NORM-ATTAINING OPERATORS WHICH SATISFY A BOLLOBAS
TYPE THEOREM
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ABSTRACT. In this paper, we are interested in studying the set Aj. (X,Y") of all norm-
attaining operators 7" from X into Y satisfying the following: given € > 0, there exists n
such that if |Tz| > 1 —n, then there is z¢ such that |z¢ — x| < ¢ and T itself attains its
norm at xg. We show that every norm one functional on ¢y which attains its norm belongs
to Aj.|(co, K). Also, we prove that the analogous result holds neither for Aj.;(¢1,K) nor
Aj.|(le, K). Under some assumptions, we show that the sphere of the compact operators
belongs to Aj.|(X,Y) and that this is no longer true when some of these hypotheses are
dropped. The analogous set Ay, (X) for numerical radius of an operator instead of its
norm is also defined and studied. We present a complete characterization for the diagonal
operators which belong to the sets Aj.|(X, X) and A,,(X) when X = cg or £,. As a
consequence, we get that the canonical projections Py on these spaces belong to our
sets. We give examples of operators on infinite dimensional Banach spaces which belong
to Aj (X, X) but not to A,,(X) and vice-versa. Finally, we establish some techniques
which allow us to connect both sets by using direct sums.

1. INTRODUCTION AND MOTIVATION

The famous theorem due to Bollobas on functionals which attain their norms states
that if £* is a norm one functional which almost attains its norm at some element z, in
the sense that z*(x) > 1 — n for some n > 0, then there exist a new functional z§ and
a new element z, such that xj attains its norm at zo, o ~ =, and z§ ~ x* (see [4]).
This result opened the gate to further discussion on this topic and nowadays we have a
large literature about various classes of functions which attain their norms and satisfy a
Bollobés type result (see, for instance, [2, 3, 8, 9, 11, 12, 15, 19, 20| and the references
therein). Lindenstrauss in [16] was the first one who answers negatively a question posed
by Bishop and Phelps in [7] on the density of linear operators which attain their norms. In
particular, Bollobas’ result is no longer true for this class of functions, which had allowed
many researchers to study systematically when we have a Bollobas type result for other
functions rather than functionals. For a starting point on this topic, we suggest the reader
the seminal paper [3].
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In order to explain properly what we will be doing in this paper, we briefly present
some necessary notation so that the reader can follow the ideas easily. We denote by
By and Sx the closed unit ball and the unit sphere of the Banach space X, respectively.
We denote by X* the topological dual of X. Given two Banach spaces X and Y, we
denote by L£(X,Y") the set of all bounded linear operators and by £(X) if X =Y. We
will be using both notation {(z* ) and z*(x) indistinctly throughout the paper for the
action of an element x* € X* at an element x € X. We say that T' e £(X,Y) attains its
norm if there exists zg € Sx such that ||T(xo)| = |7. In this case, we say that T is a
norm-attaining operator. The set of norm attaining operators from X into Y is denoted
by NA(X,Y). We introduce the set of all states on X by II(X) = {(x,2*) € Sx x Sx» :
{x*,xy = 1} and for a given operator T € L£(X), the numerical radius of T" is defined
as v(T) := sup{[{z*, T(x))| : (x,2*) € TI(X)}. Notice that we always have v(T) < T
We say that T attains the numerical radius when there is (zg,2§) € II(X) such that
[(xg, T'(x0))| = v(T'). In this case, we say that T" is a numerical radius attaining operator.
For a background on this topic, we refer to [5, 6].

In this paper, we are interested in studying a set of linear operators which satisfy a
Bollobas type theorem in a sense which will be clear in a moment. This was motivated
by a natural question, although quite restrictive at first glance, whether we can get a
Bollobas theorem without changing the initial operator which almost attains its norm. In
other words, given € > 0, is it true that there exists n > 0, which depends just on ¢, such
that if |[Tz| > 1 — 7, then there exists zg such that o ~ = and T itself attains its norm
at xo? It turns out that the answer for this problem is negative whenever the dimension
of the involved Banach spaces are bigger than 2 (see [11, Theorem 2.1]) and, on the other
hand, it characterizes uniformly convex Banach spaces when we consider the problem for
linear functionals (see [15, Theorem 2.1]). Since there is no hope for a uniform version
for the operator case of this problem (in the sense that 1 depends just on a given £ > 0)
and the functional case is completely characterized, it seems to be reasonable considering
the same problem but now taking n depending not just on £ but also on a fixed norm
one operator 7'. This was done in [9, 12, 13, 19, 20] and many positive results come out
differently from the uniform case. Here, we will be working with a set of operators which
satisfy such a property. Let us give the precise definitions.

Definition 1.1. Let X, Y be Banach spaces.

(i) Ajj(X,Y) stands for the set of all norm-attaining operators 7' € £(X,Y’) with
|T| = 1 such that if ¢ > 0, then there is n(e,7) > 0 such that whenever x €
Sx satisfies |T'(z)| > 1 — n(e,T), there is o € Sx such that |T(x)|| = 1 and
|xo — x| < €.

(il) Apu(X) stands for the set of all numerical radius attaining operators T' € L(X)
with v(T') = 1 such that if € > 0, then there is n(e,7") > 0 such that whenever
(x,2*) € II(X) satisfies [(a*,T(z))| > 1 — n(e,T), there is (zg,z§) € II(X) such
that [(xf, T'(x0))| = 1, |zo — 2| < e, and [Jaf — 2*| < e.

Let us notice the following. Suppose that the pair of Banach spaces (X,Y) satisfies
the following property: given ¢ > 0 and T € Sg(xy), there exists n(e,T) > 0 such
that whenever x € Sx satisfies |[Tz| > 1 — n(e,T), then there exists o € Sx such that
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|Txol| = 1 and ||zg — z| < e. In this case, we have clearly that all norm one operators
from X into Y will belong to the set A (X,Y). Notice also that if (X,Y’) satisfies such
a property, then X must be reflexive by the James theorem since, in this case, every
operator attains its norm. Studying the set Ay, gives us more freedom in the sense that
we do not have to restrict ourselves to any condition on the involved spaces but of course
on the definition of a concrete operator. On the other hand, very recently this property
was used in [10] as a tool to prove that every nuclear operator can be approximated (in
the nuclear norm) by nuclear operators which attain their nuclear norms. This makes
us think that, studying the sets A, and A,,, might be helpful to get similar results
in the context of tensor products by using an analogous definition of the set A, for
bilinear mappings. For instance (and this will be just a motivational thought by now),
consider the projective tensor product X®,Y between two Banach spaces X and Y, and
denote by | - |» the projective tensor norm on X®,Y. Define A (X xY) the set of
all norm-attaining bilinear mappings satisfying its corresponding version of Definition
L1.(). If Be A (X xY) and |B(2)| > 1—1n(e, B)?, where z € X®,Y with ||, = 1 and
n(e, B) > 0 is function which appears in the definition, then there exists a norm-attaining
tensor 2’ € X®,Y such that B(z') = 1 and |2/ — 2|, < d(¢), where §(g) > 0 is small. This
leads us to the natural question of how often a bilinear mapping belongs to Aj.| and how
often the function n(e, B) depends just on e, since this would imply the density of the
set of the tensors which attain their projective norms (see [10, Proposition 4.3] for more
information in this direction). Thanks to the natural isometric identification between the
bilinear mappings on X x Y and the operators from X into Y*, our study on the sets
Ay and A,, for operators might derive in new progresses on both nuclear operators and
tensors which attain their nuclear and projective norms, respectively.

Now, we describe the content of this paper. We start by showing, as expected, that
when we are working with finite dimensional spaces, we have a positive result. That is,
if dim(X') < oo, then the set A (X,Y) coincides with the sphere of £(X,Y’) for every
Banach space Y and the set A,,(X) coincides with the set of all operators with numerical
radius one. As a consequence of it, we get that every norm one functional on ¢y which
attains its norm belongs to Aj.|(co, K) by using the canonical embedding from a finite
dimensional Euclidian space (K", | - |») (the space K™ with the topology induced by the
norm of ¢p) into ¢g. On the other hand, we present examples of norm one functionals on ¢;
and /, which attain their norms but cannot be in Ay (¢, K) and A} (¢, K), respectively.
Next, we show that under some assumptions on the Banach space X, the sphere of the
compact operators is contained in A |(X,Y") and also the set of all compact operators T
with v(T') = ||T'| = 1 belongs to A,,(X). Moreover, we provide some counterexamples
which show that the result is no longer true by dropping some of these hypothesis. Some
conditions on X which guarantee the possibility to pass from A (X,Y) to Ay (Y*, X*)
(analogously, from Ap,(X) to Ap,(X*)) via the adjoint operation are also considered. As
one of main results, we give a complete characterization for the diagonal operators when
such operators belong to Ay (X, X) for X = ¢q or £, with 1 < p < o0, and to Ap,(X) in
the same cases except p = 0. As a consequence, the canonical projections Py belong to
these sets. Finally, in the last section, we study some relations between Ay (X,Y’) and
A (X @Y) through the natural correspondences between £(X,Y) and L(X @ Y).
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2. MAIN RESULTS

In this section, we present the main results of the paper. Recall that in finite di-
mensional Banach spaces, every operator 7' attains both norm and numerical radius by
compactness. The following result shows that, when X is finite dimensional, we can de-
scribe the sets Aj(X,Y) and A, (X) entirely. Moreover, we show that S, n NA(co, K)
is always contained in Aj.j(co, K).

Theorem 2.1. Let X be a finite dimensional Banach space. Then

(i) A (X,Y) ={T e L(X,Y) : |T| = 1} for any Banach space Y,
(1) Ani(X) = {T € L(X) : v(T) = 1},

(iii) Every norm one functional on cy which attains the norm belongs to Aj.|(co, K).

Proof. Ttems (i) and (ii) are proved by using the compactness of the unit ball of the
finite dimensional space X as in [3, Proposition 2.4] or [9, Theorem 2.4]. To prove (iii),
suppose z* € Scé attains its norm at some point in B,,. Then, there exists ny € N so
that 2*(n) = 0 for every n > ng. Let ¥ : (K", | - |5) — co be the canonical embedding
into ¢y that sends (k1, -« ,kn,) — (K1, , kny,0,0,--+). It is easy to see that || V| = 1.
Moreover, |z* o W|| = 1, so (i) implies that z* o W € A ;(K",K). Given € > 0, define

d(g, ") := min {g,n (g,m* o \If>}

and suppose that [(x*, z¢)| > 1 — d(e, z*) for some point xy € S,,. Let zy € K™ be the
point such that zo(n) = xo(n) for 1 < n < ng. Then,

(x*o\IJ)( =0 )‘ >1—6(e, %)

|20l

£
5
Vg € ¢o be such that vy(n) = ug(n) for 1 < n < ng and vo(n) = zo(n) for n > ng. It follows
that z* attains its norm at vy € S, and

so, there is ug € Skno such that |(z* o U)(ug)| = 1 and |ug — Hﬁl\t”w < £. Finally, let

20 20

_|_ —
|2o]lo0

€
Up 20 < —+(1—HZ(]H) < E.

2

|lvo — zo| = [luo — 20/ <

[20]lo0 1 »

Concerning linear functionals on ¢,-spaces, we have the following result.
Proposition 2.2. Let X be a Banach space.

(i) If X is uniformly convez, then Sxx = Ay (X, K).
(ii) There is x* € NA({1,K) n Sy, such that z* ¢ Aj.(¢1,K).
(i4i) There is x* € NA(ly, K) N Spx such that x* ¢ Aj.j(Le, K).

Proof. For item (i), we argue as in [15, Theorem 2.1]. Let us prove (ii) now. Consider the
norm one functional z* := (1, %, %, e ”T_l, .. ) € (4. Notice that z* is a norm-attaining
functional and it is not difficult to see that the rotations of the unit vector e; € Sy, are
the only norming points of z*, that is, if |[(z*, z)| = 1 with z € S,, then z is of the form
z = e%e; for some 6 € [0,27). Given ¢ > 0, suppose that there is such a n(e, z*) > 0. We
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take k € N to be such that + < n(e, z*) and then [(z*,e,)| > 1 — (e, z*). This means
that there is z € Sy, such that [(z*, 2)| = 1 and |z — ex|; < e. This implies that 2z = e?e;

and |e”e; — ex]|; = 2, which is a contradiction.

For item (iii), consider the functional 2* := (%, 55, 35, .. .) on £, which is as an element
in Sy,; hence is embedded in S . If there is z = (2(n));; € S, such that [(z*, 2)| =
|z*| = 1, then

S S
L= [t 2] = |2 ) < 3 o) < 1
n=1 n=1

From this, we get that z(n) = € for all n € N. Now, assuming that such a n(e,2*) > 0
exists, we take k € N with 2¥n(e, 2*) > 1 and consider the element e; + ...+ ¢, € S, .
Then, [(z*,e1 + ... +epy| > 1— n( *). So, there is x € Sy, such that |(z*,z)| = 1 and
|x—(e1+...4ex)|o < &, which leads to a contradiction since |z —(e1+...+ex)|ln = 1. O

Let us observe that it is immediate that an operator which has norm one but does
not attain the norm cannot be in Ay (X,Y’) by its definition. Analogously, the same
argument for non numerical radius operators applies for the set A,,(X). Nevertheless, we

present in Example 2.3 a norm one operator which attains its norm and numerical radius
but belongs neither to A (X, X) nor to Ap,(X).

Example 2.3. Let p > 0 and ¢ > 0 be such that [1) = 1. We consider the spaces ¢,
and (g as £,(£2) and £4({?), respectively, where (2 = (K2 |- |,). For each n € N, we define

T, € L((2) by
1
ﬂxﬁy);=(<1—§5)xﬂo ((z,y)ety).
Now, define 7" € L(¢,) as

) i= (el = (1= 55 )l a) (e = (o pla)e 6),

Following [9, Theorem 2.21.(ii)], we see that T" attains its norm but 7" ¢ Ay (¢, {,). Let us
also see that 7' ¢ An,(X). Let e be the unit canonical vectors of £2 and ¢2 for i = 1,2, that

is, e? = (1,0) and €3 = (0,1). Consider e, := ((0,0),...,(0,0), e} ,(0,0),...) €S,
——

)

n-th
and e}, := ((0,0),...,(0,0), € ,(0,0),...) €S, fori=1,2. Since|(e},,T(e2,)) = 1,
——
n-th
T attains its numerical radius and v(T") = |T'| = 1. Suppose that T' € A,,(¢,) and consider
% < n(e,T) for a given € € (0,1). Since v(T) = |e1n], = \|e’f7n\|q = <6’1k7n,617n> =1
and [{ef,,,T(e1n))| > 1 —n(e,T), there is (w,w*) € II(¢,) such that [(w*,T(w))| = 1,
|w — elan < ¢, and |w* —ef, [, < e Since |T|| = 1 and {w*, T(w))| = 1, it follows

that |T'(w)|, = 1. If we denote w = ((u(n),v(n))), € Se,, then it is possible to see that
u(y) = 0 for all j € N. This implies that |w — ey, = |((0,v(n)))n — €1n], = 1, which is
a contradiction.

Remark 2.4. Due to the relation between the norm of an operator and its numerical
radius, it is natural to wonder whether the fact that an operator is in A} (X, X) for some
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Banach space X implies that it also belongs to A,,(X). Nevertheless, this is not the
case in general even in Hilbert spaces. Indeed, on the one hand, every isometry on X
clearly belongs to Ay (X, X). On the other hand, this does not hold for the set A, (X).
Consider the right shift operator R € £(fs). It is known that the numerical range W (R)
of R is the open unit disk D in the complex plane (see, for example, [17, Example 2])
which implies that v(R) = 1, but [(Rz,z)| < 1 for every x € Sy,.

Recall that a Banach space X satisfies the Kadec-Klee property when the weak and
norm topologies coincide on the unit sphere Sx. It is well-known that every locally
uniformly rotund space (LUR, for short) satisfies the Kadec-Klee property (the converse
is not true, e.g., £2). Recall also that, by the Smulian lemma, the norm of X is Fréchet
differentiable at z if and only if (2%) < Sx= is convergent whenever lim,(z*,z) = 1. In
the next result, under some assumptions on the involved Banach spaces, we show that
some subsets of the space of all compact operators belong to the classes Aj.| and A,,. We
denote by K(X,Y) the set of all compact operators from X into Y.

Theorem 2.5. Let X be a reflexive space which satisfies the Kadec-Klee property. Then,

(i) Skxy)y < Ap(X,Y) for every Banach spaceY .
(ii) {T € K(X) : v(T) = |T|| = 1} = Anu(X) whenever X is Fréchet differentiable.

Proof. Item (i) follows from the same argument as in [19, Theorem 2.12]. Let us prove
(ii). Suppose by contradiction that it is not true. Then, there are ¢y € (0,1) and a
compact operator 7' € K(X) with v(T) = |T|| = 1 such that for every n € N, there is
(2, k) € I(X) such that

1

(1) 1> [, T(@a))l 21—

and whenever (z,z*) € II(X) satisfies |z — x,|| < o and |z* — z*| < o, we have
[(x*,T(x))| < 1. By reflexivity of X, there is a subsequence of (z,), which we denote
again by (z,,), and xg € Bx such that z,, — z¢. Thus, T'(x,) — T(x¢) in norm. From
this and 1 = v(T) = |T| = |T(z,)| = |{z%, T(x,))| — 1, we get that ||T(xo)|| = 1. This
shows that xy € Sx. Since w and norm topologies coincide in Sx, we have that x,, — x
in norm. Notice now that for each n € N, we have

1= [(a, T(wo))| = [, T(n))] = llwo — .

Since x,, converges to xo in norm, by using (1), we get that [(z¥, T'(x¢))| — 1. Thus, there
exists a subsequence of (z¥), which we denote again by (z}), and some 6 € [0, 27) such
that {(x*,T(xq)) converges to ¢?. Let S € K(X) be the operator defined by S := e *T.
One clearly has that S(x) € Sx and (z*,S(z0)) converges to 1. By Smulian lemma,
there is zf € Bx+ such that ¥ — =z in norm. Since (z},z,) = 1 for every n € N, we
get that (xf,z9) = 1. So, x§ € Sx+ and then (z¢,xf) € II(X). Finally, in view of (1) and
ak, T(xy))| — [<xg, T (x0))|, we get that [(xf, T'(xo))| = 1. This is a contradiction. [

In fact, the above argument shows, under the same assumptions on (ii), that every
compact operator 7" which has norm and numerical radius 1 attains its numerical radius.
Notice also that the identity operator always belongs to Ay, (X ) whereas it is not compact
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unless X is finite dimensional. So, in the infinite dimensional setting, the inclusion in
Theorem 2.5.(ii) must be strict. On the other hand, since every operator from a reflexive
space into a space which satisfies the Schur’s property is compact and Hilbert spaces
satisfy all the hypothesis of Theorem 2.5, we have the following consequence.

Corollary 2.6. Let X be a reflexive Banach space with the Kadec-Klee property and let
H be a Hilbert space.

(i) If Y has the Schur property, then Ay (X,Y) = Sexy)-
(ii) If T e K(H) is with v(T) = |T|| = 1, then T € An(H).

Next, we present a numerical radius attaining compact operator S ¢ A,, with v(S) =
|S|| = 1 defined on a Banach space X which is not reflexive, its norm is nowhere Fréchet
differentiable, and satisfies the Schur’s property (and, in particular, the Kadec-Klee prop-

erty).
Example 2.7. Consider ¢ as a real space. Define the operator T' € L(co) by

0
. :
(T@)(1) = ), 52() and (T(@)(k) =0 (k=>2) (v=(2(;) € co).
j=1
It is proved in [2, Proposition 2.8] that |T|| = v(T) = 1 but T attains neither its norm
nor numerical radius. In particular, 7" belongs neither to Aj.j(co, o) nor to Auu(co). We
claim that S := T* is a compact numerical radius attaining operator with v(S) = ||S]| =1

but does not belong to A,,(¢1). Indeed, first notice that S € L(¢;) is given by

Ul (= Wzt

Moreover v(S)=v(T)=1,{z,e1)=1where z = (1,1,1,...) € Sy, and that (z, Se;) =

Z;’O 157 = 1, which implies that S attains the numerical radius (and the norm). Before
proving that S ¢ Ay, (¢1), let us first observe that S € Ay (1, /). Indeed, given € > 0,

take z € Sy, such that [S(z)[, > 1 — 5, that is, 37, |$2(J1-)‘ >1— 5. Thus, [z(1)] > 1—5

and Z;OZQ lz(j)] < 5. Consider y = (%,0,0, . > € Sy, , then

9
IS@)i=1 and |z -yl =|z(1)—y(1 |—|—Z‘x < (1—|z(1 )D+§<5.

This shows that S € Ay (€1, ¢1).

Next, we claim that S cannot be in A,,(¢1). Indeed, observe that if (y,z) € II(¢;)
satisfy [(z, S(y))| = 1, then

o0

2lDl=1 > y0)

j=1

=1, and max|z(j)| =1
jeN

o0
1
L |2

From the third equality, we have
o 1
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This implies that the only possible candidates are y = (1,0,0,0,...)and z = (1,1,1,1,...)
ory=(-1,0,0,0,...) and z = (—=1,—1,—1,—1,...). Suppose, by contradiction, that for
a given ¢ € (0,1), there is n(e,S) > 0. Let ng € N be such that >™°, L > 1 —n(e, S).

j=1 27
Set yo = (1,0,0,...) € Sy, and 2z = (1,1,...,1, 1 0,0,...) € Sp,. Then, (yo,20) €
no-th
I1(¢,) and [(z0, S(go))l = 2721 57 > 1 —n(e, S). So, there is (y,2) € TI(¢;) such that

1z, S(y)| =1, |ly—voll1 <&, and |z — 2[lso < €. But this is not possible since ||z — 2o oo =
|z(no + 1) — 20(ng + 1) = 1.

Let us recall that in Corollary 2.6, we proved that if a compact operator 1" defined on
a Hilbert space is such that v(T) = |T|| = 1, then T" must belong to the set A,,(H).
However, the following result (inspired by [2, Example 1.9]) provides us a wide class of
operators T' € A, (H) such that 1 = v(T') < |T|| and , in particular, examples of operators
which belong to Ay, but not to Aj.|. Notice, by item (iii) below, that 7" belongs to the set
A in a uniform sense, that is, the 7 does not depend on the operator T' defined there.
We do not know how often this happens, that is, we do not know, for instance, whether
the set of such an operators could be norming for the whole space.

Proposition 2.8. Let H be a separable infinite dimensional real Hilbert space. Then,
there is T € L(H) such that

(i) T is a compact operator.
(1)) 1 =v(T) < |T| and T attains its numerical radius.
(111) given € > 0, there is () > 0 such that whenever xoy € Sy satisfies

[{T'zo, x0)| > 1 —n(e),

there is x1 € Sy such that v(T) = (Txy,z1) = 1 and |z, — x| < €.

In particular, T € Ay (H) and T ¢ Ay (H, H).

Proof. Let 0 < a <1 and {«,} be a sequence such that |ag| > 1, -1 <, < 1 for n > 2,
and o, — 0 as n — 0. Let {Ji, Ja, J3} be a partition of N such that |Ji| = |Ja] = N,
|J3] = ¢ < co. Write the subsets Jy, Jo as Ji = {ng : k = 1}, Jo = {my : k > 1}
where ny < no < ..., m; < my < ... and each n; corresponds to my; via an one-to-one
correspondence between J; and Jy. Define T' e L(H) by

T(en,) = —agem, (keN), T(en,) = are,, (keN), T(e,) = ae, (neJs),

where {e,, : 1} is an orthonormal basis of H. Note first that for every = € H, we have

n =
o0
= Z x, e )T (en) Z (—awlz, en, yem, + T, em, )en,) + Z alx, e, e,.

keN neJs

The item (i) is clear. Let us calculate the norm and numerical radius of 7. Note for each
x € Sy, we have

(T(x),z) = Z (alen,,, XT, ey ) — alem, , TXT, €y, )) + Z alen, 2T, en).

keN neds
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The first two terms are canceled out because H is real and then
(2) (T(x), 2y =a ) Ko el
’nEJg

for x € Sy which implies that v(T") < a. Since [(Te,,e,)| = a for every n € J;, we have
that 7" attains its numerical radius and v(T') = «a.

On the other hand, let us notice that, for every x € H, we have

|7 ()]* = Z (T (), e = D) (Jande, em ) + lanle, en)P) + 3 ladz, enl.

keN neJs

It follows that || 7| < max{|{a,}|w, |a|}. However, we also have

|7 = sup{|T(en)] : 7 = 1} = sup{lel, ] - k = 1} = max{[{an}|«, [al};
hence |T| = max{|{an}|w,|a|}. In particular, since |a;| > 1, we have |T| > 1 > a =
v(T). This proves item (ii).
Now we prove that T' € A,,(H) when a = 1. Given € € (0, 1), let g € Sy be such that
[(T(x0),z0)| > 1— %. By equation (2), we have that

52 52
> Ko, endl? = [{T(xo), 2o)] > 1 — —» and then > Kao, e < =

4
neJs keJiuda

Let 73 be the projection of H onto the closed subspace H3 = span{e, : n € J3}. Then we
have 73(z0) = 2, 7,{T0; €n)en and

(T(m3(x0)), m3(wo)) = Z [(ms (o), en)] = 2 (o, en)]?.

neJs neJs

It follows that 7" attains its numerical radius at ||73(xq)| *73(xo) € Sgr. Moreover,

M_ m3(70) ~ ol (o) — o
|73(z0) | H |73 (o) | 3(wo) | + ||ms (o) of
1/2
< |1 = llms(2o To, ex)|? € fz‘
11— ra(ao)l | + <Z|< k>|> S——

O

Observe that it is not true that 7 belongs to Ay if T belongs to A in general (see
Examples 2.7 and 2.11). However, if we put some extra assumptions on the spaces X and
Y, then we can obtain the following duality results.

Proposition 2.9. Let X,Y be Banach spaces and T € L(X,Y).

(i) Suppose that Y be uniformly smooth. If T e A (X,Y), then T € A (Y*, X*).
(ii) Suppose that X be uniformly convex. If T* € A (Y*, X*), then T € A |(X,Y).
(11i) Suppose that X is reflexive. Then, T € An(X) if and only if T* € A (X*).
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Proof. Note that (ii) is just a consequence of (i) since, in this case, X is, in partic-
ular, reflexive. Let us prove (i). Let Y be a uniformly smooth Banach space. Let
T e A (X,Y). Then, |[T*| = |T| = 1 and T™ is also norm-attaining. In order to prove
that 7% € A (Y*, X*), let € € (0,1) be given and consider 7(e,T") > 0. Set

n(e, T*) = min {77 (53’*2(5)’71) ’ 5Y*2(5)} -0,

where € — dyx(g) stands for the modulus of convexity of Y*. Pick yf € Sy to satisfy
|T*(y)|| > 1 —n(e, T*). There is x; € Sx such that Re(yf, T(z1)) = Relxy, T*(y5)) =
IT*(y7)| > 1 —n(e,T%). This implies that |T'(z1)|| > 1 —n(e,T*). Since T' € A (X,Y),
there is x9 € Sx such that |T'(z2)| = 1 and |z2 — x4 < 5Y* ©)  Take y* € Sy= to be such
that Re{yd, T'(z2)) = |T(z2)| = 1 and notice that Re<y1, (x2)> > 1 — dyx(g). Then,
ly¥ + y3|| > 2 — 28y« (g). This shows that |yi — yf|| < e. As T* attains its norm at yi

which is close to yi, henceforth, T* e A (Y*, X*).

Now we prove (iii). Since X is reflexive, we just have to prove one direction. Assume
T e A, (X). Note that T* € L(X*) also attains its numerical radius. Now let ¢ > 0 be
given and set n(e, T%) :=n(e, T) > 0. Let (zF, 27*) € I[I(X*) be such that [(x}*, T*(x3))| >
1 —n(e,T%). Since X is reflexive, there is 1 € Sx such that xz; = 2}*. Then

Gy, T(n))| = [y, T () = [Cay™, T (@)l > 1= (e, T%) = 1 —=n(e, T).
Then there is (x9, 25) € II(X) such that [(z}, T'(z2))| = 1, ||xe — 1| < € and ||z§ —2F| < e.
So, T* € Apu(X™) as desired. O

Given T € L(¢g) and N € N, it is not difficult to see that ranT* < span{ef,... ey}
if and only if 7' = T o Py, where Py is the natural N-th projection on ¢q. A property
related to Proposition 2.9.(iii) above can be proved for ¢y under this condition.

Proposition 2.10. Let T € A,,(co) be an operator such that the range of T* € L({y) is
in span{ef, ... ey} for some N € N. Then, T* € A,,({1)

Proof. Let ¢ > 0. Set (e, T*) := min{,n (5,7)} > 0. Let («F,27*) € II(¢;) be such
that |(xf*, T*(a3))| > 1 —n(e,T*). Let no > N be big enough so that >'%, |zf(n)| >
— (e, T*). Define (25, 25*) € {1 x {4 as follows:

(a) z5(n) = (300, |z¥(n)]) 'zt (n) for 1 < n < ng and 3(n) = 0 for n > ny,
(b) z3*(n) = z7*(n) for 1 < n < ny and z3*(n) = 0 for n > ny.

As zf(n)zi*(n) = |zi(n )| for every n € N, we get that (x3,x%*) € II(¢;). Note that
|25 — =7 < 2n(e, T*) < 5. Now,

Z )(T*(23))(n)

()

(3, T(5™))l = [Ka3™, T (a3))] =

WT*(x7))(n)| > 1 —n(e, T").
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Hence, there exists (z3,23) € Il(co) such that [(z3,Tas)| = 1, |z3 — 25*| < £, and
|lz5 — o3| < 5. Notice that |x3(n)| < § for every n > ng; hence x5(n) = 0 for every

n > ng. Define x3* € By, by zi*(n) = x3(n) for 1 < n < ng and x5*(n) = z7*(n) for
n > ng. Then, (2%, z5*) € II(¢y), ||z5 — 27| < e, and ||:L‘** —2t*| < 5. Finally,

(5™, T (x3))] = Z 3" (n)(T*(3))

)T*(x2))(n)| = 1.

OJ

In Proposition 2.9, if we drop off some of the hypothesis, then it is possible to construct
operators which do not satisfy the conclusion of that result. Recall that, in Example 2.7,
we have constructed an operator 7" on ¢g such that 7% € A (¢1,¢1) but T' ¢ Ay (co, co)-
Next, we present an operator S such that S e A (X, X) but S* ¢ A (X*, X*).

Example 2.11. The operator T" defined in Example 2.7 is such that 7% ¢ A (s, ()
although T € A (¢1,¢;) . Indeed, T** € L({y) is given by

[\

(T**(z :2%' and (T (2))(k) =0V k >

for z € £,,. Then, for the vector ug = (1,1,1,1,...) € Sy, we have |[T**(ug)| = 1 = | T**|.
Let zy € Sp, be such that |[T%*(z)|, = 1. This implies that |29(j)| = 1 for all j € N.
For a given ¢ € (0,1), suppose that there is n(e,7**) > 0. Let ny € N be such that
2"n(e, T**) > 1 for every n = ng. Consider the vector z € S, defined as z;(n) = 1
for 1 < n < ng and z(n) = 0, otherwise. Then, [T**(z1)| = 2", 57 > 1 —n(e, T*).
However, the vector z; cannot be close to norming points of 7%* by definition. This shows

that T%* ¢ A (Lo lop).

Our next aim is to characterize the diagonal operators which belong to Aj.j and A,,. We
give a complete characterization for these operators which belong to A (X, X) whenever
X =c¢porl,with1 < p < oo and for A, (X) whenever X = ¢ or £, with 1 < p < co. Next
lemma describes the norm-attaining diagonal operators defined on ¢y or £,. Although it
might be well-known in the literature, we present a short proof of it for the sake of
completeness and we use it to prove Theorem 2.13.

Lemma 2.12. Let X = ¢y or {, with 1 < p < 0. Let T € L(X) be a norm one operator
defined as
Tz = (omz(n),_y  (x = (z(n)),-, € X),

where (ay,)r_y is a bounded sequence of complex numbers. Given x € Sx, T attains its
norm at x if and only if the following is satisfied:

(1) Case X = co: there exists ng € N such that |a,,| = |T|| and |z(ny)| = 1.

(ii)) Case X = ly: either the same condition as in ¢y holds or there exists a sub-
sequence of the natural numbers, (ng){_,, such that |a,,| converges to |T| and
|z(ng)| converges to 1 as k — .

(111) Case X =L, with 1 < p < oo: setting J = {neN: |a,| =1}, J is non-empty and
x(n) =0 for all n € N\J.
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Proof. In all cases, it is easy to prove that |7 = sup,,cy || and the implication (<) is
clear. Conversely, the proofs for X = ¢y and X = /,, are a consequence of the fact that
1= |T| = |Tz| = sup |onz(n)| < sup || < |T] = 1,

neN neN

and the proof for X = ¢, with 1 < p < o0 is a consequence of the fact that

0 0
L=|Tz|P = ) laaPlz)P = Y lem)P + ) laullz(m)l” < 3 faal” = 1.
j=1

n=1 neJ neN\J

OJ

Theorem 2.13. Let X = ¢ orl,, 1 < p < o0. Let T € L(X) be a norm one operator
defined as

Tz = (omz(n),_y  (z = (z(n)),-, € X),
where (,)>_, is a bounded sequence of complex numbers. Then, the following assertions
are equivalent:

(a) T € Ap(X, X),
(b) Both of these conditions are satisfied:
(1) There exists some ng € N such that || = 1.
(2) If J = {neN: |a,| =1}, then either J = N or sup,cy s |an| < 1.

Proof. We prove the result for X = ¢ first. The proof for X = ¢ is very similar, so we
omit it.

(a) = (b): By Lemma 2.12, it suffices to show that sup,,cy s|as| < 1 when J # N.
Assume to the contrary that sup,ey s |on| = 1. Pick a sequence (n) = N\J such that
|an, | = 1 —  for cach k € N. Given € € (0,1), choose N € N so that N™' < n(e,T),
then |T'(eny )| > 1 —n(e,T). Thus there exists zo € S, such that T attains its norm
at o and |zg — e, | < . Now, Lemma 2.12 implies that there exists k € J such that
|zo(k)| = 1 = |ag|. This contradicts ||z — e, < €.

(b) = (a): If J = N, then T attains its norm at every point in S,,. Suppose that J # N
and sup,,ey s [an| < 1. Assume to the contrary that 7' ¢ Ay (co, ), then there is some
g0 € (0,1) such that for each n € N, there is some z,, € S, such that 1 > ||T'(z,)] > 1— 2,
and whenever x € S, satisfies that |z — z,| < €9, we have that |T'(z)| < 1. Let no € N

be such that
1 1
sup |a,| <1—— and — < &q.
neN\J no No
Since ||T (x| = 1 — nio, we can choose k € J such that |z,, (k)] = 1 — nio Let yn, € Se,

be the point such that
(1) yn(j) := 2a(j) for all j € N\{k},

xn(k
2) yp(k) = .
&)= T
It is clear that [T'(yn,)| = [yno| = 1 and [lyn, — zny| < ;; < €. This contradiction

completes the proof.
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Let us prove now the result for X = ¢, with 1 <p < o0.

(a) = (b): It suffices to check that sup,ey s[an| < 1 when J # N. Assume to the
contrary that sup,,cy s || = 1. Given € € (0,1), pick ng € N\J so that |a,,| > 1—n(e, T).
Thus, |Ten,| > 1 —n(e,T). By Lemma 2.12, if T attains its norm at = € S, then
|z(ng)| = 0 which implies that |x — ep,|| = 1 > e.

(b) = (a): If J = N, then we are done. Suppose that J # N and 8 := sup,cy s |on| <
1. Assuming that 7" does not belong to Ay (¢, ¢,), there exists €y € (0,1) such that for
cach n € N, there is some x, € Sy, such that 1 > |T'(z,,)| > 1 — %, and whenever z € Sy,
satisfies that |z — x,| < €9, we have that |T'(z)| < 1. Note that

1\?” -
(1 - —) < aaB)P+ 8 ) |ea(k)P < > |z (k)P =1
n keJ keN\J k=1

This implies that 3, ; |z, (k)[P converges to 1 and >3, ; [2n(k)[P converges to 0 as n —
0. Set Ay 1= (D) |xn(k)|p)% and choose ng € N such that 1 - AP < % Define y,,, € Sy,

by
_ Tng (k)
yn0<k) - Ano

By Lemma 2.12 that ||T'y,,|| = 1. However,

[9no = o [P < (1= Ang )+ Y |z (R)[P < 2(1 = AD) < .
JEN\J

for every ke J and y,,(k) =0 for every ke N\J.

O

Next we are proving the counterpart of Lemma 2.12 and Theorem 2.13 for numerical
radius. As in the Aj case, it gives a whole characterization for the set A, for diagonal
operators on ¢y and ¢,. Let us notice that Lemma 2.14 establishes some properties for a
numerical radius one diagonal operator on ¢y and ¢, which attains its numerical radius.
We will use it to prove Theorem 2.15 and again we present a short proof of it for the sake
of completeness.

Lemma 2.14. Let X = ¢y orl,, 1 <p <. Let T € L(X) be a numerical radius one
operator defined as

Tz = (anz(n));s, (v = (z(n));2, € X),

n=1
where (o) _; is a bounded sequence of complex numbers. If T attains its numerical radius
at (x,z*) e II(X), then we have the following:

(1) There exists ng € N such that |a,,| = 1.

(2) For X = ¢, Rex*(n)x(n) = |z*(n)x(n)|
For X ={,, Rea*(n)z(n) = |z*(n)z(n)

(3) There exists 6 € [0,2m) such that o, = €'

|z*(n)| for every n € N,
|z(n)|P = |z*(n)|? for every n € N.
on {n e N: |z*(n)| # 0}.

Sl

Proof. Let us see the result for X = ¢o. First of all, as (z,2*) € II(¢p), by using a convex
argument, it follows that Re(z*(n)x(n)) = |z*(n)x(n)| = |z*(n)| for every n € N. This
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proves item (2). Notice that (1) is clear as the operator 1" attains its norm as well (notice
that for these operators, we always have |T'| = v(T") = 1). To see (3), observe that

1=z Tx)| = Z a,z*(n)x(n)

neN
Therefore, there exists 6 € [0,27) such that a,, = ¥ on {n € N : |z*(n)| # 0}. The proof

for X = ¢, with 1 < p < o0 is similar, just keeping in mind the equality case of Holder’s
inequality, so we omit it. 0

< 2 |, z*(n)z(n)| < 1.

neN

Theorem 2.15. Let X = ¢y or{,, 1 <p <. Let T € L(X) be a numerical radius one
operator defined as

Tz = (anz(n))ymy  (z = (x(n)),2, € X),
where (a,)r_, is a bounded sequence of complex numbers. Then, the following assertions
are equivalent:

(a) T € Anu(X).
(b) The following both conditions hold:
(1) There exists some ng € N such that |o,,| = 1.
(2) If J ={neN: |a,| =1}, then the cardinality of the set {a,, : n € J} is finite
and Sup,ey ;s [an| < 1 when J # N.

Before giving the precise proof of Theorem 2.15, let us notice that when (a,,)?_; is a
bounded sequence of real numbers, we have that the set {«, : n € J} < {1, —1}, that is, it
is automatically finite. Combining Theorem 2.13 and Theorem 2.15, we get the following
immediate consequence.

Corollary 2.16. Let X = ¢y or,, 1 <p <oo. Let T € L(X) be a numerical radius one
operator defined as

Tx = (anz(n)ymy (2= (2(n));2 € X),
where (a,)*_; is a bounded sequence of real numbers. Then, the following assertions are
equivalent:

(CL) T e .AH.”(X,X).
(b) T e Anu(X).
(c) Both of the following conditions are satisfied:
(1) There exists some ng € N such that || = 1.

(2) If J = {neN: |a,| =1}, then J = N or sup,ey s || <1 when J # N.

Proof of Theorem 2.15. Let us prove first the result for X = ¢5. The case X = ¢; can be
proved similarly to the case X = ¢y by using duality arguments, so we omit it.

(a) = (b): By Lemma 2.14, the set .J is non-empty. Assume that the set {«, : n € J}is
an infinite set. Write {a,, : n € J} = {e®, ... e® .. .}. Then, there exists a subsequence
(ng)i2, < J such that e®+ converges to some A € C with |[\| = 1. Given € € (0,1/2), let
ko € N be such that |e®x — | < n(e, T) for every k > ko. Then, for k # k' > ko, we obtain

i0n iOn, , . . . .
that [<—5— — )\‘ < n(e,T). Pick n # n’ in J so that o, = € and a,y = €”"w. Then,
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((entew), s(ex+er)) € (co) and |[{2(ef + €%), T (e + ew) )| = 5

However, if T' attains its numerical radius at (x,2*) € II(¢y), then, by Lemma 2.14, there
exists 6 € [0,27) such that a,, = € on A := {m € N: |2*(m)| # 0}. If n,n’ ¢ A, then
for ke A, |z — (en + en)| = [Kef,z — (en + ew))| = |2(k)| = 1 > . Otherwise, without
loss of generality, we may assume that n € A. As a, # «,, we have that n’ ¢ A, i.e.,
[z*(n')] = 0. It follows that |z* — L(ek + ef)|| = [(a* — (e + €f)), en)| = 3 > e. This
proves that {c,, : m € J} must be a finite set. By applying a similar argument used in

the proof of Theorem 2.13, we can deduce that sup,,cy s [am| < 1 when J # N.

(b) = (a): Let us say that {a,, : n € J} = {1 ... e} for some m € N. Assume
to the contrary that 7" does not belong to A,.(cp). Then, there exists some gy € (0,1)
such that for each n € N, there is (z,,2}) € II(cy) such that 1 > [(z%, T(z,))] = 1 — £,
and whenever (x,z*) € II(¢y) is such that | — z,| < g9 and |z* — z%| < &o, we have that
[(x*,T'(z))| < 1. If J # N, then, by Lemma 2.14,

1= Y ah(k)aa (k) > Y ap(k)za(k) + ...+ . abk(k)za(k)+ 8 Y

k=1 keJy keJm keN\J
. , 1
> e Y ah (k) (k) + ..+ e Y ak(k)aa (k)| + | Y axa(k)za (k)| =1 - =,
keJy kedJm keN\J n
for every n € N, where J; = {n € N: a, = ¢} and  := sup,oy s|an| < 1. Passing

to a subsequence, we may assume that >, _; 7 (k)z, (k) converges as n — oo for each
1<I<m. Ase # ¢ forall 1 <1 # 1" <m, we can choose 1 < s < m so that

Yan(k)za(k) >0 forall 1#s, and > ah(k)a,(k) — 1
keJ; keJs

as n — 0. Also, notice that X, . ;25 (k)2 (k) — 0 as n — c0. Pick ng € N large enough
so that

Z|a:n0 |<—mforalll;és 1—Z|a: \<—, and Z b (k) 2, (k <§.
keJ; keJs keN\J

Let yn, = Tny € S¢, and define yr € Sy, as

* (k
yr (k) = 37”;( ) for every ke J, and g, (k) =0 for every ke N\J;,

no

where v =3, ;|2 (k). Then, (yn,, yr,) € H(co),

ek (K)an, (k
3 (F)n, ()

keJs v

[ Uno> T (Yo )| =

and

9 g g
gz, — k| < (m =g+ 5+ 5 <
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This is a contradiction. For the case when J = N, we have

1= Y ah (k) (k) = Y ap(k)za(k) + ...+ . ah(k)za(k)

k=1 keJ1 keJm

. ) 1
> (e Nz R)aa(k) + .+ S ak(R)aa(k) = 1 -,

keJy kedm n

for every n € N. Arguing as above, we may choose 1 < s < m and ng € N such that

" € " €
D, (B)| < o forall I#s, and 1- >l (k)| < 5
keJ; kelds

By defining (y,,,y;;,) € II(co) as above, we get again another contradiction.
Let us prove the result for X = ¢, with 1 < p < .

(a) = (b): Note that Lemma 2.14 implies (1). Assume that the set {a, : n € J} is
an infinite set, say {a, : n € J} = {e¥1,... e®% .. .}. Then, there exists a subsequence

()2, < J such that e®x converges to some A € C with |A\| = 1. Given ¢ € (0, (%)%), let
ko € N be such that |e®+ —\| < n(e, T) for every k > ko. Then, for k # k' > ko, we obtain

i0n iOn,, . . . .
that eek+k - )\’ < n(e,T). Pick n # n’ in J so that a,, = e and a,y = ¢” . Thus,

((2)7 (en + ew), ()7 (el + €&)) € T1(4,) and

<(%); (er+en), T ((%)é (€ + en,)> >‘ i

However, if T attains its numerical radius at (z,2*) € II(¢,), then, by Lemma 2.14, there
exists 6 € [0,27) such that a,, = ¢ on A := {m € N : |2*(m)| # 0}. If n,n’ ¢ A,
ie., [z*(n)| = |z*(n")] = 0, then Lemma 2.14 implies that |z(n)| = |z(n’)] = 0. Thus,
p
o= (3)7 (en+ ew)
assume that n € A. As «a,, # a,y, we have that n’ ¢ A, ie., |2*(n')| = 0. It follows that
1 q
‘x* —(3) (ef +e)| = 4 > % This proves that {o,, : m € J} must be a finite set.
By applying a similar argument used in the proof of Theorem 2.13, we can deduce that

SUDypen s || < 1 when J # N. As the implication (b)) == (a) can be proved in a similar
way as before, we omit its proof. O

et 4 e

5 >1—n(e,T).

SIS

> % + % = 1 > e. Otherwise, without loss of generality, we may

One may wonder whether or not there is a characterization for diagonal operators in
the set A, when the domain is different from the range space. As a matter of fact, there
is. Similar techniques as in Theorem 2.13 and Theorem 2.15 yield the following result on
operators from ¢, into £, and from ¢, into c¢y. Notice that in this case we cannot consider
the set Ay, (X).

Theorem 2.17. Let 1 < p < o be given.
(I) Let T € L({,,cy) be a norm one operator defined as
Tx = (anz(n))nsy (2= (2(n))nzy € f),

n=1
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where () >, is a bounded sequence of scalars. Then, the following assertions are
equivalent:
(a) T e AH‘H (€p7 CO).
(b) If J = {neN: |a,| =1}, then J is non empty and
(1) J =N or
(2) SUP g an| < 1
(II) Let T € L(co, L) be a norm one operator defined as

Tr = (anz(n))yzy (2 = (2(n)),= € co),

where () *_; is a sequence of scalars with p-norm equal to 1. Then, the following
assertions are equivalent:

(a) T € A (Lp, co).

(b) There is some N € N such that o, = 0 for alln > N.

The previous theorems provide a wide class of operators that belong to our sets. For
instance, the canonical projections Py € £(X) belong to both A (X, X) and A,,(X) for
the Banach spaces X = ¢ or £, with 1 < p < o0, and to A|(X, X) when X = (.

Corollary 2.18. Let N € N be given.

(1) Py € AH.H(CO, co) and Py € A”.H(gp,fp) for1 <p < 0.
(2) Py € Anu(co) and Py € Anu(y) for 1 < p < .

3. CONNECTING THE SETS Aj| AND Ay,

In this section, we introduce a natural approach to connect the sets A and Ay,
through direct sums. Throughout the section, we will be using the following notation.
Given two Banach spaces X; and X,, consider the mappings P; € L(X;® X5, X;) such that
Pi(xq,29) := 24,1 = 1,2, and ¢; € L(X;, X; @ Xy) such that ¢;(x) := xe;, where e; = (1,0)
and e; = (0,1). For Banach spaces W and Z, if we have an operator T' € L(W, Z), then
there is the simplest way to define T' € L(W @ Z): consider T := 15 0 T o P, that is,
T(w,z) = (0,Tw) for every (w,z) € W @ Z. Conversely, we can define a pseudo-inverse
process as follows: if we have an operator S € L(W@Z), then we can consider Se LW, Z)
defined as S := Py o S o, that is, S(w) = (Pyo S)(w,0) for every w € W. We start with
the following result, which establishes a bond between the assertions 1" € A} (W, Z) and

T € Apo(W @, Z) under some assumptions on the spaces.

Proposition 3.1. Let W and Z be two Banach spaces, and let T' € Sy, z). Then,

(a) If T € Au(W @, Z), then T € A (W, Z).
(b) Suppo;se that W and Z are uniformly smooth Banach spaces. If T' € Ay (W, Z),
then T € Aps(W @1 Z).

Proof. (a). Assume T € An(W @, Z) and for a given ¢ > 0, set n(e, T) := n(e,T) >
0. Pick wy € Sw to be such that |T(wo)| > 1 — n(e,T). Let z§ € Sz be such that
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128, T (wo))| = |T(wo)| > 1—mn(e,T). Let w§ € Sy= be such that (wg,wey = 1 and
consider the point ({(wg, 23), (wo,0)) € I(W @, Z). Since T' € Ap (W @1 Z) and

(w5, 23). T(awo, 0))] = (5, T(wo))] > 1= (e, T) =1 = (e, 1),
there is {(w¥, 27), (wq, z1)) € I(W @; Z) such that

(1) = [(wf,2), T(wi, 2], Nw, 1) = (wo, 0)1 <& and |(w], =) — (w§, z5) | < <.

~

So 1 = |[{(wf, 2F), T(wy,z1))| = |5, T(w))| < |25f||T(wy)| < 1. This implies that
|T(w1)| = 1 and that z; = 0. So |w; — wy| < e. This proves that T' € Ay (W, Z).

(b). Suppose T' € A, (W, Z). It is plain to check that T attains its numerical radius

~

and v(T) = 1. Given = € (0,1), we set
oo ) i mm{n (mm{aw*(e) S+ (2) i},T) we(e) 02(2) g} o

2 7 2 72 2 72 72
where £ — dy«(e) and € — 0z« (g) are the modulus of convexity of W* and Z*, respec-
tively. Let ((wy, 1), (wf, z5)) € I(W @, Z) be such that

G T(w))| = Kt 24), Ty, 20)| > 1= (e, D).

As we have

TWM!>K47UwﬂN>1—n<mm{

there is wy € Sy such that

Ss(2) 874 () s} J,) |

2 7 2 9

|T(ws)| =1 and |Jwy —wy| < min{awz(g), 5Z*2(£), %} .

Since |wy| = |(zF, T(wy)Y| > 1 — (e, T), we have that |z < n(e,T). Let wi € Sy be
such that (w}, ws) = 1, then

Z*,Z - w*,w —w .
< 1 1> <21 2 1> < |<ZT’21>’ + le HHwZ - le < Oy= (8)
So, we have
wi + wj wi + wj 2 — (¥, 2 + (wk, wy — wy)
— | Z |\ T w2 =
2 2 5
k _ * .
> 1- ‘(<Z1,Z1> <1;)1,w2 w1>>‘ o L — Gl

which implies that |wj — wj| < e.
Let 0 € R be such that (2}, T'(wy)) = €®|(z¥, T(ws))|. Notice that
|21, Twa))l = |21, Twn))| = [€27, T(we — wa))] = 1 = b2+ (e).
Now, let 25 € Sz« be such that (25, T(wy)) = €. Observe that
Zik;_zg > <ZT+Z;,T(UJ2)>‘ _ 1+|<ZT’T(U)2)>| ~1-5 (

= 9 5 Z% 5),




NORM-ATTAINING OPERATORS WHICH SATISFY A BOLLOBAS TYPE THEOREM 19

hence |23 — 27| < e. Finally, considering the point ((ws,0), (w3, 23)) € I(W @, Z), we
conclude that T e An(W e, 7). O

Remark 3.2. Proposition 3.1.(b) no longer holds in general if we consider arbitrary Ba-
nach spaces instead of uniformly smooth ones. Indeed, consider the real Banach space
(1. Example 2.7 provides an operator that belongs to Ay (¢1,¢1) but not to A,.(¢1).
We will show that this operator does not satisfy the property stated in Proposition
3.1.(b). Indeed, let S € L(¢;) be the operator defined in Example 2.7. Note that if
((x,y), (x*,y*)) € TI(¢; @ ¢1) satisfies

* .

(3) (=, y*), S(a,y))] = [&y*, S =1,

-

then, one gets easily that y*(j)xz(1) has to be equal to either 1 or —1 for all j € N.
From here, we get that the only possibilities have the form x = se;, y = 0, z* =
(s,2*(2),2*(3),...), and y* = (r,r,7,...) with |z*(j)| < 1 for all j > 1, where s,7 €
{—1,1}. Now, suppose by contradiction that for a given £ € (0,1), there is n(c, S) > 0.
Let ng € N be such that Z] L 2] > 1 — (e, §), and set w = e, z = 0, w* = e}, and
2* = ef+.. .+ej . It isimmediate to check that ((w, 2), (w*, 2*)) € I1(¢1@®1 1) and also that
[((w*, z*), S(w, 2))| > 1—n(e, S). Then, there must be some (( ), (2%, y*)) e TI(41 D1 4y)
satisfying (3) and such that |(w,z) — (:)3 y)|1 < e and ||(w*, 2*) — (z* ,y Vo < e. But
this is already a contradiction, since [(z* — w*,y* — 2*)|» = |y* — 2*||so = 1. Therefore

S ¢ Anu(l1 @1 01) as desired, even though S € Ay (¢, 61).

Remark 3.3. There exists an operator S € L(W @, Z), with both W and Z being
uniformly smooth Banach spaces, such that S € A,(W @ Z) but S ¢ A (W, Z) (note
that this does not contradict Proposition 3.1, since our S is not of the form T for any
operator T'). Indeed, let S € L(f @ ¢3) be defined as

S(%, y) = (('I(l)? 07 O? e )7 (07 07 07 e ))7 V(%y) € ‘62 @1 ‘627

where /5 is a real space. Note that v(S) = 1 and S attains its numerical radius. For ¢ €
(0, 1), suppose that |((z*,y*), S(z,y))| > 1—¢e > 0 for some ((z,y), (z*,y*)) € [[({2D; {3).
Then |z(1)] > 1 — ¢, ]:1:*(1)\ >1—¢and HyH < e. Note also that

WP + ) le@)P = 2P > (1 -¢)?

n#l

)€

which implies that (3, lz(n)[2)2 < (26 — e2)V/2,
On the other hand,

1= a(n +Zy < el + lylly™| < el + yl = 1

n

From this, we have [z*| = [y*| = 1. As above, we can see that (3, |z*(n)[*)V? <
(22 — )2, If we define pairs of vectors
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then |(z,y) — (F,9)] < & + V2 and [(z*,y*) — (2%, *)| < V2e.
It is clear that ((gz, g),@*,&)) e n(e2 @1 ) and that |((2%,9%), S(%,7))| = 1. This
proves that S belongs to Ay, (¢s @1 ¢5). However, S € L({5) is the operator such that
Sz = (Pyo S)(x,0) = Py((x(1),0,0,---),(0,0,0,---)) =0

for every x € {5; hence S = 0, and the null operator cannot belong to Aj. ({2, 2).

We proceed now to prove the analogous results for /,-sums but under different hypoth-
esis on the underlying spaces.

Proposition 3.4. Let W and Z be two Banach spaces, and let T' € Spay,zy. Then:
(a) If T € Ap(W @y, Z), then T € Ay (W, Z).

(b) Suppose that Z is a uniformly convexr Banach space and W is a uniformly smooth

Banach spaces. If T € A (W, Z), then T e An(W @, 2).

Proof. (a). Suppose T' € Ap(W @y Z). Given € € (0,1), we set (e, T) := n(e, T) > 0.
Let wy € Sy be such that |T'(wg)| > 1 — @ Take Z,* € Sz« to be such that

(2™ T(wo))l = [T (wo)| > 1 = =
By the Bishop-Phelps theorem, there is z§ € Sz« and 2z € Sz such that |(z§, Z5)| = 1 and
28 — 27| < T’(ZT). Since (z, 2y = €? for some 6 € [0,27), we take z := e %% € Sy

which satisfies (2§, 29) = 1 and

(25, T(wo))l = (20", T (wo)) + (25 — 2", T'(wo))l
= K&" T(wo))| — 25 — 207
> 1—n(eT).

Consider the point ((wy, 20), (0, 23)) € II(W @y Z). Then, since v(T) =1 and
(0, 25), T(wo, 20| = <25, T(wo))| > 1 = ne, T) = 1 = n(e, D),
there is ((wy, 21), (w7, 27)) € I(W @ Z) such that
K(wh, 20), T(wr,z0) = 1, |(wr, 21) = (wo, 20) | <& and |[(wf, 2F) = (0, 25) |1 < <.

So, since 1 = [((w}, 21), T(wy, 21))| = [€z1, T(wn))| < |T(w)] <1, we get that | T(w;)] =
|lwi| = 1. Finally, |w; —wo| < [[(w1, 21) — (wo, 20)|lc < €. This shows that 7" e Ay | (W, Z).

(b). Suppose T' € Ay (W, Z). It is not difficult to see that v(T) = 1 and that T attains
its numerical radius. Now let ¢ € (0, 1) be given and set 5(e, T) as the positive real number
7](67 T) i= min {€0a n (607 T)} ) where

i L (i {249, £1) 320 )
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Let (w1, 1), (wf, 27)) € I(W @ Z) be such that

(21, T(wn)y| = [K(wf, 27), T(wy, 21))) > 1= n(e, T).
Since |T'(wy)| = [(z%, T'(wy)d| > 1 —n(e, T), there is wy € Sy such that |T(ws)| = 1 and
|wa — wr | < go. Since || 25| = [z, T (wy))| > 1 —n(e, T) we get that |w| < n(e,T) < 5
Let 6 € R be such that (z},T(wy)) = [{(zF, T(ws))|e?. Pick 23 € Sz« to be such that
(25, T(wy)y = € and notice that [(zf, T(wy))] > 1 — 29 > 1 — dzx <min{622(5), %}) .
Thus,

25+ 23 S |/4 + 23 T Y| = |25, T'(we))| + 1 o1 — 60 (min 52(8)7 1Y)
2 2 2 2

2
dz(e)
2

K B, +zl>‘ ‘I<Z1, (wa)l +1 = i, wi)|

This implies that |z — 25| < min{ : %} By using the above estimates,

T(e” wg +
2

ek T TR

- 2

and so |T(e"wy) — 21| < e. Finally, we conclude that T' attains its numerical radius
at the point ((w2, T'(e""ws)), (0, 23)) € I(W @ Z) which is close to (w1, z1), (W}, z}));

hence T € A (W @, Z). O

Remark 3.5. Similar to what happened on Proposition 3.1, Proposition 3.4.(b) is not
true in general for arbitrary Banach spaces. Indeed, consider the real Banach space
(1. Like we did in Remark 3.2, we will show that the operator introduced in Example
2.7 does not satisfy the property stated in Proposition 3.4.(b): Let S € L(¢;) be the
operator defined in Example 2.7 and let Se L(l1 Do £1) be defined accordingly. Notice as
before that if ((z,y), (z*,y*)) € II({; ®x {1) satisfies [((z*,y*), S(z,y))| = [(y*, S(z))] =

Z?’;l %‘ = 1, then y*(j)z(1) has to be equal to either 1 or —1 for all j € N. From

here, we get that the only possibilities have the form x = se;, y = (y(1),y(2),y(3),...)
with Z;O:Iy(j) =r,z* =0, and y* = (r,r,r,...), where s, € {—1,1}. Assuming that
for £ € (0,1), there exists n(e,S) > 0, we get a contradiction in the same manner as in
Remark 3.2.

Remark 3.6. Once again, there exists an operator S € L(W @, Z), with W uniformly
smooth and Z uniformly convex, such that S € A,,(W @ Z) but S ¢ A (W, Z) (note

that this does not contradict Proposition 3.4, since our S is not of the form T for any
operator T'). Indeed, the same argument used in Remark 3.3 shows that S € L({y @y lo),
which is defined as

S(xay) = ((13(1),0,0,--~), (07 0707"'))7 v(‘%?/) € gQ Do 627

where /5 is a real space, belongs to Apn,(¢2 @y f2). However, S = 0 cannot belong to

Ap (€2, £2)-
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We finish the paper by noting that Propositions 3.1.(b) and 3.4.(b) are no longer true
for p-sums with 1 < p < o0. Indeed, let X be a uniformly convex and uniformly smooth
Banach space and consider the identity operator Idx € £(X). Clearly, Idx belongs to
Aj)(X, X). On the other hand, Idy € £(X @, X) is defined as Idx (21, 35) = (0,24) for
all 21,25 € X. Then v(Idy) < [Idy| = |Idx | = 1. If |[{(zF,2%), 1dx (21, 22))] = 1 for
some ((x1,x2), (27, 23)) € II(X @, X), we would have [(z},21)| = 1, which would imply
|z3] = |1 = 1. Because of this, we would have ] = x5 = 0 since |z§||? + [|z5[|? = 1 =
|1 [P + [a2|P with % - % = 1, contradicting the assumption {(x%, 1) + (x4, 25) = 1. So,

Idx cannot attain its numerical radius; hence cannot belong to A, (X @, X).
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