of!Amadeus,!an!entity!

that! pays! dividends! every! six!months,! to! observe! the! variation! in! the! yield! caused!by! the!

distribution!of!dividends.!

!
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X;(7+(�Ä�ÅÇÉÑ(((Öv5Üvwá(+à7â() =
62,48 + 0,48 − 60,5

60,5
∗ 100 = 4,07% 

 

If! the!dividends! paid! out! had! not! been! considered,! the! simple! return! for! the! same!month!

would!have!been!as!follows: 

 

X;(7+(�Ä�ÅÇÉÑ(((Öv5Üvwá(+à7â(~]ãg{Üã(}]y]}x5}u) = (
62,48 − 60,5

60,5
∗ 100 = 3,3% 

 

As! can! be! seen! in! the! calculations! made! above,! considering! the! dividend! payMout! when!

calculating! returns! increase! them,! in! this! case,! the! return!has! increased!by!approximately!

0,77%!thanks!to!the!dividend!payMout. 

 

In!the!case!of!calculating!the!simple!return!with!a!split,!we!will!use!the!company!MásMóvil!as!

an!example,!as!it!is!the!only!company!that!has!conducted!a!split!during!the!period!selected!

for!the!model.!!

!

This!Split! took!place!on!13!December!2018!and!consists!of!dividing! the! company's! share!

capital!in!the!ratio!of!five!new!shares!for!each!old!share!(5:1),!converting!the!24.042.100!old!

shares!into!120.210.500!newly!issued!shares!without!changing!the!company's!share!capital.!

!

To! be! able! to! calculate! the! returns,! we! have! first! calculated! what! we! call! the! difference!

between!the!old!and!the!new!share!price!(13)!by!making!the!following!calculations:!

!

Split!5:1!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!T(5(((7å(Åxçxiéxw(+à7â()( = (
7∗7à7

è
= 20,2!

!

Z"C(ugvwx( = (Ty −(T5 = 101 − 20,2 = 80,8!

! 

First,!we!have!calculated!the!price!of!the!new!shares,!i.e.,!the!price!that!the!shares!will!have!

when! the!Split! takes! place.! This! calculation! has! been!made! using! the! formula! discussed!

above! (14),! which! is! formed! by! the! number! of! new! and! old! shares! and! their! price,! the!

unknown!being! the!price!of! the!new!sharesp! in! this! case,!as!we!have!explained,! having!a!

ratio!of!5:1,!the!number!of!new!shares!will!be!5,!while!the!number!of!old!shares!will!be!1,!and!
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the!price!of!the!old!shares! is!101€/share!since!this! is!the!closing!price!of!MásMóvil!shares!

the!day!before!the!Split!(11!December!2018).!With!all!this,!we!can!now!solve!the!equation,!

and!clearing!it!we!have!obtained!the!price!of!the!new!sharep!Pn!(13!December!2018)!=!20,2!€/share.!

Then,!having!both!the!old!share!price!(Pv!=!101!€/share)!and!the!new!share!price!(Pn!=!20,2!

€/share),!we!can!calculate! the!difference!between! them,! resulting! in!a!difference!between!

the!share!prices!of!80,8!€/share.!

Once!this!difference!has!been!obtained,!we!can!calculate!the!returns!as!follows:!

 

X;(7+(ÄÁÑÄÓíìî(((Åxçxiéxw(+à7â() = (
19,5 + 80,8 − 107,6

107,6
∗ 100 = (−6,78% 

 

The! calculation! of! simple! monthly! returns! for! the! remaining! assets! follows! the! same!

procedure!as!the!one!used!above!for!the!Amadeus!entity.!

 

In!the!specific!case!of!the!Amadeus!entity,!the!data!and!results!obtained!are!as!follows:!

 

DATE MONTHLY!RETURN 

Jan!3,!2018 M 

Jan!31,!2018 4,07% 

Feb!28,!2018 M2,35% 

Mar!29,!2018 5,41% 

April!30,!2018 2,36% 

May!31,!2018 8,22% 

Jun!29,!2018 M0,33% 

Jul!31,!2018 8,79% 

Aug!31,!2018 10,42% 



21  

Sep!28,!2018 M0,84% 

Oct!31,!2018 M13,26% 

Nov!30,!2018 M10,90% 

Dec!31,!2018 M6,11% 

Jan!31,!2019 4,15% 

Feb!28,!2019 3,44% 

Mar!29,!2019 7,53% 

Apr!30,!2019 M1,09% 

May!31,!2019 0,62% 

Jun!28,!2019 2,20% 

Jul!31,!2019 0,82% 

Aug!30,!2019 M5,97% 

Sep!30,!2019 M2,17% 

Oct!31,!2019 2,50% 

Nov!29,!2019 7,62% 

Dec!31,!2019 1,93% 

&&

Table&2&Amadeus&monthly&returns.&

Source:&own&elaboration.&

 
One!aspect!to!bear!in!mind!is!that,!as!we!can!see,!the!dates!do!not!always!coincide!with!the!

end!of!the!month,!this!is!because!the!last!day!of!the!month!fell!on!a!weekend!or!holiday,!so!

the!stock!market!would!be!closed.!For!this!reason,!we!have!taken!the!last!day!of!the!month!

when!the!Spanish!stock!market!was!open.!



22  

!

Finally,!the!tables!with!the!monthly!returns!of!the!other!IBEXM35!companies!used!in!the!study!

can!be!found!in!appendix!3!(tables!10!to!16). 

 

Calculation!of!volatility: 

 

The! second! step! to!be! conducted! to! reach!our!portfolio! is! the! calculation! of! the! variance!

since! together! with! the! profitability! they! are! the! two! variables! that! the! Markowitz! model!

considers.!In!this!case,!we!have!calculated!the!standard!deviation!to!measure!the!risk,!which!

is! the! root! of! the! variance,! to!eliminate! quadratic! values! and! facilitate! the!handling! of! the!

data. 

 

This!is!the!mathematical!expression!by!which!we!have!calculated!the!variance!and!to!which!

we!have!applied!a!square!root!to!finally!arrive!at!the!standard!deviation. 

 

 )+((X) = 2([X − 2((X)]+ = (2((X)+ −(2+(X) 

 

(15)(

 )((X) = (ï)+(X)( 

 

16(

Where:!σ2!(R)!=!variance!of!the!asset 

!!!!!!!!!!!!!σ!(R)!=!standard!deviation!of!the!asset 

!!!!!!!!!!!!!R!=!Return!on!assets 

 

Annualization!of!securities!returns!and!volatilities: 

 

Having! calculated! the! standard! deviation! on! the! monthly! return! of! each! asset,! we! have!

obtained!its!average!monthly!volatility.!As!we!need!the!annual!variables!to!be!able!to!run!the!

model! correctly,! we!are! going! to!annualise! the!average!monthly! returns! and! volatilities! of!

each!of!these!assets. 

 

To!annualise!the!average!returns,!all!we!have!done!is!apply!the!following!expression:!
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 (((((((((ñU&G1F&(ñ##<1D(X&@<G# = ñU&G1F&(!A#@ℎD[(X&@<G# ∗ 12 

 

(17)(

Regarding!the!annualization!of!volatility,!we!have!used!the!following!expression.!

!

! )�55Üv|( = (√12 ∗ )i{5ãg|á ! (18)(

 

Continuing! with! the! example! used! above! of! the! Amadeus! entity,! we! observe! that! the!

average!monthly!return!is!1,13%!and!its!average!monthly!volatility!is!5,82%.!If!we!apply!the!

above!expressions!to!annualise!these!values,!we!obtain!the!following!data:!

 

ñU&G1F&(ñ##<1D(X&@<G# = 1.13% ∗ 12( ≃ 13,53%. 

 

)�55Üv|( = √12 ∗ 5,82% ≃ 20,17% 

 

The!annual! conversions!of! the! remaining!assets! follow! the! same!procedure!as!previously!

used!for!the!Amadeus!entity.!

!

Table!17!in!annexe!four!shows!the!average!monthly!and!annual!returns!and!volatilities!of!the!

35!assets!that!make!up!the!IBEXM35.!

!

Calculation!of!correlations: 

Once!the!returns!and!volatilities!of! the!thirtyMfive!securities!that!make!up!the!IBEXM35!have!

been!annualised,!the!next!step! is!to!calculate! the!correlations!between!them! to!be!able! to!

select!the!assets!that!will!make!up!our!portfolio.!

Correlation!is!the!reciprocal!or!corresponding!link!that!exists!between!two!or!more!elements,!

specifically,! the! linear! relationship! that! exists! between! them,! in! this! case,! the! correlation!

relates! the! behaviour! that! two! assets! have! with! each! other,! these! correlations! will! be!

between!the!following!interval! [M1,1],!being!negative!correlations!(<!0)!when!the!two!assets!

are!correlated! in!opposite!sense,!that! is! to!say,!when! the!value!of!an!asset! increases,! the!

value!of!the!other!decreases!and!vice!versa,!becoming!completely!opposite!in!the!value!M1,!

in! the!case! that! the!correlation!was!equal! to!0! the!variables!will!be! incorrectly! related,!not!

having!the!assets!no!relation!between!them,!when!one!of!the!assets!suffers!a!variation!in!its!

value!(rise!or!fall)!we!do!not!know!how!the!other!one!will!vary,!and!finally,!positive!correlation!

will!exist!(>!0)!when!the!two!assets!are!directly!correlated,!with!both!assets!making!the!same!
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movement,!either!upwards!or!downwards,!and!this!movement!will!be!in!the!same!proportion!

when!the!correlation!is!equal!to!1.!

The!mathematical!formula!that!allows!us!to!calculate!the!correlation!coefficient!is!as!follows:!

!

!
_ôá =

)ôá

)ô ∗()á
! (19)(

!

Where:!!!!!!!!!)ôá = ?AU1G"1#?&(AC(@ℎ&($A#@ℎD[(G&@<G#H(AC(@ℎ&(@EA(1HH&@H!

()ô = H@1#Z1GZ(Z&U"1@"A#(AC($A#@ℎD[(G&@<G#H(AC(A#&(AC(@ℎ&(1HH&@H!

((((()á = H@1#Z1GZ(Z&U"1@"A#(AC(@ℎ&($A#@ℎD[(G&@<G#H(AC(@ℎ&(A@ℎ&G(1HH&@!

!

In!our! case,! to! facilitate! the! calculation!of! the! correlations!of! all! the!assets! comprising! the!

IBEXM35,!we!have!used!the!Excel!tool,!specifically!the!data!analysis!function,!and!within!this!

the! correlation! coefficient,! for! which! we! have! had! to! previously! make! a! table! with! all! the!

monthly!returns!of!all!the!assets!ordered!by!dates!(see!tables!18!and!19!in!annexe!5),!once!

all!this!has!been!done,!we!obtain!the!correlation!matrix!(see!tables!20!and!21!in!annexe!6),!

in!which!we!find!all!the!existing!relationships!between!the!35!assets.!

!

If! we! look! at! this! matrix! (tables! 20! and! 21! in! annexe! 6),! we! can! see! that! there! are!

correlations!of!all!kinds,!incredibly!positive,!positive,!negative,!and!null.!For!example,!in!the!

case!of!Banco!Santander!(SAN)!and!Banco!Bilbao!Vizcaya!Argentaria!(BBVA),! there! is!an!

exceedingly!high!degree!of!association,!with!a!correlation!coefficient!of!0,89,!while!Acciona!

(ANA)! and!Actividades!de!Construcción! y! Servicios! (ACS)! still! have! a! positive! correlation!

coefficient!of!0,39,!but!the!degree!of!association!is!not!as!high!as!in!the!previous!case.!On!

the!other!hand,!Iberdrola!(IBE)!and!MásMóvil!(MAS)!have!a!negative!correlation!coefficient!

of! M0,30,! i.e.,! there! is! an! inverse! relationship! between! them.! And! finally,! between!Grifols!

(GRF)!and!Mapfre!(MAP),!we!correlate!zero,!so!there!is!no!linear!association!between!them.!

!
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Assets!selected!for!the!portfolio!

Once!the!correlations!between!the!thirtyMfive!assets!have!been!calculated,!we!have!selected!

the!12!stocks!that!are!going!to!form!our!investment!portfolio,!specifically!two!companies!per!

sector,! selecting! those! stocks!with! the!most! negative! correlation!or! those! closest! to! zero,!

thus!reducing!the!risk!to!obtain!the!most!optimal!portfolio!possible.!!

The!assets!making!up!this!portfolio!are!as!follows:!

•! Oil!and!energy:!

M! Naturgy!Energy!Group!(NTGY)!

M! Red!Eléctrica!Corporación!(REC)!

!

!

•! Basic!materials,!industry,!and!construction:!

M! Acerinox!(ACX)!

M! Ferrovial!(FER)!

!

•! Consumer!goods:!

M! Ence!Energía!y!Celulosa!(ENC)!

M! Grifols!(GRF)!

!

!

•! Consumer!services:!

M! Melia!Hotels!International!(MEL)!

M! International!Airlines!Group!(IAG)!

!

!

•! Financial!services:!

M! Banco!Sabadell!(SAB)!

M! Bankinter!(BKT)!

!

!

•! Technology!and!telecommunications:!

M! Cellnex!(CLNX)!

M! MásMóvil!(MAS)!
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Portfolio!securities!data:!

Once!we!have!selected!the!twelve!assets!that!are!going!to!form!our!investment!portfolio,!we!

are!going!to!extract,!among!the!35!assets!calculated,!the!data!of!the!12!selected,!to!be!able!

to!correctly!set!out!the!Markowitz!model.!

M!Average!returns!and!volatilities!

First,!we!have!gathered!the!monthly!and!annual!average!returns!and!volatilities!of!the!twelve!

selected!assets,!which!can!be!seen!in!the!first!and!second!column,!respectively,!of!table!3:!

!

STOCKS 
AVERAGE!
MONTHLY!
RETURN 

AVERAGE!
MONTHLY!
VOLATILITY 

AVERAGE!
ANNUAL!
RETURN 

AVERAGE!
ANNUAL!

VOLATILITY 

ACERINOX! M0,43%! 8,54%! M5,12%! 29,59%!

BANCO!
SABADELL!

M1,05%! 8,77%! M12,56%! 30,39%!

BANKINTER! M0,32%! 6,77%! M3,78%! 23,44%!

CELLNEX! 2,51%! 5,99%! 30,08%! 20,73%!

ENCE! M0,43%! 12,16%! M5,22%! 42,13%!

FERROVIAL! 2,10%! 3,79%! 25,22%! 13,12%!

GRIFOLS! 1,10%! 5,91%! 13,17%! 20,47%!

IAG! 1,08%! 8,35%! 12,90%! 28,92%!

MASMOVIL! M2,85%! 17,84%! M34,24%! 61,81%!

MELIA!
HOTELS!

M1,35%! 5,29%! M16,19%! 18,32%!

NATURGY! 0,83%! 4,56%! 9,99%! 15,80%!

R.E.!C! 0,69%! 3,88%! 8,27%! 13,43%!

&

Table&3:&Average&monthly&and&annual&returns&and&volatilities&of&the&twelve&selected&assets.&

Source:&own&elaboration.&
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As!we!can!see,! six!of! the! selected!assets!have!a!negative! return,!however,! this!does!not!

imply!that!these!assets!will!be!discarded!when!applying!the!Markowitz!model!since!what!this!

model!considers!are! the! return!and! the! risk.!of! the!diversified!portfolio,!and!some!of! these!

assets!with!a!negative!return!may!be!found!in!one!of!the!corner!portfolios.!

!

M!Correlations:!

In!this!case,!we!have!assembled!the!correlations!that!exist!between!the!12!selected!assets!

in!a!correlation!matrix,!in!which!we!can!see!that!there!are!different!degrees!of!correlation!so!

that! we! can! later! demonstrate! in! the! practical! application! of! the! Markowitz! model,! the!

influence! that! correlations! can! have! on! the! creation! of! the! optimal! investment! portfolio!

generated!through!the!application!of!the!Markowitz!model.!

Table!22! in!annexe!seven!shows! the! full!correlation!matrix! for! the!12!selected!assets! to!6!

decimal!places.!

!

Matrix!of!variances!and!covariances:!

!

Firstly,!it!is!worth!highlighting!the!importance!of!calculating!this!matrix,!as!it!will!be!necessary!

to! conduct! the!Markowitz!model,! specifically,! we!will! need! the! variances! and! covariances!

matrix! of! annual! returns,! in! this! case,!we!are!going! to! calculate! the!matrix! using!monthly!

returns,!but!we!will!subsequently!annualise!them.!

Let’s! recall! that! the! variance! is! a!measure!of! dispersion! that! represents,! in! this! case,! the!

variability!of!the!average!monthly!returns!of!the!selected!assets,!concerning!their!arithmetic!

meanp!on!the!other!hand,!the!covariance!is!a!value!that!indicates!the!degree!of!joint!variation!

that! exists! between! two! random! variables,! in! this! case,! two! assets! of! the! 12! selected,!

concerning!their!means.!

To! perform! the! calculations! that! make! up! this! matrix,! we! first! grouped! the! previously!

calculated!monthly!returns!of!the!12!selected!assets!in!a!table!(to!facilitate!the!calculation),!

and! then,! using! this! data! and! the! Excel! VARP! formula,! we! obtained! the! variance! and!

covariance!matrix!(see!table!23!in!annexe!8),!in!our!case!12!by!12,!in!which!we!can!see!all!

the!existing!covariances!and!variances,!the!latter!being!found!on!the!diagonal!of!the!matrix!

since!the!covariance!of!an!asset!with!itself!is!its!variance.!!



28  

Finally,!name!the!variance!and!covariance!formula!used!by!Excel!to!obtain!the!values!of!this!

matrix:!

!

!
0ñXö =(

∑ ((-̂ −( -̅()
+5

^67

((# − 1()
! (20)(

!

!

Wù0ô,á( = (
1

#
(3(-̂ −( -̅()

5

^67

(([^ −([û()!

(

(21)(

!

Annualised!variance!and!covariance!matrix:!

As!mentioned!above,!to!perform!the!Markowitz!model!we!need!to!have!the!annual!variances!

and!covariances,! therefore,!as!we!have!done!previously!with! the! returns,!we!are!going! to!

annualise! them!by!multiplying!by! twelve!each!monthly!variance!and!covariance,!obtaining,!

as!a! result,! the!matrix!of!annualised!variances!and!covariances!of! the!12!selected!assets,!

which!we!are!going!to!have! to!complete!symmetrically,!as! the!order!of! the!securities!does!

not!alter!the!result!of!the!covariance,!Wù0-, [( = (Wù0[, -!i.e.!the!order!of!the!securities!does!

not!alter!the!result!of!the!covariance.!!

As!an!example,! in!the!case!of!Acerinox,!to!obtain!the!annualised!variance!we!have!looked!

for! its! variance! in! the!monthly! variance!and!covariance!matrix! and!multiplied! it!by! twelve,!

obtaining!the!following!result:!

!

)
+
�çxw]5{ô(�55Üv| = ()

+
�çxw]5{ô(i{5ãg|á( ∗ 12 = 0,007295936 ∗ 12 = 0,0875512323(!

!

!

For!the!covariance!of!Acerinox!with!Banco!Sabadell,!or!with!any!other!asset,!the!procedure!

we!have!followed!is!the!same!as!in!the!previous!case,!i.e.,!multiply!the!monthly!covariance!

by!twelve,!obtaining!the!following!result:!

!

Wù0�üö,Ñ�†(v55Üv| = ( Wù0�üö,Ñ�†(i{5ãg|á( ∗ 12 = 0,003189221 ∗ 12 = 0,0382706515!

!
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(!
Finally,!to!annualise!the!variances!and!covariances!of!the!rest!of!the!selected!securities,!we!

followed!the!same!procedure!as!in!the!case!of!Acerinox.!As!a!result,!we!obtained!the!annual!

variance!and!covariance!matrix!for! the!twelve!selected!securities!(see!table!24!in!appendix!

9),!which!we!will!subsequently!use!to!calculate!the!risk!of!our!portfolio.!!

!

Calculation!of!portfolio!risk:!
!
As!mentioned!above,!we!will!use!the!annualised!variance!and!covariance!matrix!to!calculate!

the!variance!of!the!portfolio!()°
+).!

Two!of!them!will!be!formed!by!the!weights!of!the!assets!that!we!are!going!to!use,!one!in!the!

form!of!a! row!and! the!other! in! the! form!of!a!column,! the! row!matrix!will!be!1x12,!and! the!

column!matrix!will!be!the!same!but!transposed,!that! is!to!say,!12x1,!where!the!weights!will!

change!depending!on!the!profitability!required!of!the!portfoliop!the!last!matrix!will!be!formed!

by!the!annualised!variances!and!covariances!of!the!assets,!which!we!have!calculated!in!the!

previous!section!and!will!not!modify,!remaining!fixed.!

Once! these! matrices! are! set! up,! the! row! matrix! of! the! weights! (E)! is! multiplied! by! the!

annualised! variance!and!covariance!matrix,!and!by! the! column!matrix!of! the!weights! (E¢
)!

will!give!us!the!variance!of!the!portfolio,!i.e:!

!

!

)°
+
= ((E7((((E+ (…((E5)(£

)77
+

)7+ )75

)+7 )++
+

)+5

)57 )5+ )55
+

§(•

((E7(((

E+

E5

¶ = (E ∗ 0 ∗ E)
¢! (22)(

!

With! the!variance!of! the!portfolio!calculated(()°
+
),!we!can!obtain! the! risk!of! the!portfolio!by!

calculating!the!square!root!of!the!portfolio.!

!
)°((X) =(ß)°

+
((X)!

(23)(

!
!
!
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IV.!PRACTICAL!APPLICATION:!
!
Once! the! theory!of! the!Markowitz!model! has! been! explained!and! the!data! obtained! have!

been!analysed,!all! that! remains! is!to!conduct! its!practical!application.!To!do!so,!before!we!

start,!we!will!collect!the!previous!data!to!obtain!a!better!understanding.!

!

First!of!all,!remember!that!the!aim!is!to!create!an!efficient!portfolio!of!12!IBEXM35!assets,!for!

which!we!have!used!a!timeline!of!returns!from!1!January!2018!to!31!December!2019.!This!

portfolio! is! made! up! of! two! companies! from! each! sector,! selected! using! the! correlations!

between!the!thirtyMfive!assets!that!make!up!the!IBEXM35.!!

!

Before! the! selection! of! the! assets! that! make! up! the! portfolio,! both! the! returns! and! their!

monthly!average!standard!deviations!(or!volatilities)!of!the!thirtyMfive!assets!were!calculated!

and! then! annualised.! Subsequently,! once! the! twelve! assets! had! been! selected,! their! 12!

annual!returns!and!standard!deviations!were!grouped!in!the!following!table:!!

!

STOCKS AVERAGE!ANNUAL!RETURN AVERAGE!ANNUAL!VOLATILITY 

ACERINOX M5,12% 29,59% 

BANCO!SABADELL M12,56% 30,39% 

BANKINTER M3,78% 23,44% 

CELLNEX 30,08% 20,73% 

ENCE M5,22% 42,13% 

FERROVIAL 25,22% 13,12% 

GRIFOLS 13,17% 20,47% 

IAG 12,90% 28,92% 

MASMOVIL M34,24% 61,81% 

MELIA!HOTELS M16,19% 18,32% 

NATURGY 9,99% 15,80% 
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R.E.!C 8,27% 13,43% 

!

Table&4:&Annual&returns&and&volatilities&of&the&twelve&selected&assets. 

Source:&own&elaboration.&

!

Next,! we!have!chosen! the! IBEXP35!as! the! stock!market! to!extract! the! assets! as! it! is! the!
benchmark!stock!market!index!of!the!Spanish!stock!market.!!

!

In!table!5!below,!we!have!grouped!the!return!and!volatility!of!this!index!for!2018,!and!2019!

and!the!average!of!both!periods.!!

!

! Profitability! Volatility!

2018! M14,97%! 15,04%!

2019! 11,88%! 13,70%!

Average!2018!and!2019! M1,55%! 14,37%!

&

Table&5:&IBEXI35&returns&and&volatilities&in&2018,&2019&and&the&average&of&both&periods.&
4Source:&https://www.bolsasymercados.es/esp/Home&
&

As!we!can!see!in!the!table!above,!the!IBEXM35!ended!2018!with!a!fall!of!14,97%,!which!it!

managed! to! recover! in! 2019,! reaching! a! return! of! 11,88%.! If! we! look! at! the! two! periods!

together,! we! see! that! the! average! for! both! years! is! M1,55%,! this! result! is! because! the!

profitability! obtained! in! 2019! has! not! been! able! to! completely! compensate! for! the! fall! in!

2018.!In!contrast,!the!volatility!of!the!index!has!remained!fairly!constant!over!the!two!years,!

averaging!14,37%.!

!

Once! the!above!data!have!been!collected,!we!proceed! to! find! the!efficient! frontier!of!the!
selected! portfolio! of! twelve! securities.! This! process! has! been! conducted! by! solving! the!

Markowitz!optimisation!model!by!complying!with!the!boundary!conditions!mentioned!above!

in!formulas!1,2,3!and!4.!

                                                
4!The!data!has!been!obtained!from!the!website!https://www.bolsasymercados.es/esp/Home,!from!the!
2018!and!2019!market!reports!published!by!the!website.!
https://www.bolsasymercados.es/docs/infmercado/2018/esp/IM2018.pdf!
https://www.bolsasymercados.es/docs/infmercado/2019/esp/IM2019.pdf!!
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In!our!case,!i.e.,!for!twelve!assets,!solving!the!optimisation!problem!with!these!conditions!is!

complex,! so!we!have! used! the!Microsoft! Excel!Solver& tool,! as! it! allows!us! to! establish! a!

series!of!boundary!conditions!on!the!decision!variables.!!

!

Next,! to!minimise! the! variance! of! the! portfolio!we! have! created!a!matrix! or! row! vector! of!

twelveMbyMone!and! its! transpose.!In! this!matrix!what!we!will! find! is! the!weight,!which! is! to!
say,! the! weighting! of! each! asset! k! in! the! portfolio,! this! is! dynamic! since! its! values! vary!

depending!on!the!profitability!that!we!give!to!the!portfolio.!To!make!the!calculation!correctly,!

before!executing! the!programme!we!assign! the!same!weight! to!all! the!assets,!which! is! to!

say,!as!there!are!twelve!assets,!we!distribute!the!total!of!the!portfolio!among!them!equally,!

each! one! weighting! 8,3333...%,! thus! fulfilling! the! first! of! the! restrictions! of! the! model.!

∑ -4
5
467 = 1!

!
Before!calculating!the!volatility!of!the!portfolio,!using!the!above!data!we!have!calculated!the!

expected! return! of! the! portfolio! by! default,! using! the! Excel! formula! SUMAPRODUCT,!
which!multiplies!the!annual!return!of!each!of! the!twelve!assets!by!the!weight!that!we!have!

initially!given!by!default!®8, 3©%™,!and!subsequently!adds!them!all!together,!thus!obtaining!an!

expected! return! of!1,876%.! Then,! as!mentioned! above,! we! calculate! the! variance! of! the!
portfolio! and! with! its! square! root! we! obtain! the! standard! deviation! or! volatility! of! the!
portfolio,!the!latter!being!26,51%.!
!

Continuing!with!the!practical!application!of!the!model,!we!will!apply!the!critical!line!method.!!
!

The!procedure!to!follow!to!obtain!the!corner!portfolios!in!Solver& is!as!follows:!first,!we!must!

locate!the!target!cell,!which!is!the!value!we!want!to!optimise,!i.e.,!minimise!or!maximise,!in!

our! case,! we! seek! to! minimise! the! standard! deviation! (the! risk).! Next,! we! introduce! the!

restrictions!that!must!be!met!when!minimising!risk,!which!is:!that!the!sum!of!the!weights! is!

equal! to! 1,! that! they! are! positive! or! zero! and! that! all! this! is! done! while! maintaining! the!

required!level!of!profitability.!

!

To!obtain!the!minimum!variance!subject!to!the!above!conditions,!there!must!be!a!matrix!with!

dynamic!values,!i.e.,!that!change!as!the!profitability!we!require!in!the!system!varies.!In!this!

case,!this!dynamic!matrix!will!be!the!row!matrix!of!weights,!and!as!the!row!matrix!varies,!the!

column!matrix!will!also!vary,!since!I!have!defined!both!to!be!equal.!

!
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The!weights!that!result!after!applying!the!Solver&are!the!percentages!of!shares!of!each!asset!

that!the!investor!must!purchase!about!their!total!budget.!

!

With!all!the!above!mentioned!we!proceed!to!run!Solver,!obtaining!the!minimum!risk!portfolio,!

which!we!will!name!later!as!portfolio!ten.!This!portfolio!has!a!profitability!of!7,58%,!a!risk!of!

7,89%! and! is! formed! by! the! weights! of! table! 5.! Once! obtained! this! portfolio! corner! we!

proceed! to!find! the! following!ones,! for! it,! I!have!been! increasing!the!desired!profitability! in!

percentages!of!2,5%!being!able!to!observe!how!the!composition!of!the!portfolio!is!changing!

with!the!entrance!of!new!titles!or!the!exit!of!titles!that!already!were!present.!

!

! ACX! SAB! BKT! CLNX! ENC! FER! GRF! IAG! MAS! MEL! NTGY! REC!

Portfolio!

ten!
0%! 0%! 15,17%! 1,20%! 0%! 16,68%! 14,86%! 0%! 0,66%! 9,81%! 0%! 41,61%!

&

Table&6:&Weights&corner&portfolio&ten 

Source:&own&elaboration.&

!

In!this!way,!we!have!obtained!a!set!of!ten!portfolios!that!offer!us!the!minimum!risk!for!a!given!

return! while! complying! with! the! boundary! conditions,! known! as! the! Markowitz! efficient!

frontier.!!

!

Table!7!below!shows!the!weights!for!each!of!the!ten!corner!portfolios!obtained.!

!

& ACX$ SAB$ BKT$ CLNX$ ENC$ FER$ GRF$ IAG$ MAS$ MEL$ NTGY$ REC$

Portfolio&1& 0%! 0%! 0%! 100%! 0%! 0%! 0%! 0%! 0%! 0%! 0%! 0%!

Portfolio&2& 0%! 0%! 0%! 48,57%! 0%! 51,43%! 0%! 0%! 0%! 0%! 0%! 0%!

Portfolio&3& 0%! 0%! 2,62%! 25,90%! 0%! 66,19%! 5,29%! 0%! 0%! 0%! 0%! 0%!

Portfolio&4& 0%! 0%! 7,23%! 22,01%! 0%! 59,01%! 7,77%! 0%! 0%! 0%! 0%! 3,98%!

Portfolio&5& 0%! 0%! 9,68%! 17,54%! 0%! 51,22%! 9,62%! 0%! 0%! 0%! 0%! 11,95%!

Portfolio&6& 0%! 0%! 12,12%! 13,07%! 0%! 43,43%! 11,47%! 0%! 0%! 0%! 0%! 19,92%!

Portfolio&7& 0%! 0%! 14,57%! 8,60%! 0%! 35,63%! 13,32%! 0%! 0%! 0%! 0%! 27,89%!

Portfolio&8& 0%! 0%! 16,17%! 4,98%! 0%! 28,27%! 14,71%! 0%! 0%! 1,38%! 0%! 34,50%!

Portfolio&9& 0%! 0%! 15,68%! 3,39%! 0%! 22,05%! 14,99%! 0%! 0%! 6,17%! 0%! 37,72%!

Portfolio&10& 0%! 0%! 15,17%! 1,20%! 0%! 16,68%! 14,86%! 0%! 0,66%! 9,81%! 0%! 41,61%!

&

Table&7:&Weights&of&the&ten&corner&portfolios&obtained. 

Source:&own&elaboration.&

!

!
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Table!8!below!shows!the!returns!and!standard!deviations!(risk)!of!the!above!portfolios:!

!

& Return$ Standard$Deviation$

Portfolio$1$ 30,08%! 20,73%!

Portfolio$2$ 27,58%! 13,80%!

Portfolio$3$ 25,08%! 11,76%!

Portfolio$4$ 22,58%! 10,65%!

Portfolio$5$ 20,08%! 9,70%!

Portfolio$6$ 17,58%! 8,93%!

Portfolio$7$ 15,08%! 8,38%!

Portfolio$8$ 12,58%! 8,08%!

Portfolio$9$ 10,08%! 7,94%!

Portfolio$10$ 7,58%! 7,89%!

!!
Table&8:&Returns&and&standard&deviations&of&the&10&corner&portfolios&obtained. 

Source:&own&elaboration.&

!

Analysing! the!above!data,!we!can!observe! the! following!properties! in! the! formation!of! the!

portfolios:!

!

Firstly,!if!we!analyse!the!10!corner!portfolios!and!the!annual!returns!of!the!assets!that!form!

them,!we!can!see!that!there!are!assets!such!as!Bankinter,!MasMovil!and!Melia!Hotels!that,!

despite!having!negative! returns,! form!part!of!some!of! the!portfolios.!This! is!because!when!

calculating!the!corner!portfolios!using!the!critical!line!method,!the!Markowitz!model!does!not!

consider! whether! the! assets! have! positive! or! negative! returnsp! its! only! objective! is! to!

minimise! the! risk!for!a!given! level!of! return!or! to!maximise! the!expected! return! for!a!given!

level!of!risk.!

!

Next,!we!have!distinguished!five!assets!that!do!not!participate!in!any!of!the!portfolios,!these!

are!Acerinox! (ACX),!Banco!Sabadell! (SAB),!Ence!Energía!y!Celulosa! (ENC),! International!

Airlines!Group! (IAG)!and!Naturgy!Energy!Group! (NTGY),! this! is! because! the! correlations!

that! exist! between! all! of! them! are! considerable! (on! average! approximately! 0,40)! which!

hinders!the!entry!of!the!corner!portfolios!because!as!correlations!increase!it!becomes!more!

difficult!to!reduce!volatility.!

!
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Likewise,!we!have!distinguished! three!assets! that! carry!a! lot! of!weight! in! these!portfolios,!

which!are:!Cellnex!(CLNX),!Ferrovial!(FER)!and!Red!Eléctrica!Corporación!(REC).!Portfolio!

1,!which! is! the!portfolio!with! the!highest! profitability,! is!made!up!of! 100%!of!Cellnex.!This!

asset!will!remain!present!in!all!the!diversified!portfolios!but!will!gradually!lose!weight!until!the!

last! portfolio! in! which! it! will! weigh! 1,20%,! therefore,! as! the! profitability! required! of! the!

portfolio!decreases,!the!weight!represented!by!the!asset! in!this!portfolio!will!also!decrease.!

On!the!contrary,!Red!Eléctrica!Corporación!has!an!opposite!development,!it!enters!from!the!

fourth!portfolio,!but!its!weight!increases!as!the!volatility!of!the!portfolio!decreases,!reaching!a!

weight! of! 41,61%! in! the! portfolio! with! the! lowest! volatility! (portfolio! 10).! This! same!

development!also!occurs!with!the!assets!Grifols!(GRF)!and!Bankinter!(BKT)!but!to!a!lesser!

extent,!which!begin! to!participate! in! the! third!portfolio,! from!which! they!gradually! increase!

their!weight!during!the!following!portfolios!until!the!last!one!in!which!they!suffer!a!minuscule!

decrease,! this! participation! in! most! of! the! portfolios! with! not! excessively! large! weights!

compared!to!the!three!assets!mentioned!above,! is!since!the!assets!have!low!and!negative!

correlations!with!most!of!the!assets!in!the!portfolio.!

!

As!mentioned!above,!Ferrovial! (FER)! is! an! important!asset! because! it! is! in!all! the! corner!

portfolios!except! the! one!with! the!highest! profitability! and! in!all! of! them!with!a! significant!

weight,!specifically,!it!has!approximately!50%!in!five!of!the!portfolios!in!which!it!participates!

and!ends!with!a!weight!of!16,68%.!!

!

MásMóvil!(MAS)!and!Melia!Hotels!International!(MEL)!are!shares!that!participate!little!in!the!

portfolios,!specifically,!MásMóvil!only!forms!part!of!the!last!portfolio!and!with!an!insignificant!

weight! of! 0,66%,! while! Melia! Hotels! International! appears! in! the! last! three! portfolios,!

reaching!a!weight!of!9,81%!also!in!the!last!portfolio.!

!

Once!the!properties!of!the!portfolios!have!been!analysed,!an!investor's!decision!will!depend!

on!what!he!wants,!if!he!is!looking!for!a!high!return!without!caring!about!the!risk!that!this!may!

entail,! the! investor!will!choose!among! the! first!portfolios!assuming!a! low!diversification,!on!

the!other!hand,!In!my!case,!I!would!choose!portfolio!5!or!6!since!both!are!diversified!with!5!

securities!and!from!the!last!portfolio!to!these,!there!is!not!a!big!increase!in!risk!but!there!is!a!

big!increase!in!profitability.!!

!

Finally,! the! correlations!between! the!assets! that!make!up! the!portfolios! I! have!mentioned!

can!be!seen!in!the!correlation!matrix!of!the!12!assets!in!table!22!of!annexe!7.!

!
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Once!the!10!corner!portfolios!have!been!obtained,!we!transfer!the!results!to!a!scatter!plot!in!

which!we!place!the!volatility!on!the!abscissa!axis!and!the!expected!return!of!the!portfolio!on!

the!ordinate!axis.!If!we!then!join!the!points!belonging!to!each!portfolio,!we!get!the!following!

Markowitz!efficient!frontier.!!

!

Figure&2:&Markowitz&Efficient&Frontier.&

Source:&own&elaboration.&

!

As!we!can!see! in!Figure!2,! the!efficient! frontier!has!the!shape!of!a!parabola!and!contains!

infinitely!many!efficient! portfolios.!The!parabolic!shape!of! the! curve! indicates! that! portfolio!

returns!decrease!faster!than!volatility!(risk)!until!a!point! is!reached!where!risk!will! increase!

despite!decreasing!returns,!the!latter!point!is!the!one!with!the!lowest!volatility!of!all!efficient!

portfolios.!

!

Next,! in! order! to! compare! the! Markowitz! efficient! frontier! with! the! IBEXM35,! we! have!

compiled!the!data!on!its!annual!average!return!and!volatility!for!the!time!horizon!used.!As!we!

can!see!in!Table!5,! the!first!of!these!was!M!1.55%,!which!is!due!to!the! large!fall!suffered!in!

2018!by!this!stock!market.!In!terms!of!volatility,!the!Spanish!stock!market!has!a!volatility!of!

14.37%.!

!

Next,! for! the! same! purpose,! we! have! gathered! the! data! obtained! by! applying! the! naïve!

strategy! 1/N.! Therefore,! if! we! assign! each! asset! a! weighting! of! 8, 3©%( ´ 7
7+
¨(the! expected!

return!of!the!portfolio!will!be!1,876%!and!the!volatility!(risk)!of!the!portfolio!will!be!26,51%.!
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With!the!above!data!we!are!going!to!compare!graphically! the!Markowitz!Efficient!Frontier!
with! the! IBEXM35,!and!with! the!1/N!strategy.!This!comparison! is!conducted!to!check! if! the!

objective! of! the! work! is! fulfilled,! that! is! if! active! management! could! beat! passive!

management,!specifically! if! the!portfolios!constructed!by!applying!the!Markowitz!model!can!

beat!the!Spanish!stock!market!index!(IBEXM35)!and/or!the!naïve!1/N!strategy.!!

!

!

Figure&3:&Comparison&of&the&Markowitz&efficient&frontier&with&the&IBEXI35&and&the&naïve&1/N&

strategy.&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

Source:&own&elaboration.&

&

If!we! look!at! the!previous!graph! (figure!3)!we!can!see! that!all! the!portfolios! that! form! the!

efficient!frontier!beat!the!naïve!strategy!1/N!(blue!dot),!since!all!of!them!offer!a!higher!return!

and!a!lower!risk,!even!the!riskiest!portfolio!of!the!efficient!frontier!has!less!risk!than!the!naïve!

strategy! 1/N.! On! the! other! hand,! if! we! compare! it! with! the! IBEXM35! (red! point)! we! also!

observe!that!all!the!diversified!portfolios!of!the!efficient!frontier!offer!much!more!profitability!

than!this!point,!since!this!one!has!a!negative!profitability!of!M1,55%,!if!we!look!at!the!volatility,!

the!great!majority! of! the!portfolios!have! a! lower! volatility! than! the! IBEXM35! (14,37%)!and!

offer!profitability!much!higher!than!the!index,!only!two!of! the!portfolios!have!more!risk!than!

the!index,!but!their!profitability! is!abysmally!higher.!The!corner!portfolio!that!offers!a!higher!

return!has!a!difference!in!volatility!from!that!of!the!index!of!6,36%!since!this!portfolio!has!a!

volatility! of! 20,73%! and! the! IBEX! has! a! volatility! of! 14,37%p! but! the! difference! in! returns!

between!them!is!much!greater,!specifically!31,63%,!since!the!return!of!the!riskiest!portfolio!is!

30,08%!and!that!of!the!Spanish!market!is!M1,55%.!
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V.!CONCLUSION:!
!

In! this!paper,! we! have! studied! the!model! proposed!by!Markowitz! in! 1952! in! his! Portfolio!

Selection!Theory!together!with!its!practical!application.!This!model!is!a!theoretical!reference!

in! the! field! of! portfolio! selection! theory.! It! marked! a! before! and! after! in! the! history! of!

investment,!since!investors!before!the!creation!of! this!model!did!not!take!risk! into!account,!

but! simply! sought! to! maximise! profitability,! which! changed! with! Markowitz's! model.! The!

model! stated! the! importance! of! considering! both! return! and! risk! and! highlighted! the! riskM

reducing!impact!that!diversification!could!have!on!risk.!In!terms!of!its!practical!application,!it!

is! currently! a!model! that! is! easy! to! apply,! which!was!not! the! case! in! its! early! days.! This!

difference!is!because!technological!developments!have!contributed!to!the!availability!of! the!

software!and!hardware!necessary!for!its!use.!

!

Let!us!recall!that!the!main!objective!of!this!paper!is!to!evaluate!whether!active!management!

can! outperform! passive! management,! in! particular,! whether! the! portfolios! selected! by!

applying! the!Markowitz!model! can! outperform! the!Spanish! stock!market! index!and/or! the!

naïve!strategy!1/N.!!

!

Based!on!the!daily!closing!price!data!from!1!January!2018!to!31!December!2019!of!the!35!

companies!that!make!up!the!IBEXM35!and!considering!both!the!dividends!paid!and!the!splits!

produced,!we!have!applied!the!portfolio!selection!model!to!obtain!the!following!conclusions.!

!

First,! by! comparing! the! efficient! portfolios! obtained! through! the! empirical! study! of! the!

Markowitz!model!with!the!naïve!strategy!1/N,!we!have!clearly!observed!that!any!portfolio!in!

the!Markowitz!efficient! frontier! beats! the!Markowitz! strategy,!as!all!of! them!provide!higher!

returns!at!lower!risk.!

!

On!the!other!hand,!if!we!compare!the!efficient!portfolios!obtained!using!the!Markowitz!model!

with! the! IBEXM35.! Firstly,! we! can! observe! that! the! minimum! risk! portfolio! (portfolio! 10)!

outperforms!the!Spanish!market!index,!since!this!portfolio!offers!higher!profitability!and!less!

risk,!specifically! it!provides!an!increase!in!profitability!of!9,13%!(7,58%!of!the!minimum!risk!

portfolio!+!1,55%!of!the!IBEXM35)!and!a!decrease!in!risk!of!6,48%!(7,89%!of!the!minimum!

risk! portfolio! –! 14,37%! of! the! IBEXM35).! Next,! if! we! compare! with! the! entire! Markowitz!

efficient! frontier,!we! reach! the!same!conclusion,! i.e.,! that! the!corner!portfolios!obtained!by!

applying!the!Markowitz!model!outperform!the!index.!This!is!because!all!the!portfolios,!except!

the! two!with! the!highest! risk,! provide!a!much!higher! return! than! the! index!with! the! lowest!
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risk.! In! this! case,! the! investor's!decision!will!depend!on! the! investor's! risk!aversion,!which!

may! depend! on! the! type! of! investment,! the! investor's! age,! education,! and! time! horizon,!

among!other!things.!!

!

With! the! above,! we! can! affirm! that! the! objective! of! the! study! is! met,! i.e.,! that! active!

management!using!the!Markowitz!model!beats!both!the!IBEXM35!and!the!naïve!strategy!1/N!

(passive!management).!

!

It! is!worth!mentioning! that! this!model!does!not!allow!predicting!the! future!behaviour!of! the!

selected! assets! or! the! index.! The! results! obtained! are! calculations! made! a! priori! with!

historical!data!that!show!past!performance!and!serve!as!a!reference!for!the!future!creation!of!

investment!portfolios,! therefore,! these!calculations!need!not!be! repeated! in! future!periods,!

as!stock!markets!may!vary!due!to!any!national!or!international!factor.!For!all!these!reasons,!

it! is! advisable! to! recalculate! the! composition! of! the! portfolio! over! time,! i.e.,! to! actively!

manage! it.! It!should!also!be!borne! in!mind! that! the! results!have!been!obtained!using!data!

from!two!years!and!that!perhaps!if!the!sample!were!extended!the!results!might!be!different,!

which!we!cannot!say!for!certain.!

!

Finally,!although!the!model!has!its!critics,!we!believe!that! it! is!a!valuable!tool! to!have!as!a!

reference!when!creating!an!investment!portfolio.!

!
!
!
!
!
!
!
!
!
!
!
!
!
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ANNEXES!!
!

ANNEXE!1!
!

Example!demonstrating!that!diversification!leads!to!lower!risk!
!

!

In! the! following,! we! will! demonstrate! with! an! example! that! with!)]^ = 0! and! applying! the!

same!weights!(w),!returns!(r)!and!standard!deviation!()(for!all!chosen!assets,!diversification!

will!cause!that!as!the!number!of!chosen!assets!increases,!the!risk!decreases.!

!

We! first! choose! two! assets! and! calculate! their! return! and! variance! under! the! following!

conditions:!

!

)]^ = 0((!!!!!!!!!!!!!!!!

G] = 0,05!!!!!!!!!!!!!!!

E] =
7

+
= 0,5!!!!!!!!!!!!!!!!

)] = 0,05!

G° =(E7G7 +(E+G+ = 2( ∙ (0,05( ∙ 0,5) = Æ, ÆØ(!

!

)°
+
= (E7

+
)7
+
+(E+

+
)+
+
+ 2E7E+)7+ = 0,5

+
∙ 0,05

+
+(0,5

+
∙ 0,05

+
+ 2 ∙ 0,5 ∙ 0,5 ∙ 0 = (1,25( ∙ 10

∞å!

(((((((((= Æ,ÆÆ±≤Ø!!

!

Next,!we!will!recalculate!the!same!thing!under!the!same!conditions,!but!in!doing!so!for!three!

assets!the!E] =
7

å
= 0, 3© !!!

G° = (E7G7 +(E+G+ +(EåGå = 3( ∙ ≥0,05( ∙
1

3
¥ = Æ,ÆØ(!

!

)°
+
= (E7

+
)7
+
+ (E+

+
)+
+
+ Eå

+
)å
+
+ 2(E7E+)7+ (+(E7Eå)7å +(E+Eå)+å) = 0, 3µ ((

+
∙ 0,05

+
+ 0, 3©((

+
∙

0,05
+
+(0, 3©((

+
( ∙ 0,05

+
+ 2( ∙ ®0, 3µ ( ∙ (0, 3© (( ∙ 0 + (0, 3© ( ∙ (0, 3© (( ∙ 0 + 0, 3© ( ∙ (0, 3© (( ∙ 0™ = 8,33( ∙ 10

∞∂
=

Æ,ÆÆÆ∑∏∏!!

!

With! this!example,!we! can! conclude! that! by! increasing! the!number! of! assets,! we!will! still!

obtain!the!same!return!(profitability),!but!by!having!more!diversification!the!variance!(risk)!will!

decrease.!

!

Finally,!it!should!be!noted!that!if!)]^ > 0!the!risk!will!decrease!more!slowly!than!if!)]^ < 0.!
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ANNEXE!2!
!

The!35!IBEXM35!companies!by!sector!
!

SECTOR! COMPANY! ACRON
YMS!

Oil!and!energy:!

Repsol! REP!

Enagas! ENG!

Endesa! ELE!

Iberdrola! IBE!

Naturgy!Energy!Group! NTGY!

Red!Eléctrica!Corporación! REC!

!
Basic!materials,!industry,!and!

construction:!

ACERINOX! ACX!

ArcelorMittal! MTS!

Cie!Automotive! CIE!

Siemens!Gamesa!Renewable!Energy! SGRE!

Acciona! ANA!

Construction!and!Service!Activities! ACS!

Ferrovial! FER!

Consumer!goods:!

Viscofan! VIS!

Inditex! ITX!

Ence!Energía!y!Celulosa! ENC!

Grifols! GRF!
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Consumer!services:!

Melia!Hotels!International! MEL!

Mediaset!España!Comunicación! TL5!

Aena! AENA!

International!Airlines!Group! IAG!

Financial!services:!

Banco!Bilbao!Vizcaya!Argentaria! BBVA!

BANCO!SABADELL! SAB!

Banco!Santander! SAN!

Bankia! BKIA!

BANKINTER! BKT!

Caixabank! CABK!

Mapfre! MAP!

Technology!and!telecommunications:!

Cellnex! CLNX!

MásMóvil! MAS!

Telefónica! TEF!

Amadeus! AMS!

Indra!Systems! DR!

Real!estate!services!
Inmobiliaria!Colonial! COL!

Merlin!Properties! MRL!

Table&9:&The&35&IBEXI35&companies&by&sector.&

Source:&own&elaboration.&
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ANNEXE!3!
!

Monthly!performance!of!the!35!IBEXM35!assets!
!
!
!

!
  
Table&10:&Monthly&returns&of&Acciona,&Acerinox,&Actividades&de&Construcción&y&Servicios&(ACS),&Aena&

and&Amadeus.&

Source:&own&elaboration.&
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!
!
!

Table&11:&Monthly&returns&of&Arcelormittal,&Banco&Sabadell,&Banco&Santander,&Bankia&and&Bankinter.&&

Source:&own&elaboration.&

 
!
!
!

!
!
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!

!
!

Table&12:&Monthly&returns&of&BBVA,&Caixabank,&Cellnex,&Cie&Automotive&and&Enagas.&

Source:&own&elaboration.&
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!
!
!

Table&13:&Monthly&returns&of&Ence,&Endesa,&Ferrovial,&Grifols&and&International&Airlines&Group&(IAG).&

Source:&own&elaboration.&

 
!

!
!
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!
!
!

Table&14:&Monthly&returns&of&Iberdrola,&Inditex,&Indra,&Inmobiliaria&Colonial&and&Mapfre.&

Source:&own&elaboration.&

!
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!
!
!

Table&15:&Monthly&returns&of&Masmovil,&Mediaset,&Melia&Hotels,&Merlin&and&Naturgy.&

Source:&own&elaboration.&

!
!
!
!

!
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!
!

Table& 16:& Monthly& returns& of& Red& Eléctrica& Corporación& (R.E.C),& Repsol,& Siemens& Gamesa,&

Telefónica&and&Viscofan.&

Source:&own&elaboration.&

 
!

!
!
!
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ANNEXE!4!
!

Monthly!and!annual!returns!and!volatilities!of!the!35!IBEXM35!assets!
 

STOCKS 

AVERAGE!
MONTHLY!
PROFIT 

AVERAGE!
MONTHLY!
VOLATILITY 

AVERAGE!
ANNUAL!
PROFIT 

AVERAGE!
ANNUAL!

VOLATILITY 

ACCIONA 1,69% 5,85% 20,32% 20,27% 

ACERINOX M0,43% 8,54% M5,12% 29,59% 

ACS 1,33% 7,25% 15,96% 25,12% 

AENA 0,36% 4,24% 4,31% 14,69% 

AMADEUS 1,13% 5,82% 13,53% 20,17% 

ARCELORMITTAL M2,03% 10,65% M24,40% 36,88% 

BANCO!
SABADELL 

M1,05% 8,77% M12,56% 30,39% 

BANCO!
SANTANDER 

M1,10% 6,57% M13,24% 22,76% 

BANKIA M2,20% 7,92% M26,36% 27,44% 

BANKINTER M0,32% 6,77% M3,78% 23,44% 

BBVA M0,65% 7,56% M7,82% 26,20% 

CAIXABANK M0,46% 8,17% M5,58% 28,30% 

CELLNEX 2,51% 5,99% 30,08% 20,73% 

CIE!AUTOMOTIVE 0,50% 9,74% 6,00% 33,73% 

ENAGAS 1,00% 4,95% 11,95% 17,15% 

ENCE M0,43% 12,16% M5,22% 42,13% 
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ENDESA 1,91% 3,83% 22,90% 13,27% 

FERROVIAL 2,10% 3,79% 25,22% 13,12% 

GRIFOLS 1,10% 5,91% 13,17% 20,47% 

IAG 1,08% 8,35% 12,90% 28,92% 

IBERDROLA 2,26% 4,54% 27,15%! 15,74% 

INDITEX 0,82% 7,15% 9,83% 24,76% 

INDRA M0,18% 7,86% M2,19% 27,23% 

INMOBILIARIA!
COLONIAL 

1,47% 4,38% 17,58% 15,17% 

MAPFRE M0,04% 4,72% M0,51% 16,37% 

MÁSMÓVIL M2,85% 17,84% M34,24% 61,81% 

MEDIASET M1,47% 7,00% M17,69% 24,25% 

MELIA!HOTELS M1,35% 5,29% M16,19% 18,32% 

MERLIN 1,09% 3,68% 13,12% 12,76% 

NATURGY 0,83% 4,56% 9,99% 15,80% 

R.E.!C 0,69% 3,88% 8,27% 13,43% 

REPSOL 0,07% 5,07% 0,89% 17,56% 

SIEMENS!GAMESA 1,59% 10,23% 19,11% 35,42% 

TELEFÓNICA M0,39% 5,18% M4,66% 17,95% 

VISCOFAN M0,67% 6,77% M8,01% 23,47% 

&
Table&17:&Monthly&and&annual&returns&and&volatilities&of&the&35&assets&that&make&up&the&IBEXI35.&

Source:&own&elaboration.
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ANNEXE%5%

%
Monthly(performance(by(date(of(the(35(IBEX835(assets((1/2)(

 
 
 

 
 

Table&18:&Monthly&returns&sorted&by&dates&of&the&35&assets&that&make&up&the&IBEX>35&(1/2).&

&&&&&&&&&&&&&&&Source:&own&elaboration.&
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Monthly(performance(by(date(of(the(35(IBEX835(assets((2/2)(
 
 
 

 
 

Table&19:&Monthly&returns&sorted&by&dates&of&the&35&assets&that&make&up&the&IBEX>35&(2/2). 
&&&&&&&&&&&&&&&Source:&own&elaboration.&

&

&
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ANNEXE%6%
%

Correlation(matrix(of(the(35(IBEX835(assets((1/2)(
(
 

 
 

Table&20:&Correlation&matrix&of&the&35&IBEX>35&assets&(1/2).&

&&&&&&&&&&&&&&&&&&&&&&&&&&&Source:&own&elaboration.&
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Correlation(matrix(of(the(35(IBEX835(assets((2/2)(
 

 
 

 
&

Table&21:&Correlation&matrix&of&the&35&IBEX>35&assets&(2/2).&

&&&&&&&&&&&&&&&&&&&&&&&&&&&Source:&own&elaboration.&
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ANNEXE%7%
(

Completed(correlation(matrix(of(the(12(selected(titles(
 
 
 
 

 
 

Table&22:&Correlation&matrix&completed&for&the&12&selected&titles.&&

&&&&&&&&&&Source:&own&elaboration.&
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ANNEXE%8%
(

Monthly(variance(and(covariance(matrix(of(the(12(selected(securities(
 
 
 

 

 
 
 
 

Table&23:&Monthly&variance&and&covariance&matrix&of&the&12&selected&titles. 
 

&&&&&&&&&&&&&&&Source:&own&elaboration.&
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ANNEXE%9%
(

Annual(variance(and(covariance(matrix(of(the(12(selected(securities(
 
 

 
 

Table&24:&Matrix&of&annual&variances&and&covariances&for&the&12&selected&titles.&

&&&&&&&Source:&own&elaboration.&

 
 


