NEWTON-OKOUNKOV BODIES OF EXCEPTIONAL CURVE
PLANE VALUATIONS NON-POSITIVE AT INFINITY

CARLOS GALINDO, FRANCISCO MONSERRAT, JULIO JOSE MOYANO-FERNANDEZ,
AND MATTHIAS NICKEL

1. INTRODUCTION

Newton-Okounkov bodies were introduced by Okounkov [19, 20, 21| and inde-
pendently developed in greater generality by Lazarsfeld and Mustata |18], on the
one hand, and Kaveh and Khovanskii [13], on the other.

The key idea is to associate a convex body to a big divisor on a smooth irre-
ducible normal projective variety X, with respect to a specific flag of subvarieties
of X, via the corresponding valuation on the function field of X. This turns out
to be a good way to relate the convex geometry of that object with positivity as-
pects on the side of the algebraic geometry. More specifically, Newton-Okounkov
bodies seem to be suitable to explain, from their convex structure, the asymptotic
behavior of the linear systems given by the divisor and the valuation, as well as
the structure of the Mori cone of X and positivity properties of divisors on X
[ 3 ) ) Y ]‘

The computation of Newton-Okounkov bodies is a very hard task and, some-

times, their behaviour is unexpected, see Kiironya and Lozovanu [17]. The case
when the underlying variety is a surface is also very hard but there exist some
known results which can help. We know that they are polygons with rational
slopes and can be computed from Zariski decompositions of divisors.
Very recently, Ciliberto et al. studied in [/] the Newton-Okounkov bodies with
respect to exceptional curve plane valuations v, defined by divisorial valuations
v/ with only one Puiseux exponent, centered at a point p in P? := P%, where
C stands for the complex numbers. These valuations have both rank and ratio-
nal rank equal to 2 and their transcendence degree equals zero. It is proved in
[1] that the Newton-Okounkov bodies of the line bundle Op2(1), with respect to
exceptional curve plane valuations, are triangles or quadrilaterals, where the ver-
tices are given by the defining Puiseux exponent ', an asymptotic multiplicity f
corresponding with +/ and a value in the segment [0, i/5’]. The asymptotic mul-
tiplicity i can also be used to formulate a generalization of Nagata’s conjecture
[6], see also |11]. The exact value of fi is only known in some cases, including
when ' < 7+1/9.

In this note we only announce a result which determines the Newton-Okounkov
bodies of the previously mentioned line bundle with respect to exceptional curve
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plane valuations non-positive at infinity—the proof and additional details will
be published in a forthcoming paper.

Exceptional curve plane valuations non-positive at infinity are a large class of
exceptional curve plane valuations, that can have any number of Puiseux expo-
nents and are defined by flags X D E D {q}, where E is the last exceptional
divisor obtained after a simple finite sequence of point blowing-ups starting at
P2, and defines a plane divisorial valuation vz which is non-positive at infinity,
cf. Galindo and Monserrat [10]. The valuations vg are centered at infinity (see
Favre and Jonsson [9]) and present a behavior close to that of plane curves with
only one place at infinity (see Abhyankar and Moh [1]|, and Campillo, Piltant and
Reguera [3]).

We finish this introduction being more specific and saying that all the men-
tioned Newton-Okounkov bodies are triangles and we will give their vertices ex-
plicitly. Moreover, the anticanonical Iitaka dimension of infinitely many of the
considered surfaces X is —oo and, in addition, their Picard numbers are arbitrar-
ily large.

Recall that the number of vertices of the Newton-Okounkov body defined by
a flag and a big divisor on a surface X is bounded by 2p + 2, p being the Picard
number of X [17], but the above mentioned results in || suggest that the bound
could be applied even if we consider the flag on a projective model dominating
X (and the Newton-Okounkov body associated to the pull-back of a big divisor
on X). Our result can be regarded as new evidence supporting this conjecture.

The results presented in this short note were obtained during a visit of the
fourth author to the University Jaume I. Previous studies and a large number of
computations were done during the workshop Positivity and valuations held on
February 2016 at the CRM in Barcelona. The authors wish to thank J. Roé and
A. Kiironya for stimulating their interest in Newton-Okounkov bodies as well as
for their helpful comments and for pointing out a more customary name for our
valuations.

2. THE GENERAL SETTING

Let X be a smooth projective variety of dimension n over C. We will write
K (X) for the function field of X. Let us fix a flag of subvarieties

such that each Y; C X is irreducible, of codimension ¢ and smooth at ¢q. The
point ¢ € X is called the center of the flag.

One may associate to the flag Y, a discrete valuation of rank n as follows. First,
let g; = 0 be the equation of Y; in Y;_; in a Zariski open set containg ¢, which is
possible since Y; has codimension i. Then, for f € K(X) we define

vi(f) =ordy,(f), fi= %

g

Y1
and, for 2 <1 <n,

vi(f) := ordy,(fi_1), where f; = f/g/ V"

v, .
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Then the map vy, : K(X) \ {0} — Z], defined by the sequence of maps v,
1 <i<mn,asvy, :=(v,...,1,) is a rank n discrete valuation and any maximal
rank valuation comes from a flag [1, Th. 2.9]. Given a flag Y, and a Cartier

divisor D on X, the following subset of R}:

a0y = {2 e om0},

m>1

where { - } stands for the closed convex hull, is called to be the Newton-Okounkov
body of D with respect to Y,.

Newton-Okounkov bodies are convex bodies such that
volx (D) = n! volg« (Ay, (D)),

where volg» means Euclidean volume and

0
volx (D) := lim M
m—oo  m"/n!
Moreover, given D # D' two big divisors on X, they are numerically equivalent
if and only if the associated Newton-Okounkov bodies coincide for all admissible
flags on X [12]. Furthermore, in the case of surfaces, D and D’ are numerically
equivalent (up to negative components in the Zariski decomposition that do not
go through ¢) if and only if the associated Newton-Okounkov bodies coincide for
all flags centered at ¢, cf. Roé [22].

3. EXCEPTIONAL CURVE PLANE VALUATIONS AND NEWTON-OKOUNKOV
BODIES

In this section, we introduce the family of flags for which we are interested in
computing Newton-Okounkov bodies. Let P? be the complex projective plane,
and p any point in P2. Let R be the local ring of P? at p, and write F for
the field of fractions of R. Valuations v of F' centered at R are in one-to-one
correspondence with simple sequences of point blowing-ups whose first center is

p 23, p. 121].
n: “‘—>Xn—>Xn,1—>"'—>X1—>X0:P2.

The cluster of centers of n will be denoted by C = {p = p1,ps, ...} and we say
that a point p; is proximate to p;, ¢« > j, written p; — p;, whenever p; belongs
to the strict transform of the exceptional divisor E; obtained by blowing-up p;.
These valuations were classified by Spivakovsky in [23]. We are interested in the
class of exceptional curve valuations (in the terminology of Favre and Jonsson
[8]) which corresponds to Case 3 in [23] and to type C of Delgado, Galindo and
Nunez [5]. These valuations are characterized by the fact that there exists a point
pr € C such that p; — p, for all ¢ > r.

Notice that if we consider the surface X, obtained after blowing-up p, and the
flag

Eui={X = X, 5 B, > {g:= p1}}.

then the valuation v is just vg,. According to the above mentioned, for an
element f € R = Opz, we have v(f) = (vi(f),v2(f)) with v1(f) = vg,(f) and
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vo(f) = ord, (ﬂ*(f)/zfl(f)), where 7 : X, — X is the composition of the first r

point blowing-ups in 7, z, = 0 a local equation for F, and ﬂ*(f)/z,lfl(f) may be
seen as a function on E,. Notice that

vo(f) = (7 (f) /=D, Ey)

where (- ,-), denotes the intersection multiplicity at q.

The divisor F, is defined by a map 7 : X,, — P2. The intersections of the strict
transforms of the exceptional divisors in X, are represented by the so-called dual
graph of m (or of vg, ). The geodesic of the dual graph is defined to be the set of
edges (and vertices) in the path joining the vertices corresponding to E; and E,.
Additionally, for ¢ = 1,...,r, ¢; will denote an analytically irreducible germ of
curve at p whose strict transform is transversal to E; at a nonsingular point of
the exceptional locus.

In spite of their importance, very few explicit examples of Newton-Okounkov
bodies can be found in the literature. We are interested in an explicit computation
of the Newton-Okounkov bodies of flags F, defined by exceptional curve plane
valuations v with respect to the divisor class H given by the pull-back of the line-
bundle Op2(1), which we will denote by A, (H). These Newton-Okounkov bodies
were studied in [1] for valuations with only one Puiseux exponent [5]. We devote
the next section to announce a result which provides an explicit computation
of bodies A,(H) for a large class of valuations v as above which can have an
arbitrary number of Puiseux exponents. Its proof and further details will appear
elsewhere.

q Y

4. THE RESULT

For a start and without loss of generality, we set (X : Y : Z) projective
coordinates in P2, L the line Z = 0, which we call the line at infinity, and
assume that p is the point with projective coordinates (1 : 0 : 0). Consider also
coordinates © = X/Z and y = Y/Z in the affine chart defined by Z # 0 and
local coordinates u = Y/X and v = Z/X around p. With the previous notation,
set v, a divisorial valuation of the fraction field K = K(P?), given by a finite
sequence of point blowing-ups 7 : X, — X, = P?, whose first blowing-up is at p
and is defined by the exceptional divisor E,. We say that v, is non-positive at
infinity whenever r > 2, L passes through p; = p and ps and v,.(f) < 0 for all
f € Clz,y] \ {0}. Notice that our valuations are valuations centered at infinity

Definition 4.1. An exceptional curve plane valuation v of K centered at R is
said to be non-positive at infinity whenever it is given by a flag

Ee ={X=X,DE, D{q¢:=pr1}}
such that v = vg_ is non-positive at infinity.

Recall from [7] that the volume of a valuation v, as above is defined as

vol(y,) := lim dime(R/Pn)

m—o0 m2/2 ’
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where P, = {f € R|v.(f) > m} U {0}. Divisorial valuations non-positive at
infinity have been studied in [10] and admit an easy characterization:

Theorem 4.2. Let v, be a divisorial valuation of K centered at p. The valuation
v, 18 mon-positive at infinity if and only if

vp(0)? > [vol (1,)] .

From the previous condition, it is clear that one can find valuations non-positive
at infinity with as many Puiseux exponents as one desires. We should also notice
the existence of families of surfaces X,, defined by valuations v, as above, whose
anticanonical Titaka dimension is —oo [10].

To conclude, we state our result on the Newton-Okounkov bodies A, (H) cor-
responding to exceptional curve plane valuations non-positive at infinity. Before
that, we notice that the proof is based on the fact that Zariski decompositions
of certain divisors describe Newton-Okounkov bodies in the case of surfaces [18]
and we are able to provide an explicit description of the Zariski decomposition of
those divisors, which are H —tFE,, where H is the total transform on X, of a line
in P? that does not pass through p, and ¢ € [0, v,(v)].

We will set v; =vg, for 1 <7 <.

Theorem 4.3. Let v be an exceptional curve plane valuation non-positive at
infinity and consider its corresponding flag

Ee:={X=X,DFE D{q¢:=pr1}}.
Then the Newton-Okounkov body A,(H) is a triangle; more precisely:
(a) If v.(v)? > [vol (v,)] ", then A,(H) is:

(1) A triangle with vertices

©0.0). 000 (s )

vol(v, ) v (v) vy (v)

whenever q is a free point in E,.
(2) A triangle with vertices

0.0) 0000 (oo ).

vol(v,)vp(v) vp(v)
whenever q is a satellite point in Ey N E,., { < r and the vertex given
by Ey in the dual graph of v, belongs to the geodesic.
(3) A triangle with vertices

0.0). 0050 (oo T,

vol(v, v (v)” we(v)

otherwise.
(b) If v, (v)? = [vol ()] ", then A, (H) is:

(1) A triangle with vertices

(0,0)7(%(11)70),(%(@), . )

vp(v)’

whenever q s a free point in E,.
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(2) A triangle with vertices

(0,0), (w(v% Vlol_(:—(;ly(y(v))) ’ (””(”)’ m> ’

otherwise.
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