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Abstract

In the present paper we carry out a systematic study about the
flow of a spherical curve by the mean curvature flow with density in a
3-dimensional rotationally symmetric space with density (M2, gy, €)
where the density £ decomposes as sum of a radial part ¢ and an angu-
lar part 1p. We analyse how either the parabolicity or the hyperbolicity
of (M3, g.) condition the behaviour of the flow when the solution goes
to infinity.
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1 Introduction

A n-+1-dimensional manifold with density (M, g, €) is a Riemannian manifold
(M, g) and a function £ : M — R. In this type of manifold we may calculate
the weighted volume or volume with density of the k-dimensional immersed
submanifolds ¢ : PF — M™t1 as:

Vi) = [ e 1)

where gp = +*g is the induced metric over the manifold P by the immersion
t. We shall denote by dv¢ p, dve or et dvg, the volume element associated
to a density.

In this context we have a natural generalization of the mean curvature
vector of a submanifold as the negative L?-gradient of the k-dimensional
functional of volume with density. We shall call to this vector field mean
curvature vector with density and it shall be denoted by H ¢. It has the form:

ﬁg = I'_j - (ng)J_, (2)
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where H is the mean curvature vector of the submanifold and (VM 5)L is
the orthogonal projection of the gradient VM¢ of € in (M, gas) onto the
normal bundle. In the particular case where k = n = 1, which is the case of
curves on a surface, we shall change H by k the geodesic curvature vector
and we shall denote by E& the new vector field, we shall call this vector field
the geodesic curvature vector with density.

This fact motivates us to study the following flow:

OF .
E(p’ b = (Hé)F(p, t)’ (3)
F(p,0) = Fo(p),

where Fy : PF — M"™*! is a k-dimensional immersed submanifold. This is
the analogue of the mean curvature flow in the context of the geometry with
density. This flow is called the mean curvature flow with density (EMCF for
short). In the particular case where k = 1, the case of curves, this problem
is also called the curve shortening flow with density. Some works performed
in this context are [19, 3, 15, 16]; let us remark that these authors did not
necessarily use this name for the flow. Other authors had indirectly explored
this problem to study the mean curvature flow of submanifolds with some
symmetries [13, 20]. All these works were done for hypersurfaces (k = n).

Given a n-dimensional immersed submanifold ¢ : P* — M™+! withn > 2
we shall define the mean curvature with density as:

He = H — gr(VM¢, N),

where H is the mean curvature of the immersion, NV is a unit normal field
to the hypersurface and we use the following sign convention:

AX = —V¥N, a(X, Y) = g (VXY, N)N = g (AX, Y) N,

WX, Y)=gu(a(X,Y), N), H=trA =Y gu(A(e:), e),
=1

with A as the Weingarten map, « as the tensorial second fundamental form,
h as the scalar second fundamental form, VM as the Levi-Civita connection
on M and {e;}"; a local orthonormal frame of the hypersurface. If n =1
we define the geodesic curvature with density as:

ke ==k — gu(VME, N),

where k is the geodesic curvature of the immersed curve. Given an immersion
such that He = 0 or k¢ = 0, depending on the dimension, we shall call this
immersion &-minimal.



In the present paper we work on the manifold with density (M2, g, &)
that we describe below. Let (M2, g,,) be a 3-dimensional smooth rotation-
ally symmetric space:

M3 =10, o) x S?,
gu = 7 + (wo Vot gen, (@)

where w : [0, c0) — R, w = w(r), is a smooth map such that w(g, o) > 0
and w(0) = 0, gse is the metric over the 2-sphere with Gauss curvature equal
to one and 7 : M3 — [0, 00), o : M2 — S? are the natural projections. As
the manifold is smooth, we may prove that the function w satisfies:

w'(0) =1

(see pag. 179-183 in [22]). Also, o = {0} x S? is a pole for the Riemannian
manifold (M2, g,). Regarding the density, let £ : M2 — {0} — R be a
smooth map such that:

§(z) = pomn(z) +ooa(z) (5)

with ¢ € C*((0, o)) and 1 € C*(S?). We note that ¢ is not defined in
the pole o.

In this manifold we are able to study the evolution of a closed smooth
embedded spherical curve by the mean curvature flow with density. We shall
denote by A the set of curves that is given by

A= U A,

re(0, 00)
where
A, = {v:S" = M} | yisa smooth embedded curve such that 7(Im v) = {r}}

for all r € (0, oc0).

Actually, the aim of this paper is to make a systematic study of the
following problem:

If we consider the Riemannian manifold with density (M2, gw, &) given

by (4) and (5) then, in this space, we may study the following initial value
problem:

0
{ 5P 1) = (H )0y (6)
7('7 O) = 70 € A’

where (ﬁé)v(n t) denotes the mean curvature vector with density of the curve



Other previous works in the field about curve shortening flow in codi-
mension greater than or equal to two are [14, 24]. In these two works the
ambient manifold is compact and the authors assume some restrictions on
the initial curve to guarantee that the maximal time of the solution is in-
finite. In [14] the initial curve is a ramp and in [24] the initial curve is a
graphical curve. Also in [14] we can find some more general results.

Regarding the EMCF, we note that most of the results in the literature
about EMCF concern radial densities in the Euclidean space [19, 3, 15], thus
(M3, gu, €) is a good manifold to keep increasing the understanding of this
type of problems. On the other hand, the choice of A as set of initial con-
dition for the problem (6) is motived because this family of curves is good
enough to guarantee that if the solution has finite maximal time then the
curve collapses to a point, moreover, the property of being embedded is pre-
served throughout the flow. In general, when we study the evolution of a
curve in codimension greater than or equal to two, the properties above de-
scribed are false. An interesting problem would be to look for other families
of curves with these good properties in codimension greater than or equal
to two.

It is equally important to remark that these types of flows (6) had been
indirectly and partially studied in the 3-dimensional Euclidean space with-
out density (£ = 0). This situation was studied to understand the mean
curvature flow of lagrangian spherical surfaces in C2 in [4]. This fact is mo-
tivated by the link between the mean curvature flow and the EMCF, which
is explicitly detailed in the article [16].

In our situation we may look the geodesic spheres

Sr:={p € My|m(p) =r}

as Riemannian manifolds with density (S, gs,, %) with gs, = w?(r) gs2 and
1 = 1) o g, with a slight overuse in notation about the density. Further,
when considering v € A, as a curve in S,., we denote it by 7.

With the selection of a spherical curve as initial condition, it becomes
natural to consider the following problem:

Let 79 € Ay, and let 7 : St x [0, T) — Sro, 7 = Y(p, 1), be a smooth
function such that:

o _ —
57(177 t) = (k Sro s w)a(p,?)a (7)
;)7('7 O) = ;?07

where ?gm,w denotes the geodesic curvature vector with density of the
curve in the Riemannian manifold (.S, 9S,o > ). This problem is included
in the theory [1, 2, 17], as well as the behaviour when the curve collapses
to a point is included in the work [25] and the behaviour when the solution
exists for all time is in [15].



In the present work, we study in which way we could use the results
known for (7) to understand the solution of (6). On the other hand, we also
note that the problem (6) is a generalization of the problem (7).

In [15] it was shown that in the study of the (MCF of a curve in the
Euclidean plane R? with a radial density ¢ = ((r), a very relevant fact is

that the sign and the zeros of the function r — — + (/(r) determine the
T

dynamics of the solution. Analogously, in our situation the dynamics of the
solution are influenced by the function:

B: M3 —{o} — TM3
p— By = (- 208 - g )od @
whose scalar version is

B: (0, 0) —R

r— B(r) = + ¢ (r), (9)

that is B(p) = —B (m(p))0r|p- This scalar version generalizes the function
given in [15].

We note that the function (9) has the following interpretation: Let
(R2?, gu, ) be the Riemannian manifold where g, := dr? + w?(r) gs1 and
¢ = p o is the density that appears in (5). Then, B(r) is the geodesic
curvature with density ¢ of the C, circle centered at the origin whose radius
is 7, if we consider —0, as unit normal vector to C,. Therefore, if B(r) = 0,
this means that the circle C) is ¢-minimal. For this reason, given a geodesic
sphere S, such that B(r) = 0 we shall say that it is B-minimal.

Once proven the existence and uniqueness of the solution for the problem
(6), we get that, if the maximal time of the solution of (6) is finite and the
solution is bounded, then:

Theorem A. Let vg € Ay, and let v : St x [0, T) — M2 be the unique
mazimal solution for the initial value problem (6) with o as initial condition.
If the solution is bounded and the maximal time T is finite, then, the curve
collapses to a point p € M and

i) if p # o the curve collapses to a spherical round point in the geodesic
sphere Sz (p)-

it) if p = o and there exists ¢ € C'([0, 00)) such that | ) = ¢ then,
a blow-up centered at this point gives a limit flow by the Y MCF in
(Sros 98,0 1Y) that C*°-subconverges, after a reparametrization of the
curves, to a closed Y-minimal curve.



The next important goal is to study the behaviour of the flow when the
solution exists for all time and it is bounded:

Theorem B. Letyg € A and let vy : S'x[0,T) — M3 be the unique mazimal
solution of the initial value problem (6) with vy as initial condition. If the
solution exists for all t, that is, T = o0, it is bounded and it does not go
to the pole o, then the flow C°°-subconverges, after a reparametrization of
the curves (-, t), to a closed ¥-minimal spherical curve contained in the
B-minimal geodesic sphere Sy, , . x(Im~(., 1))

However, if € C([0, 00)) with @[(g o) = ¢ exists and the flow reaches
the pole o, then the maximal time is finite. But, generally, if the function
¢ does not have a C'-extension to the pole o, it is possible that the flow
collapses to the pole for T' = oco.

On the other hand, the B-minimal geodesic spheres are barriers for the
flow. Thus, given a spherical curve between two B-minimal geodesic spheres
then, the flow is contained between these two spheres. Taking this into
account, it is not difficult to find situations in which the solution is bounded.

We note that in the previous works [14, 24] the ambient manifold is
compact so the solution always is bounded. However, in our setting it is not
compact and allows the solution to go off to infinity. A required condition
here is that the function B is negative for all r € [rg, co) with 79 = 7 (7o)
where 79 € A is the initial condition of (6).

In this last situation, the key for understanding the behaviour of the
solution is given by a relation between the area of the geodesic spheres S,
and the function B. More accurately, the behaviour of the flow at infinity
is given by the integral:

& 1
/7“0 B(r) Area(S;) dr (10)
If this integral converges or diverges then, the behaviour of the flow is dif-
ferent.

Here, we need two new definitions. Let (M, gar) be a Riemannian man-
ifold, we say that (M, gas) is non-parabolic or hyperbolic if it admits a non-
constant positive superharmonic function. Otherwise, we say that (M, gar)
is parabolic. The parabolicity and hyperbolicity of a smooth rotationally
symmetric space are characterized by the divergence or convergence, re-
spectively, of the integral (see Prop. 3.1 in [11]):

e 1
——dr
/p Area(S,)

Therefore, we take up the last case, if:

& 1 o 1
/T B(r) Area(S,) dr~ /7’0 Area(Sy) dr (11)

0



the behaviour of the flow is given by the parabolicity or hyperbolicity of the
manifold M3. Following this trend, the result that we have obtained in this
way is:

Theorem C. Let yg € Ay, and let v : St x [0, T) — M2 be the unique
mazximal solution of the initial value problem (6) with o as initial condition.
If the solution is not bounded:

a) If M3 is parabolic and liminf, o B(r) is finite then, the flow topo-
logically subconverges to vso : S' — [0, oo] x S2, p = (00, Xx(p)),
where x : S' = S? is a smooth embedded closed v-minimal curve in

(S’I"Q) 9Sry> ¢)
b) If M3 is hyperbolic and limsup,_,., B(r) # 0 then, the flow either

— topologically converges to Yoo : S' — [0, 00] xS%, p + (00, 7(p, T)),

— or topologically converges to a point pss € See = {00} x S? C
[0, o0] x S? in the infinite radius sphere,

where 7 is the solution of (7) with initial condition o and T shall be
defined in (19).

Let us remind that to achieve the situation of the last theorem, having
an unbounded solution, we need that B|j« ) < 0 for some r* € (0, oo).

The case b) of the last theorem is satisfied in the Euclidean space R?
with a Gaussian density £(z) = e #*7*/2. This case shall be fully studied in
the section 6 expanding our understanding of the Gaussian mean curvature
flow [3, 15].

In the paper [16] the link between MCF and the §MCF was detailed.
This relation gives us an equivalence between the flows that in our situation
is the following: the éMCF « : S x [0, T) — M3 of a curve 79 € A is
equivalent to the MCF F : N x [0, T) — M of a submanifold Fy : N — M
in the (m+3)-dimensional smooth Riemannian manifold (]\/4\ , ) given by:

—

M := M3 xQ=1[0, c0) x $* x Q,
650% 2/m
o= 7* " ~% \ 12

where (@, gg) is a m-dimensional smooth compact Riemannian manifold

and # : M — M3, G : M — QQ are the natural projections. The initial
submanifold Fy is a (m+1)-dimensional smooth submanifold such that

Fo: N=S'xQ = M, F(a, q) = (1(a), ). (13)

Therefore, this work leads us to expand our understanding about the MCF
of submanifolds in codimension two. Some works in this area are [5, 23].



This paper is structured in the following way. In section 2, we introduce
the basic results about the curve shortening flow with density on a surface.
In section 3, we give the existence and uniqueness result for solutions to the
problem (6) and we show the relation between the solutions of (6) and (7).
In section 4, we analyse the situation where the solution is bounded. In
section 5, we study the situation where the solution is not bounded. Finally,
in section 6, we carry out a detailed study of the problem (6) with the
Gaussian density in the 3-dimensional Euclidean space.

2 Preliminaries

2.1 Curve shortening flow with density

Let (M, g, ¥) be a 2-dimensional smooth Riemannian manifold with density
and let 79 : S' — M be a smooth curve. Then we shall call the curve
shortening flow with density (¢ MCF) of o the solution ~y : St x [0, T) — M
of the problem:

0 —
{ &ﬂp’ t) = (k w)v(n t)’ (14)
7('7 0) = Y0,

where Ew is the geodesic curvature vector with density of the curve.

In the particular case where the density is ¥ = 0, then the problem is
the classic curve shortening flow widely studied [8, 7, 10, 9, 6].

As already remarked in [15], we may use the theory of S. Angenent [1, 2]
to guarantee the existence and uniqueness of solution for the problem (14).
This theory, together with the later work of Oaks [17], allows us to formulate
the following theorem:

Theorem 1. [1, 2, 17] Let vy : St — M be a simple C* curve. Then,
there ezists a unique solution to (14) with initial condition ~yy. Moreover,
the solution either collapses to a point on M in finite time or exists for
infinite time.

This theorem was already written for this flow in the article [15]. Moreover,
we can use the work of Xi-Ping Zhu [25] to obtain that:

Theorem 2. (Proof Cor. 4.2 in [25]) Let vo : St — M be a simple
C? curve. Then, if the solution to (14) with initial condition o has finite
maximal time, the solution collapses to a round point.

The case in which the solution exists for all time was studied in [15] by
V. Miquel and the author in a Riemannian manifold with density with the
following properties in the region where the curve moves. Here, K is the



Gauss curvature of the surface (M, g) and V is the covariant derivative of
(M, g):

O|WM§GMWM§QJ<E§&§Q

15
for some constants Cj, Pj, £, D; j =0,1, 2,--- (15)

i1) The isoperimetric profile Z is a well defined continuous function
which satisfies lim Z(a) = 0 implies ag = 0. (16)

a—ag
The authors obtained the following theorem:

Theorem 3. [15] Let (M, g, ¥) be an orientable 2-Riemannian manifold
with density satisfying (16). Let y(-, t) be a solution of the w MCF (14) with
initial condition an embedded curve v : S! — M If this solution exists
for every t € [0, 00), and Y(S, t) is contained in a fived compact domain
U where the conditions (15) are satisfied, then there is a reparametrization
(-, t) of v(+, t) such that there is a sequence {¥(-, tx)}ren, tx — 00, which
C™-converges to a closed v-minimal curve of M"~ for every m € N.

In our particular case (7) the Riemannian manifold with density is (Sy, gs,,, %)
This manifold is compact and the density is smooth thus, we have that the
properties (15) and (16) are satisfied, so we may use Theorem 3 in our
situation.

Other important properties that may be obtained from the work of S.
Angenent [1, 2] are:

Theorem 4. (Preservation of the embedded property) Let 7o : St —
M be a smooth embedded curve and let v : S' x [0, T) — M be the solution
of (14) with initial condition o then, (-, t) : St — M is embedded for all
telo, T).

Theorem 5. (Comparison principle) Let v : St x [0, T}) — M, 7o :
St x [0, Ty) — M be solutions of the initial value problem (14) such that
y(, 0) and v2(+, 0) are immersed curves. If Im v1(-, 0) N Im (-, 0) = ()
then Im~y1(-, t)y N Imy2(-, t) =0 for all t € [0, min{Ty, T>}).

3 The flow

In this section we prove the existence and uniqueness of the solution of
the problem (6). Also, we show the relation between the solutions of the
problems (6) and (7), as well as some properties of the problem (6).



Theorem 6. (Existence and uniqueness) The initial value problem (6),
with vy € Ay, as initial condition, has a unique solution ~y : S'x [0, T) — M3
given by

Ap, £) = eap(F(p. 1)), (R(t) = 10), ). (a7)

where 7 is the unique solution for the initial value problem (7) with vy as
initial condition, R(t) is the unique solution for the ODE:

{R/(t) = _B(R(t))v (18)

R(O) = To,
and
t:[0, T) — [0, T)
it = [ () 48 (19)
witthfOT (%>2d5.

Prior to the proof, we need some preparatory lemmas.
Given v € A, we shall denote by kg,  the geodesic curvature vector
with density of the curve 7, considered as a curve in (S,, gs,, ).

Lemma 1. Given vy € A,:
He = ks, + B(7) (20)

Proof. Let {7, v, 0,} be an orthonormal frame over the curve with 7 the unit
tangent vector to the curve, v the unit normal of the curve that is tangent
to the geodesic sphere where the curve is contained, we note that {7, v} is
an orthonormal frame over the curve in the geodesic sphere (S, gs,) . Now
we may calculate the expression of the mean curvature vector with density:

He = H — (V)" = (Vo7 vyv+(V,7, 8,) 0, — (VE, v)yv — (VE, 8,) 0,
= ((Ver, v) = (V& ) o+ ((Ver, 0) = (VE, 0) ),
( (V57 + 0% (7, 7), V) = (V(p 0 0), 1) )u

(-2 Fw, 0,) - (T(eom). )0,

w(r)
_ Sr /T _ w,(r) o
= <<VT T, v) —(V(¥oo), 1/>>y+ < e go(r))&
- ESm w + B’(’Y)?
where V is the covariant derivative of (M3, gu). O

10



Lemma 2. The function (19) is a diffeomorphism.
Proof. This function
e is smooth for being composed of smooth functions,

e 1(0) =0, {T) =T,

e its derivative is strictly positive for all ¢:

7(t) = (w“(’g(“t)))f > 0forallt € [0, T).

So by the inverse function theorem, it is a local diffeomorphism which, to-
gether the injectivity of the function, implies that it is a diffeomorphism. [J

Lemma 3. Let v € A, and let 5 := exp(y, —(r — ro)0,) with ro € (0, 00),
then:

e T

as a vector field on S?.

2
Proof. We note that gs, = L(T)ggr , that is, gg, and gg, are conformally
wQ(rO) 0 0
equivalent, then:
- - 1 - 1 1L
Sr 1 Sr,
k3, 5.0 = k5,5, — V7 (Poo) = () ks, 8.y — (wQ(T) \% °(¢OU)>
w?(ro) w?(ro)
2 2
_wi(ro) (7 S, 1\ _ wi(ro) >
=20 (Frusy = V0@ oo)t) = o8R0

Now, we are ready to give the proof of Theorem 6.

Proof. (Theorem 6) Problem (7) has a unique short-time solution by Theo-
rem 1. Further, since B is locally Lipschitz, (18) also has a unique short-time
solution. Then, since (19) is a diffeomorphism by Lemma 2, the expression
for 4 given in (17) is well-defined on S! x [0, T'). Let us remark that v is
smooth being composed of smooth functions.

We will now show that (17) is a solution to (6). We will denote by
M5(p, 71), 01 the geodesic that starts at ¥(p, ?1) whose tangent vector at this
point 1s 9. Then:

Yp. 0) = eap((p, 0), (B(0) =703, ) = eap(3(p, 0), 0)
=3(p, 0) =J0(p) = 10(p), Vp €S,

11



% LYt = % e (3. . (R(1) = r0)2))
= 2| eon (i 0, (RO —r00,) + 2| eon(500. D, (Rees) - 1000,
= g1l 0.0, (RO = r0) s+ ean. (i, 0. 0. (G0 - 1003

=ty o (Bl = ro) Ren) + e (322|500, D), (R(ta) = 000,
= R0, 0+ e (Lm0 ) (R o)y (B0 - )0

= —B(R(1))D | .11 + (mpr*((?%w)w nyr (R(t1) = 10)0,)

= B(’Y(]% tl)) =+ (kSR(tl),qp)’Y(p,tl) = (Hﬁ)’y(p,tl)a
where we have used Lemma 3 and also Lemma 1, in the last equality, given
that from (17) we have that (-, t) € Ap) for all ¢ € [0, T'). Therefore (17)
is a solution for problem (6).

To guarantee that (17) is the unique solution of the problem (6) we may
use the existence and uniqueness theorem for the MCF in higher codimen-
sion. The statement of this theorem was presented as a special case of a
theorem by R. Hamilton [12] in the survey about this topic, Part II Chap.

3 in [21], by K. Smoczyk (see Prop. 3.2 page 248 in [21]). Let us remind
the link between the {MCF and the MCF showed on (12) and (13). O

Corollary 1. Im (-, t) C Sp), Yt € [0, T).

Proof. By Theorem 6 the solution is

A, 1) = eap(Fp, 1), (R(E) = 0)0,),
this expression implies that Im (-, t) C Sg), Vt € [0, T). O

Corollary 2. Let v : S' x [0, T) — M3 be the mazimal solution of the
problem (6) with initial condition vy € Ay,, then

3(p. 8 i= eap(1(p. t@), ~(RED) = r0)d, ),

is the unique solution defined in S* x [0, T) for the problem (7) with initial
condition vy. The function t : [0, T) — [0, T) is the inverse function of

(19).

Proof. From Theorem 6 and Lemma 2. O

12



Remark. [t is highly relevant that T' could be the mazimal time of the
problem (6) and T could not be the maximal time of the problem (7).

Theorem 7. (Preservation of the embedded property) Let v : S! x
[0, T) — M3 be a solution of the problem (6) such that vy is an embedded
curve then, (-, t) is an embedded curve for allt € [0, T).

Proof. From Theorem 6 and Theorem 4. O

Theorem 8. (Comparison Principle) Let 71 : St x [0, T1) — M3, v :
St x [0, Ty) — M3 be solutions of the initial value problem (6) with initial
conditions v1 (-, 0), y2(+, 0) € A, respectively. If Im~,(-, 0)NIm~2(-,0) =0
then Im~y1(-, t) N Imy2(-, t) =0 for all t € [0, min{Ty, To}).

Proof. From Theorem 6 and Theorem 5. O

4 Bounded solution

4.1 Finite maximal time

In this section we analyse the different situations when the maximal time of
the solution is finite, obtaining a proof for Theorem A.

Theorem 9. Let vy € A and lety : St x [0, T) — M2 be the unique mazimal
solution for the initial value problem (6) with vy as initial condition. If
the mazimal time T is finite and the solution is bounded, then the solution
collapses to a point.

Proof. We note that the continuous function R(t) is either strictly decreas-
ing, strictly increasing or constant. Thus, the lim; 7 R(t) exists and it is
finite. Now, we have two possibilities:

e lim;_,7 R(t) = R(T) > 0: In this situation T' < oo and (17) only can
have problems coming from 7(-, %V(tl). Then, the maximal time for
(7) is finite, moreover it is exactly T, and by Theorem 1 the flow 7
collapses to a point. Therefore, the flow v collapses to a point.

e limy .7 R(t) = R(T) = 0: By Corollary 1 Im~(-,t) C S, V¥t € [0,T)
then, the flow collapses to the pole o.

O

Interestingly, we notice that in the second part of the proof, T may not be
the maximal time of the flow 7.

Now that we know that the solution collapses to a point, let’s analyse
the shape of the singularity.

13



Theorem 10. Let vg € A,, and let v : St x [0, T) — M be the unique
mazximal solution for the initial value problem (6) with ~yy as initial condition.
If the maximal time T 1is finite and the solution is bounded, then:

i) If limy_,p R(t) # O the curve collapses to a spherical round point in
the geodesic sphere Sg(r).

it) If imy_p R(t) = 0, that is, the curve collapses to the pole o of the
manifold M}, and there exists @ € C1([0, 00)) such that @[y o) = ¢
then, a blow-up centered at the pole o gives a limit flow by the Y MCF
in (Sry, 9Sry» V) that C*°-subconverges, after a reparametrization of
the curves, to a closed Y-minimal curve.

Proof. By Theorem 9 the solution collapses to a point.

Case i) If lim,7 R(t) # 0 then, the maximal time of the solution of the prob-
lem (7), with initial condition 7, is finite due to the relation between
the flows. This, together with Theorem 2, proves i). We note that, in
this situation, the maximal time of (7) is 7.

Case ii) We need to study if T is finite or infinite. For this, we note that:

~ T aw(r T
7= [ Gmep) @~ [ mm e 2y

we shall check this fact:

1
w(z)? 2 . 2 : x
lim = lim = lim ——— = lim
a0t L =0t w(x)? oot 2w(x)w(z) 20+ w(w)
22
= lim =1¢€ (0, ),

where we have used w(0) = 0, w'(0) = 1 and L’Hopital’s rule twice.

Now, we are going to study the second integral of (21):

T TR [T udu
o B2 /0 RR@EE ™ /o (- wRE) ¢/ (R(1)) ) R(1)? '
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we remark that R'(t) < 0 for all ¢ € [0, T'), as otherwise the hypothesis
lim;_,7 R(t) = 0 is impossible. Going back to the integral:

1
/
(w ) <p’(-76))902
. w(x) ) 1 ) 1
lim = lim ; = lim —
o0+ 1 2—0+ (w () o )) o0+
z w(x) AT w(z)
— tim P i wi(@) = 1€ (0, 00),
z—0t T z—0t

we have used L’Hopital’s rule and also that ¢ has a C'-extension to
[0, 00), so

[ watgae e

w(z) +¢'(z) )z

Therefore, from (21) and (22), T = oo and if we perform a rescaling
at the singularity we obtain exactly the flow 7 as the rescaled flow of
v, so the rescaled flow subconverges, in the sense of Theorem 3, to a
closed ¢-minimal curve in (Sy,, gs,,, ¥) by this theorem. Note that
the rescaled flow is given by

exp (7(7 t)v (TO - R(t))aT)a
and this flow is the flow 7 by Corollary 2.
O

Remark. The case ii) of the previous theorem is not true if the density
¢ does not have a CY-extension to [0, oo). For evample, if we consider

1
o(r) == —Inw(r) — - then:
- o 1 o1
Tw/ (@) d:)::/ T dr =179 < 00
0 T\ / 2 0o _~ .2

Therefore, if the solution collapses to the origin, the rescaled flow of v faces
two possibilities: either it converges to the curve 5(,%), if T is not the
mazximal time of 5, or, fo is the mazimal time of ¥, we need to make a
new rescaling in the sphere and with this second rescaling we obtain that the
curve converges to a round point by Theorem 2.
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4.2 Infinite maximal time

In this section we study the situation in which the maximal time of the
solution for the problem (6) is infinite, obtaining a proof for Theorem B.
In this situation, there is a delicate scenario: when the solution collapses
to the pole. This fact motivates splitting the study in two cases: when the
solution collapses to the pole and when the solution is in a bounded region
0< Cl < R(t) < CQ.

First, we are going to tackle the following question: Could the solution
collapse to the pole in infinite time?

Proposition 1. Let v € A and let v : S' x [0, T) — M} be the unique
mazimal solution of the initial value problem (6) with vy as initial condition.
If this solution collapses to the pole at the maximal time and there exists
@ € CY([0, 00)) such that ?l(0,00) = ¥ then, the mazimal time of the flow is
finite.

Proof. As limy_,p R(t) = 0 then limy_,7 w(R(t)) = 0, limy_,pw'(R(t)) = 1
and lim;_,7 ¢’ (R(t)) = ¢'(0), the last equality relies on the hypothesis about
¢. So lim;_,7 B(R(t)) = oo and therefore there are t* € [0, T') and C > 0
such that

R'(t)<-C,Vte[t, T).
If we integrate this inequality, we obtain:
R(t2) — R(t1) < —C(ta —t1), Via > t1 > ¥,
SO
C(ta —t1) < R(ty) + C(ta — t1) < R(t1) < 00, Vg >t > t*,
if we take t;1 =t* and t9 — T":
C(T —t*) < R(t") < o0,
therefore T < oo. O

Having this in mind, the answer to the question is: No if the density
¢ has a C'l-extension to [0, co). However, if the density ¢ does not have
a C'l-extension to [0, co), the solution could collapse to the pole in infinite
time. For example, let (R3, ggs, £) be the ambient manifold with ¢(r) =

1
—1In(r) + 57’2. In this situation, the derivative of R(t) satisfies:

R(t)= -2~ = ¢(R(t) = -5 + 5 — R(t) = —R(t)

1 1 1
R(t) " R()
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Then, if the flow collapses to the pole, the maximal time of the solution is
infinite.

Now, we continue studying the other case. We need some preparatory
lemmas. Let s be the arc length parameter of (-, ¢t) and let 5 be the arc
length parameter of (-, t).

Lemma 4.

o 0, = w(ro) 0Oz,

* a?<k7(‘vt>’SR<t>»w) B <m>n+la§<kﬁ<"5»sro’w>'

Proof. The relation between ds and ds is

ds = 19a(@, Blgs, dev = wu(fi’(ot))) [Bav(ets £)lgs,, da = wziﬁ“(;)))dg'
Therefore
_w(ro)
O = wre ™

On the other hand, the relation between the mean curvature vectors with
density is given from Lemma 3 by

i 2(7“0) P
Y5 1), Sray, ¥ T w (R t)) (+8), Srg» ¥

w(R(t))?

then
w (TO)Q gSTO )

and 9Sne =

k _w(rg) N
Y5 1) Srety, ¥ w(R(t)) F(-, 1), Srg, ¥°

So we obtain that

a?<k7(',t):SR(t)71/’) = (%>n+lan( (-, t) Sr0,¢)'
O

Also, we need an expression that links 07 (kv(n 1, 5R<t)) with 97 (kv(n £), S, w).
We may borrow the expression given in (51) of [15]:

82(]{'7('7”’5}?,(0) = 8§(k’7('7t),SR(t)vw) + Vnﬂw(a% o, 05, v)
1,n—1
J K
+ Z Ci, J,K k t), Sr(t), ¥ oK (k'Y('at)vsR(t)vdj) C(V3y),

(23)
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we denote by V the covariant derivative in Sp(;), which is independent of ¢.
J =01, 5 Jg): 0 < j1 < jo <+ < jgis an ordered multi-index and we
denote by |J| :=j1 + - + jg, d(J) := q, o(J) := jg, Olx =0 x--- 0} =,
Ve :=Viz®- - @ Vz. About the summation notation, we only need to
know that given antr then ¢ + |J| + d(J) + | K| = m + r and we consider
that if |J| = 0 then 8g(k:,y(,7t)75R(t)7¢) do not appear. Also, 0 < d(J) <
[(m+7r—15)/2], |K| >s,0(J) <t 1<d(K)<m+ 1. Finally, by C(VX)
we denote VX4 acting on | K| copies of 9, or/and v.

We shall denote by V the covariant derivative of the Riemannian mani-
fold (M2, gu).

Lemma 5. Given v € A,

/
V,r = kv —EGT
_ w
Vv = —kr (24)
/
V.0, = v
w

where {7, v, O,} is an orthonormal frame over the curve with T, the unit
tangent vector to vy, v, unit normal to v and tangent to the geodesic sphere
S, where the curve is contained, and with k, the geodesic curvature of the
curve 7y as curve of the sphere (Sy, gr).

Proof. See Chap. 7, Prop. 35 in [18]:

Tor — (For, )0+ (o, 0,) 0 — (V57 )+ <— sl ar> 5,

w
/
= kv — E&«,
w
- _ _ = (T, V)=
V=N, )7+ (Vsu, 0r)0r = = (v, Vo) T+ ( — ” Vw, 0y ) O
= —kr,
/
ﬁfﬁr = 8T(w)7— = ET
w w

O

Theorem 11. Let yg € Ay, and let v : St x [0, T) — M3 be the unique
mazximal solution of the initial value problem (6) with vy as initial condition.
If the solution exists for all t, that is, T = oo, and 0 < C1 < R(t) < Cq with
C4, Cy some constants for allt € [0, 00), then the flow C*-subconverges, af-
ter a reparametrization of the curves y(-, t), to a closed ¥ -minimal spherical
curve contained in the B-minimal geodesic sphere Sy, R(t)-

18



Proof. 1f 0 < C1 < R(t) < Cg for all t € [0, oo) and the maximal time of
the solution of (6) is infinite then, T = oo:

The lim; o0 R(f) = Roo € R = limyo w(R(t)) = w(Rx) € R, so Ve >
0 3te > 0 such that |w(R(t)) — w(Re)| < € for all ¢t > t.. Therefore

7= [ (o)
te w(r 2 8} w(r 2 ~

As t:[0,00) — [0,00) is a diffeomorphism by Lemma 2, we obtain that
the behaviour of the flows (6) and (7) is the same.

From Step 4 on page 23 of [15], Lemma 4 and the hypothesis about R(t),
we obtain that

e <k:7(,, 8), Sre), ¢> converges uniformly to zero when t — co

for every n € N. (25)
On the other hand,

sy =,

2y =V, =kv— “u};ar,

&3y =V, (ku - Zlar) = Ok v+ kV,v — 0 (g)ar - gvTaT
, :

= Oy — k27— ()% = (= k2 = (5)%)r + Ok v,

oty =V~ 82— (U))r + 0.k
/

= =2k, 7+ (= k2= () ) Vor + 02k v + Ok Vow

= —2kdsk T + ( — k- (Z,)Q) (k:v - gar) + kv —kdskT
/

— —3kduk T+ (K~ k() + 02k + (kﬂg + (=)o,

w w
so that we can obtain an expression for 97y of the form:

/ /

Oy = Fuloy i Ok LR + g~

0
w

k, Osk,---, 0" k)

/
+ hn(%, k, 85k, -+, 0" k)d,, n > 1, (26)
/ .
where f,, g, and h,, are polynomials in E’ k, Osk,---, 04k with j <mn —2
w

where all monomials have degree n — 1, which is obtained counting 9’k as
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i+ 1. Here, the map « had the form = (s, t) where s; is the arc-length
parameter of (-, t). Now, let L; be the length without density of (-, t),

we consider the change of parameter:
[0, L] — [0, 1]
St
— ==
St « Lt

and we denote by 4 the reparametrization of the curves with the parameter
a, that is Y(«, t) = y(s¢(«), t). We notice that

05y 0"sy
— =17 d =0,Vn>?2
Oa toa Oa Py
Then we have that:
Op =1Ly 0¢y,¥Yn=1,2,---

and therefore:
00 Al = |LY 05| = LY|0G Ay = LEV fR + gn + hi, Vn=1,2, -+ (27)
We may also obtain the following bound for the length of the curves:

) = gpom(m)tioo(n) — geom()g¥oor(n) > pin () min ¥ ®,

r€[C1, Ca] pES?
we denote by D the last expression, then:
f(% 1
Lt / dSt / ¢ g(vt)dst
Sl gl eé() st
= 5%(%) < ELg('m), (28)

as L¢(7y¢) decreases throughout the flow, so L; is bounded independently of
t.
On the other hand, the hypothesis C; < R(t) < Cy for all ¢t € [0, c0)

/

implies that % and w are bounded. This fact, together with (25) and (23),
w
imply that

V f2 4+ g2 4+ h2 is bounded independently of t. (29)
Therefore, from (27), (28) and (29):
‘83 :Y(aa t)’ < CTL7 V(a, t) € [07 1] X [07 00)7 Vn= 17 27 (30)

with C,, independent of («, t). The case n = 0 is immediate from the
hypothesis about R(t). We might use the Arzela-Ascoli theorem to conclude
that there is a family {5(-, tm) }men, tm — 00, such that C*°-converges to a
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limit curve 4, which is closed and regular. To obtain this result, we use a
diagonal type argument.

The limit curve is regular because of Lemma 8 of [15]. This implies
that, in our situation, L; > ¢ for all t € [0, oo) for some constant ¢, so
|0a%| = Lt > ¢ and the limit curve 94 is regular.

We note that the geodesic sphere whose radius is Roo = limy_,oo R(t)
is B-minimal and from (25) k4., 4, Shy,w CONVErges uniformly to zero when
t — 00, then A is a 1)-minimal curve contained in the B-minimal geodesic
sphere Sg__. O

We note that Proposition 1 together with Theorem 11 give us a proof
for Theorem B.

5 Unbounded solution

In this section we analyze the situation in which the solution of (6) is not
bounded, obtaining a proof for Theorem C. Further, the maximal time of
the solution of (6) can be finite or infinite.

Theorem 12. Let v9 € A,, and let v : St x [0, T) — M3 be the unique
mazximal solution of the initial value problem (6) with vy as initial condition.
If the solution is not bounded, lim;_,7 R(t) = oo, then necessarily B(r) < 0
for all r € [rg, 00). Further:

a) If M3 is parabolic and liminf, o B(r) is finite then, the flow topo-
logically subconverges to Yoo : S — [0, oo] x S%, p = (o0, Xx(p))
where x = S'' — S, is a smooth embedded closed -minimal curve
in (Srgs 98,5 ¥)-

b) If M3 is hyperbolic and limsup,_,., B(r) # 0 then, the flow either

— topologically converges to Yoo : St — [0, 00] xS?, p ++ (00, 7(p, T)),
which is a curve contained in Ss = {00} x S? C [0, o] x S? the
infinite radius sphere,

— or topologically converges to a point ps in See = {00} x S% C
[0, 0] x S? the infinite radius sphere.

Proof. As limy_,7 R(t) = oo, R'(t) > 0 for all t € [0,T"). Otherwise, there is
t* € [0, T') such that Sp() is a B-minimal sphere and the solution (-, t)
is contained in Bg~) for all ¢ € [0, T), therefore limy .7 R(t) < R(t).
As a consequence, we obtain that B(R) < 0 for all R € [rg,00), due to
R'(t) = —=B(R(t)).

The hypothesis of the case a) about the function B implies that there
exists a constant C' > 0 such that —C' < B(r) < 0 for all r € [rg,00).
Besides, the hypothesis of the case b) about the function B implies that
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there exists a constant C' > 0 such that B(r) < —C < 0 for all r € [rg, 00).
As a summary:

—_

> L

C?
1
(r)’

On the other hand, we could obtain the following expression for T:

T_/0T< w(ro) )th: OTAT“L(STU)dt

In the case a) for all r € [rop, c0).

/—\
\_/

In the case b)

for all r € [rg, 0o).

Ql+=
bd

w(R(D) Area(Sg))
T /
— Area(Sm)/O Rt )jéi)(SR(t)) “
= —Area(Sy, / B(R Area(SR( ) «
= —Area(S,, /O m ar. -

where we used that R : [0, T)) — [rog, co) defines a diffeomorphism on its
image.

1
Case a) M2 is parabolic and “B0) > ol for all r € [rg, 00). Then

T = —Area(S, )/ ——————dr
" Jyo B(r) Area(S,)

- Area(Sy,) /OO 1

- C o Area(Sy)

where the last equality is true because the Riemannian manifold M3
is parabolic (see Prop. 3.1 in [11]).

As we have that ¢ : [0, T) — [0, 00) is a diffeomorphism, we conclude
that the behaviour of the flow « in ¢ = T is the behaviour of the flow
7 in infinite time. The behaviour of the flow 7, with infinite maximal
time, is given by Theorem 3.

1 1
Case b) M3 is hyperbolic and ol > “B0) for all 7 € [rg, 00). Then
T Area(S. )/OO ! dr
P a r e —
" Juy B(r) Area(S,)

< ArealSy) ir < oo,

/TO Area(Sy)
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where we note that the last equality is true because the Riemannian
manifold M3 is hyperbolic (see Prop. 3.1 in [11]).

As we have that £ : [0, T) — [0,T) is a diffeomorphism with T' < oo,
we get that the behaviour of the flow 7 in ¢ = T is the behaviour of
the flow 7 in finite time. This flow in t = T has two options: either
the flow is defined, (-, T) is a smooth curve, or the flow collapses to
a point by Theorem 1. We remark that in the first situation 7" is not
the maximal time of the flow (7).

We note that Theorem 12 is essentially Theorem C.

Remark. The case a) is not true if we eliminate the condition on the func-
tion B. We may find situations where M3 is parabolic, liminf, .., B(r) =
—oc0 and T < oo. For example, let (M3, gu, &) be a smooth rotation-
ally symmetric space such that w|ic, o) (r) = /r with C > 0 and ¢(r) =

1 2
——In(r) — % Then, M3 is parabolic,

2
/°°dr_/°°dr_/°°dr_oo
o Area(S.)  Jo 4dmw(r)?  Jo Amr T

w/+ "(r) L1 <0, forallr € (C, o0)
— rN=————r=—r orallr 00
w ¥ 2r  2r ’ ’ ’

and

SO

liminf B(r) = —o0.

r—00
Given vyo € Ay, such that rg > C, as initial condition then, the system for
R is as follows:

{R’(t) = R(1),
R(O) = To,

thus
R(t) = roe'. (32)

On the other hand, if we assume that 1) = 0, we note that the problem (7) is
the curve shortening flow with vy as initial condition. Then, it is known that
we can calculate the maximal time of the flow 5 from the variation formula
of enclosed area by the curve (-, t~) We shall denote by Qg the region
enclosed by the curve ¥y in the sphere Sy, such that ATL(QO) <1/2. We

Area(Sy,)
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also take the inward-pointing normal v to 0Qy. We shall denote by € the
region enclosed by the curve (-, t) in the sphere Sy, where V|5 3 points
inwards to the set (. This variation formula is given by

0
—A Q) =— | ki = ds = -2 Ks d
ot rea(Sk) /Sl (.0, 8rg 4 T Q; Sro %o

1
=-2r+ WATBCL(Q’[),

where the first equality is well-known and we have used the Gauss-Bonnet
theorem in the second equality. We obtain the following expression for the
enclosed area:

Area(Q)) = 2mw(rg)* — (2mw(re)* — Area(Qo))ef/w(mP. (33)
Then, if we assume that the area enclosed by the curve o is Area(Sy,)/2,
we obtain from (33) that Area(d;) = Area(Sy,)/2 for allt € [0, Taz). So,
the flow 7y do not collapses to a point. Therefore, by Theorem 1, Theorem 6
and (32) we conclude that Tyyae = 00, T = 0o and (-, t) is not bounded.
Bearing all this in mind, the value of T is

=~ > w(rg) \2 < g
T = dt = —dt .
/0 Gtran) /0 roet 5%
Therefore, the flow topologically converges to Yo : St — [0, o] x $2, p
(00, ¥(p, T))-

Remark. In the case b) the situation is analogous: it is not true if we
eliminate the condition on the function B. We may find situations where
M3 is hyperbolic, limsup, .. B(r) = 0 and T = oo. For example, let
(R3, ggs, &) be the 3-dimensional Buclidean space with a density & such that
o(r) = —2In(r), we note that w(r) = r. Then, R? is a hyperbolic manifold
and

1 1
B(r) = -+ o' (r) = - < 0, forallr € (0, 00),

S0

limsup B(r) = 0.

7—00

Given vy € Ay, as initial condition, we have that R(t) satisfies the system

R() =z
R(O) = To,
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S0

R(t) = /73 + 2t. (34)

On the other hand, as in the last remark, if we assume that v = 0 and
that the area enclosed by the curve ¥y is Area(Sy,)/2, then we can use (33),
Theorem 1, Theorem 6 and (34) to conclude that Tonaw = oo, T = oo and
the solution (-, t) is not bounded. _
Now, we can calculate the value of T':

=~ [ 0?2 >~ g 8 %0
T = ( ) dt:/ dt =10 24| = .
/0 R(t) o ri+at p (g +20)y" = oo

Then, the flow topologically subconverges to vso : S' — [0, oo] x S%, p
(00, x(p)) with x : St — S,, a smooth embedded p-minimal curve in
(Srov 9Srq» Q;Z))

In the following result, we provide an equivalence to the hypothesis about
the function B in the cases a) and b) of the last theorem.

Let (R2, g4, ¢) be the Riemannian manifold with density where g,, :=
dr? + w?(r)gs1 and ¢ = @(r) then, B(r) is the geodesic curvature with
density of the C). circle centered at the origin whose radius is r respect to
the normal field —0,.

Proposition 2. Define
L:(0,00) —R
r+— L(r) := In (Lengthy,(Cy)),

where Lengthw(C’T) is the length with density of the circle C, with respect to
the manifold (R?, gu, ©). If we are in the situation of the last theorem, then:

a) The function L|j, o) is Lipschitz if and only if liminf, o B(r) is
finite.

~1
b) The function (L\ [ro, Oo)) is Lipschitz if and only if im sup,_, .o B(r) #
0.

Proof. We note that Ll o) is a C'-function.

Case a) If Ll o) is Lipschitz then its derivative is bounded in [rg, 00), that
is, there exists C' > 0 such that |L[ Oo)(r)\ < C for all r € [rg, 00).

As L|’[TO Oo)(7') = B(r) we obtain that liminf, ., B(r) is finite.
Conversely, if we assume that liminf, ,., B(r) is finite as B(r) <

0 forallr € [rg, oo) then there exists C > 0 such that |B(r)| <
C for all r € [rg, c0) and L\’[ro 00)(1) = B(r) s0 LI, wo)(T)] < Cforallr €
[ro, o0). Therefore, Ll o) is Lipschitz.
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Case b) We have that
LI, o (r) = B(r) <0, forallr € [rg, oc),

80 Ll o0y has an inverse C L_function by the inverse function theorem,
moreover

-1 IS = 1 = L or all s iminf L(r T
(Fin) ) = Fr—ay = By 1 € Cimiat L), L)

where the link between 7 and s is s = L(r). Also we note that Ll
is a diffeomorphism. From this last equality we obtain the result, the
proof is analogous to the case a).

O]

6 Gaussian density

In this section we aim to study a particular case where b) of Theorem 12
applies. We shall assume that ¥ = 0, in order to use the variation formula
for the area enclosed by the curve, which ultimately provides us a feasible
way to explicitly perform the calculus.

Let (R3, ggs, &) be the 3-dimensional Euclidean space with a density

1
¢ such that ¢(r) = 0 and ¢(r) = —=p?r?, that is, the radial part of the

density is the Gaussian density. In this situation, given vo € A,, as initial
condition of the problem (6), the system of ODE for R(?) is:

1

R(t) = “RO + 12 R(t), (35)
R(O) = To-
Thus, R is:
R(t) = i\/ 1+ (u2r2 — 1)e2t, (36)

Proposition 3. The link between the time parameters is given by

t:[0, T) — [0, T)
2 2,.2 21>t

~ T uerge
t— (t):—01n< 2(2) 22t)7
2 14 (pPrg —1)e2r

t:[0, T) — [0, T)

e2357 3

o
E— t(f) = 5o ( —).
prg — (u?rg — 1)e*/70



Proof. From (19) the relation between times is given by

= <wfgft§>)2 = ), (i)

_r2/t1 dt_TQ/QMtl 1 1 dx
®Jo M27”2 — 1)t *h L+ (u2rg — 1z 202 @

2 2 2y2t1
0 (w*rg — 1) ) 7"0( 2,2 N
=20 de =—(1 —In (1 -1
2[ a:1+Wﬂ—n 7= (@) = {1+ (g — D),
_ a ( z i e
2 1+ (p?rd 1)
=3 (g —mee) = (g —1)
2 1+(22—1p%% 1+ u2rg—1
i (e
—2 g (/ﬂrg — 1)e2ut
1 1 dx
where we have used the change of parameter ¢t = —Inz, dt = 92 5
u? x
Now, we move on calculating the inverse function:
F_Th pirpet /2 g
t:—ln( 59 2%) & et = ) 57 &
2 14 (pPrg —1)e?r 14 (p?rg —1)e2r
(

(1+ (22 — 1)€2M2t)62?/r(2) _ ,u2r262“ b Q20— <M27“(2) - 1)62%“/7%)62”% o

o2t 1 | 2t/7‘0
22 202 < t_ﬁn( 22 2'{/r2)'
(2§ — (p2rg — 1)e*/7o H p2rg — (p2rg — 1)e*/7o

O

Given 9 € A,, we shall denote by 2y to the region enclosed by the

Area(2
rea($l) < 1/2. We also take the

curve 7o in the sphere S,, such that ————~
o P "o Area(Sy,)

inward-pointing normal 7 to 0€).

Theorem 13. Let vg € A, and let v : S' x [0, T) — R3 be the unique

mazximal solution of the initial value problem (6) with o as initial condition,
then:

1
i) If ro > ;:

1 pPrd — 1\1/2 Area(o)
— —_ — -~ 7 < -
If 5 (1 ( 22 ) ) < rea(Sh) 1/2 the flow topologi

cally converges 10 Yoo : St — [0, 00] x S2, p — (00, F(p, T)).
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- areo) _ 2y
/ Area(Sy,) 2 p2rd

verges to a point Ps € Seo = {00} x S? C [0, oo] x S? in the
infinite radius sphere.

Area(Q) 1 p2rd — 1\1/2
If m < 5(1 - <M27”(2)> > the flow collapses to a

spherical round point in the Euclidean space R3.

Area(Q 1 Zrg —1\1/2
rea($) ( — (&) ) the flow topologically con-

ZZ) If7’0 = —

A Q
_ p Area(@)
Area(Sy,)
tion of the curves (-, t), to a closed geodesic in (Syy, gry)-
oy Area(p)
Area(Sr,)
1
i) If ro < —:
I
g Area(Qp)
Area(Sy,)
in the Euclidean space R3. A blow-up centered at the origin co-
ordinate gives a limit flow by the curve shortening problem in
(Sros gSTO) that C'°°-subconverges, after a reparametrization of
the curves, to a closed geodesic.

A Q
e rea(€)
Area(Sy,)
in R — {0}.

= 1/2 the flow C*°-subconverges, after a reparametriza-

< 1/2 the flow collapses to a round point in (Syy, gr,)-

= 1/2 the flow collapses to the coordinate origin

< 1/2 the flow collapses to a spherical round point

Proof.

Case i) We note that the problem (7) is the curve shortening problem. It is
known that we can calculate the maximal time of the flow ¥ from the

variation formula of enclosed area by the curve (-, ¢). This formula
is given by

0
—A Q) =— k= 3 ds = -2 Kg d
P rea($2;) /S1 5(,9), Sy 45 T+ o, S, das,,

1
= 21 + — Area(§Y;),
o

where the first equality is well-known and we have used the Gauss-
Bonnet theorem in the second equality, so we obtain the following
expression for the enclosed area:

Area(Q)) = 2mr2 — (203 — Area(Q))e'/3. (37)
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So, if Area(p) = 2772 the maximal time of the solution 7 is infinite.
Let us remind that if the maximal time is finite, the curve collapses to
a point and, if Area(Qo) < 27r¢, the maximal time is finite and it is

given by

~ 2mre
T = 7310 ).
ax = To 2mr3 — Area(§)

(38)

From the hypothesis ro > 1/ and Proposition 3 we obtain that the

2

function ¢(t) is defined on [0, 00) and that lim;_, t(t) = "0

2
Then

2.2

)
prg =1/

_ 2
— If Thax < foy, <&>, the flow ~ collapses to a point in the

2 /ﬂrg -1

Euclidean space R?, because there is t* € [0, 0o0) such that t(t*) =
Tiax- Then, by the relation between the flows, t* = Thax < 00.

_ 2 1272
— If Thhax = ?0 In (22701>, the flow ~ topologically converges to
BeTo =
a point ps in S, the infinite radius sphere.
2 2,2

- If fmax > %0 In (Lol>’ the flow topologically converges to

2
p2re —

Yoo : St = [0, 00] x 2, p = (00, F(p, T)), a curve contained in

Ssc the infinite radius sphere.

We can translate these inequalities in the following sense:

limt_>oo /{(tg ) < (:) (>) Tmax 9
o KT 2 2mry
9 n2<é627”g 1_/21> <= E) 5 (27rr§ — AT‘ea(Qo)>
wrrg B 2mrf
(;ﬂr% - 1) < =) 2mr3 — Area()
1
2.2 1/2 =
KT — 2
Gea1) <O T damy
2 AreagSgo)
Area(Q) B 1 perg —1\1/2
Area(Sy,) > 5 2<1 ( p2rg ) )

At this point, if we write the previous classification in these terms, we

obtain the statement of the theorem.

Case ii) In this situation, R(¢) is constant for all t then, this case is the classic

curve shortening problem [7, 8, 10, 9].
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1
Case iii) We note that if 79 < — then, 7" is the maximal time of the solution

1
and it is less than or equal to — In (72) This time is the
22 1 — p?rg
1 1
first time such that R(—— In <72)) = 0, so the maximal time is
2u? 1 — p?rg

finite. Then from Theorem 9, the curve collapses to a point; moreover,
from Theorem 10 we know the nature of the singularities. We also
notice that in this situation:

1 1
the flow collapses to the poleo & T = o2 In (17) < T = o0,
1

and by the variation formula we obtain that

~ Area($)
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