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ABSTRACT. We summarize several results about non-simplicity, solvability and normal structure of
finite groups related to the number of conjugacy classes appearing in the product or the power of

conjugacy classes. We also collect some problems that have only been partially solved.

1. INTRODUCTION

Let G be a finite group. A classic problem about conjugacy classes is the study of the group struc-
ture taking into account the information provided for the product of classes (see for instance [2]).
Particularly, since the product of conjugacy classes of G is a G-invariant set, then it is a union of
classes and accordingly, there exist several researches about the structure of a finite group regarding
the number of conjugacy classes appearing in the product of its classes. Some of these are related to
the normal structure, the solvability or the non-simplicity of the group. The aim of this survey is to

summarize some new results and several open problems in this research topic.

This overview is divided into four parts. In the second part we present the advances made on
Arad and Herzog’s conjecture during the past few years, which still remains open. It asserts that in
a non-abelian simple group the product of two conjugacy classes cannot be a conjugacy class. In the
third section we will focus our attention on the case when the power of a class is again a class. In
Section 4, we will address the problem of the power of a conjugacy class when it is a union of the
trivial class and another class. Finally, in Section 5, we will outline the advances on the case in which
the power of a class is a union of two classes being one of them the inverse of the other. Throughout

this survey, we will approach to some characterizations in terms of irreducible characters.
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2. PRODUCTS OF CONJUGACY CLASSES: ARAD AND HERZOG’S CONJECTURE

In [2], Z. Arad and M. Herzog conjectured one of the most significant problems concerning the

product of two conjugacy classes.

Problem 2.1 (Arad and Herzog’s conjecture). In a non-abelian simple group the product of two

conjugacy classes is not a conjugacy class.

This was first checked for several families of simple groups such as for alternating groups, Suzuki
groups, PSLa(g), non-abelian simple groups of order less than one million, and 15 of the 26 sporadic
simple groups (see [2]). Since then, several authors have shown the conjecture to hold for certain
groups. The following characterization in terms of irreducible characters can be used to check the
conjecture, for example, for all the sporadic simple groups and for each group whose character table

is known (for instance by using the Atlas [I] or GAP [9]).

Theorem 2.2. (Preliminaries of [I3]) Let G be a group and let a, b € G be non-trivial elements of G.
The following conditions are equivalent:

(1) a®b% = ¢

(2) x(a)x(b) = x(c)x(1) for all x € Irr(G).

By using Theorem J. Moori and H.P. Tong-Viet showed in [I3] that the conjecture is true
for the following families of simple groups: PSLs3(q), PSU3(q), where ¢ is a prime power,?Ga(q) with
q = 3>™*1 PSp,(q) where ¢ is a prime-power, PSpy,,(3) with n > 2, and PSU,,(2), with (n,3) = 1 and
n > 4. More recently, R. Guralnick, G. Malle and P.H. Tiep validated Arad and Herzog’s conjecture
in several more cases [12]. They also proved that if G is a finite simple group of Lie type and A and B
are nontrivial conjugacy classes, either both semisimple or both unipotent, then AB is not a conjugacy
class. In addition, they obtained a strong version of Arad and Herzog’s conjecture for simple algebraic
groups, and in particular, they show that almost always the product of two conjugacy classes in a
simple algebraic group consists of infinitely many conjugacy classes. A weaker variation of Arad and

Herzog’s conjecture is posed in [7].

Problem 2.3 (Conjecture 1.1 of [7]). In a non-abelian simple group the product of n conjugacy classes

with n a fired natural number and n > 2 is not a conjugacy class.

Let Ki,..., K, be conjugacy classes with n > 2 such that the product K1 Ks--- K, is a conju-
gacy class D. Since the product of conjugacy classes is G-invariant, for each ¢ there exists a set of
conjugacy classes C',...,Cy such that K1 Ko - K; 1K1 --- K, = C1U...UC; and we can write
KiK>...K, = K;C1 U---U K;C;. Then K;C; = D for all 4,5 and hence, if Arad and Herzog’s

conjecture was proved, then we would automatically have Problem solved.

The authors provide a characterization in terms of characters of the situation in Problem that
extends Theorem [2.2] In particular, such characterization holds for the case in which the power of a

class is again a class.
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Theorem 2.4 (Theorem 2.14 of [7]). Let K1,..., K, be conjugacy classes of G and write K; = x;¢
with x; € G. Then K1Ko---K,, = D where D = d° if and only if

x(@1) -+ x(an) = x(1)" 'x(d)

for all x € Irr(G). In particular, if K is a conjugacy class of G and x € K, then K" is a conjugacy

class for some n € N if and only if

for all x € Irr(G).

Let K be a class. When considering products of classes, a particular case is K K ~! and the simplest
situation is KK~! = 1 U D where D is a class. Under this hypothesis we obtain that the group is
not simple by means of the Classification of the Finite Simple Groups (CFSG) and we conjecture that
the subgroup (K) is solvable. Unfortunately, we have only been able to get such solvability in some

particular cases.

Theorem 2.5. (Theorem C of [B]) Let K be a conjugacy class of a finite group G and suppose that
KK=' =1UD, where D is a conjugacy class of G. Then G is not simple, |D| divides |K|(|K| — 1)
and (K)/(D) is cyclic. In addition,
(1) If |D| = |K|—1, then (K) is metabelian. More precisely, (D) is p-elementary abelian for some
prime p.
(2) If |D| = |K|, then (K) is solvable with derived length at most 3.
(3) If |D| = |K|(|K| — 1), then (K) is abelian.

We remark that K K~! = 1U D forces D to be real, but it does not necessarily imply that K is real
too. Moreover, under the assumption of Theorem if K is real, then it can be easily proved that
D is real too, and hence, KK~' = K2 = 1U D. This case will be addressed in Section 4.

The next natural and simplest case when considering the product of a class and its inverse has the
form KK—! =1UDUD™!. Also in this case it can be checked that the group is not simple. To prove
this as well as to obtain the non-simplicity in Theorem the following characterization in terms of

characters is used.

Theorem 2.6 (Theorem B of [5]). Let G be a group and x,d € G. Let K = 2% and D = d%. The
following assertions are equivalent:

a) KK-'=1uDuD™ !

b) For every x € Irr(G)

=D (1) ety + (™).

In particular, if D = D™, then KK~' = 1U D if and only if for every x € Irr(G)

[KIx(@)]* = x(1)* + (|K| = D)x(1)x(d).

K [x()]* = x(1)* +
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Under the hypotheses of Theorem the group G need not be solvable. The typical non-solvable
situation is a group of type Z.5.2, where |Z| = 3, Z is in the center of Z.S, and in addition, S is a
non-solvable group acted by an automorphism of order 2 such that the non-trivial elements of Z are

conjugate by this automorphism.

3. POWER OF CLASS WHICH IS A CLASS

In [II], Guralnick and Navarro confirmed Arad and Hergoz’s conjecture for the particular case of
the square of a conjugacy class. They demonstrated that when the square of a conjugacy class of G

is again a class, then G is not a non-abelian simple group. However, the result goes much further.

Theorem 3.1 (Theorem 3.2 of [I1]). Let G be a finite group and K = xC the conjugacy class of x in
G. The following assertions are equivalent:

(1) K? is a conjugacy class of G.

(2) K = z[z,G] and Cg(z) = Cg(z?).

(3) x(z) =0 or |x(z)| = x(1) for all x € Irr(G), and Cg(z) = Cg(z?).
In this case, [z, G] is solvable, and (K) = (x)[z,G] too. Furthermore, if the order of x is a power of

a prime p, then [x, G| has normal p-complement.

Observe that K2 = K can never happen since, by Theorem 3.1, this implies that K = z[z,G] =
K? = 2%[z,G]. This means that 2 € [z,G] and K = [z,G], a contradiction. Furthermore, there is
an equivalent property to the fact that the square of a conjugacy class is again a class in terms of
characters. That is, x(z)? = x(1)x(2?) for every x € Irr(G) if and only if K? is a conjugacy class
where K = %, with € G. This is a particular case of Theorem

The most relevant fact of Theorem is that the authors obtained the solvability of the normal
subgroup [z, G] (which coincides with (K)) by means of the CFSG. However, the assertion about the
case of a class of p-elements does not require the CFSG. The key fact for proving the solvability is

that all elements of z[x, G] are G-conjugate. Moreover, the following result is used.

Theorem 3.2 (Theorem 3.2 of [I1]). Let G be a finite group and let N be a normal subgroup of G.
Let x € G such that all elements of xN are conjugate in G. Then

(1) N is solvable.
(2) If 7 is the set of prime divisors of o(x), then x normalizes some Hall w-complement H of N
on which it acts fized point freely.

(3) If x is a p-element for some prime p, then N has normal p-complement.

With regard to Problem the assertion is proved to be true for the particular case of the power
of a conjugacy class. We find a normal subgroup of a group when there is a conjugacy class satisfying
that some of its powers is again a conjugacy class, and obtain an equivalent property in terms of the
irreducible characters of the group. This result is in fact a generalization of Theorem and its proof

is similar.
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Theorem 3.3 (Theorem 2.2 of [7]). Let K = x% with 2 € G, n € N and n > 2. The following
assertions are equivalent:

(a) K™ is a conjugacy class.

(b) Cq(z) = Cg(2™) and K = zN with N = KK~! = [2,G] < G.

(c) Ca(x) = Cq(x™) and x(z) =0 or |x(z)| = x(1) for all x € Irr(G).

Notice that under the hypotheses of the above theorem, G is not a non-abelian simple group. This
happens because we know that K = N and if N = 1, then z is central, and if N = G, then K = G,

so N is always a non-trivial proper subgroup of G.

The following corollaries are obtained as a consequence of the above theorem.

Corollary 3.4 (Corollary 2.3 of [7]). Let K = 2& with € G such that K" is a conjugacy class for
some n € N with n > 2. Then |K"| = |K| for all r € N and K@t = K and K°@~1 = K1,

Moreover, K™ is a conjugacy class for all m € N such that (m,o(z)) = 1.

Corollary 3.5 (Corollary 2.4 of [7]). If K = 2% with x € G such that K™ = K for some n € N with
n > 2, then:

(a) KF=D+" = K7 for every r,k € N.

(b)) K" 1 =[z,G]<G.

(c) m(o(x)) C w(n — 1), where w(t) denotes the set of primes dividing the number t.

(d) If K is real, then x is a 2-element and K™ = K for every odd number m. Also, K? = [z, G]<G.

Corollary 3.6 (Corollary 2.7 of [7]). Let G be a finite group and let ™ be a set of primes. Suppose
that for all conjugacy class K of m-elements of G there exists n € N such that K™ is a conjugacy class.
Then G/O(Q) is nilpotent. In particular, if 1 = n(G), then G is nilpotent.

The authors also obtain the solvability of the subgroup generated by a class when one of its powers
is a class by employing similar arguments to those of Guralnick and Navarro, which appeal to the
CFSG. Theorem joint with Theorem are the main ingredients to prove the next theorem.

Theorem 3.7 (Theorem A of [7]). Let K = 2% be a conjugacy class of a group G. If there exists
n € N and n > 2 satisfying that K™ is a conjugacy class, then (K) is solvable.

The authors make emphasis in the cases where the CFSG is not necessary to obtain the solvability
in Theorem This occurs for classes of elements of prime order, classes of 2-elements and real

classes.

Theorem 3.8 (Theorem 2.9 of [7]). Let K be a conjugacy class of an element x € G. Suppose that
there exists n € N with n > 2 satisfying that K™ is a conjugacy class. Then:

(1) If o(x) is a prime p, then (K) is solvable.

(2) If x is a 2-element, then (K) is solvable.
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(3) If K" = D where D is a real conjugacy class, then (K) is solvable. Also, D?> = D and D is a

class of a 2-element.

In the particular case of Theorem 3), if in addition n = 2% for some a € N, then more information

can be given.

Proposition 3.9 (Proposition 2.10 of [7]). Let G be a finite group and let K be a conjugacy class of
an element v € G. If K™ = D where D is a real conjugacy class with n = 2% for some a € N, then
|K| is odd and o(x) = 2471,

Observe that if a real conjugacy class K satisfies that there exists n € N such that K" = D where
D is a conjugacy class, then D is also a real class. However, if a class K satisfies that there exists
n € N such that K™ = D with D real, then K need not be real. A trivial example of this situation

occurs in Zy.

4. POWER OF A CLASS WHICH IS A UNION OF THE TRIVIAL CLASS AND ANOTHER CLASS

As we have explained in Section 2, if K and D are conjugacy classes of a group G such that
KK~!' =1UD, then G is not simple. A natural question is what happens if the power of a class is

union of the trivial class and another one, so we establish the following conjecture.

Problem 4.1 (Conjecture 1.2 of [7]). Let G be a finite group and let K be a conjugacy class. If
K" = 1UD for somen € N and n > 2, and some conjugacy class D, then (K) is solvable. In

particular, G is not a non-abelian simple group.

It can be easily proved that if K™ = 1U D for some n € N, then KK~! = 1U D, so by Theorem
the group is not simple. However, the converse is not true. Let G = SL(2,3) and let K be one of the
two conjugacy classes of elements of order 6, which satisfies |K| = 4. It follows that KK~! =1U D

where D is the unique conjugacy class of size 6. However, there is no n € N with K" =1U D.

The conjecture in Problem 4.1|is proved in [4] for the particular case n = 2 without using the CFSG,
and the structure of (K) and (D) is completely determined.

Theorem 4.2 (Theorem A of []). Let K = 2 be a conjugacy class of a finite group G and suppose
that K? = 1U D, where D is a conjugacy class of G. Then (D) = [z, G| is either cyclic or a p-group
for some prime p, and so (K) = (z)[x, G| is solvable. More precisely,
(1) Suppose that |K| = 2.
(a) If o(z) = 2, then (K) = Zg x Zg and Za = (D) C Z(G).
(b) If o(x) = n > 2, then (K) = Z,, and (D) is cyclic.
(2) Suppose that |K| > 3.
(a) If o(x) = 2, then either (K) and (D) are 2-elementary abelian groups or (D) is a p-group

and |K| = p" with p an odd prime and r a positive integer.
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(b) If o(x) > 2, then (D) is a p-elementary abelian group for some odd prime p. Furthermore,
either o(x) = p or o(z) = 2p.
In every case, |(K)/(D)| < 2.

All cases of Theorem are possible and examples of each of them are given in [4]. The techniques
for proving Theorem are relatively elementary although Glauberman’s Z* theorem [I0] and a re-
sult of Y. Berkovich and L. Kazarin in [3] are used. Both require tools from modular representation
theory, so Theorem is based on it as well. Other two main ingredients of the proof of Theorem
are Burnside’s classification of finite 2-groups having exactly one involution and the classification of

groups of order 16.

The following theorem shows that if we denote K = 2¢ with = € G, then the conjecture in Problem

is completely demonstrated except when z™ = 1.

Theorem 4.3 (Theorem B of [7]). Let K = % with x € G\ {1} such that K™ = 1 U D for some
n € N and n > 2 where D is a conjugacy class of G. Then KK~' = 1UD and G is not simple.

Furthermore, the following assertions hold:

(1) If K is real, then (K) is solvable.
(2) If ™ # 1, then (K) is solvable, with dI({K)) < 3.
(3) If D = K, then (K) is solvable.

To look for examples we use GAP [9] and particularly the SMALGROUPS library [§]. The m-th group
of order n in the SMALLGROUPS library is identified by n#m.

Example 4.4. Let us show two examples of the case K™ = 1 U D with n = 3. In the first, we
have ™ = 1 and in the second x™ # 1. Let G = Ay and K = (123)%, which satisfies |K| = 4
and o((123)) = 3. Furthermore, K = 1U D where D = ((12)(34))Y. On the other hand, let
G = (Z7 X Zg) X Zy = 126411 having a conjugacy class K of elements of order 21 satisfying that
K3 =1UD and |K| = 6 where D is a class of elements of order 7 and |D| = 6. In this example,
(K) = Zo;.

The authors also provide a characterization with irreducible characters of the property stated in
Problem which is the following.

Theorem 4.5 (Theorem 3.6 of [7]). Let G be a finite group and let K = x%. Then K™ = 1U D where

D = d% if and only if there exist positive integers mi and mo such that
X (@)K [™ = x(1)" " (mix(1) + mo| D|x(d))

for all x € Irr(G) and |K|™ = mi + ma|D|, where

K| n K|
my = Kl 3 x(_ﬂg) and g — K 3 x(z)
|G X"2(1) G
x€lrr(G) Xx€lIrr(G)
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5. POWER OF A CLASS WHICH IS A UNION OF A CLASS AND ITS INVERSE

A variant of the problem addressed in Section 4 is to study what happens when the power of a
conjugacy class is a union of two classes, one of them being the inverse of the other. It is believed the

following to hold in this case.

Problem 5.1 (Conjecture 1.3 of [7]). Let G be a finite group and let K be a conjugacy class. If
K" = DU D! for somen € N with n > 2 and D a conjugacy class, then (K) is solvable. In

particular, G is not simple.

Observe that if K = 2% with 2 € G and K™ = DU D! for some n € N with D # D~!, then K

1

is non-real. Indeed, suppose that K is real and 2™ € D. We have 7 = x9 for some g € G. Then

(") = (29)" = (z7)" =2 "€ DND7! so D= D! thatis D is real.

The authors provide the following evidence to support the conjecture of Problem

Theorem 5.2 (Theorem C of [7]). Let G be a finite group and let K be a conjugacy class. If K™ =
DUD™! for somen € N andn > 2 and D a conjugacy class, then either |D| = |K|/2 or |K| = |D|.
In the first case, (K) is solvable.

Example 5.3. We show that both cases of Theorem are possible. Let G = Zg X Lo = Mg =
(a2 | a®=22=1, a®  =d°) and K = a®. We have K2=DUD™!, |[K| =2 and |D| =1. On the
other hand, let G = Zy x (Z7 x Z3) = 42#2 and K = 2¢ where o(z) = 14. We have K> = DU D!
and |K| = |D| = 3.

The conjecture of Problem [5.1]is also demonstrated when D = K by simply working with properties
of the complex group algebra C[G]. The following result, which is a particular case of the product of
two classes for which Arad and Herzog’s conjecture holds, is also used to prove Theorem

Lemma 5.4 (Lemma 4.4 of [7]). Let G be a group and K, L and D are non-trivial conjugacy classes
of G such that KL = D and either |D| = |K| or |D| = |L|. Then G possesses a solvable proper normal
group which is (LL™') or (KK™1), respectively. In particular, if KD = K or KD = K~!, then G

possesses a solvable proper normal subgroup.

Theorem 5.5 (Theorem D of [7]). Let G be a finite group and let K = x& be a conjugacy class of G.
If K" = KUK~ for somen € N and n > 2, then (K) is solvable. Moreover, if n = 2, then x is a

p-element for some prime p.

The following property is useful to check that the Conjecture in Problem is true for certain

groups from their character tables. In particular, this happens for the sporadic simple groups.

Theorem 5.6. Let G be a finite group and let K be a conjugacy class of an element x € G. Then
K™ = DU D™ where D is a conjugacy class if and only if there exist positive integers my and ms

such that
x(@)"[K|" = x(1)" " D|(mix(z") + max(z™"))
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for all x € Irr(G) and |K|™ = (m1 + ma)|D| where

K" )"y (z" K" 2)y (2"
O - - A RSO YO XCC)

|
m
el X"L(1) G| X1(1)

x€lrr(G) x€lrr(G)

In particular,
X(@)" 4+ x(@ )" = x ()" (x(@") + x(z7"))

for all x € Irr(G).

Remark 5.7. Recall that the smallest integer m satisfying C™ = G for each non-trivial conjugacy
class C' of G is called the covering number of G. The covering number of each sporadic simple group
is at most 6 ([14] and [2]). It can be checked by using the character tables (included in GAP) that for
any of these groups, any two non-trivial conjugacy classes of it and n < 6, there exists an irreducible
character that does not satisfy the equation of Theorem [5.6
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