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We give an alternative derivation for the explicit formula of the effective Hamiltonian describing the evolution
of the quantum state of any number of photons entering a linear optics multiport. The description is based on
the effective Hamiltonian of the optical system for a single photon and comes from relating the evolution in the
Lie group that describes the unitary evolution matrices in the Hilbert space of the photon states to the evolution
in the Lie algebra of the Hamiltonians for one and multiple photons. We give a few examples of how a group
theory approach can shed light on some properties of devices with two input ports.

I. LINEAR QUANTUM-OPTICAL NETWORKS

The evolution of the quantum states of light when they pass
linear optical networks can be described from the classical
scattering matrix of the network S. In classical electromag-
netism, S relates the amplitudes of the input fields in m input
modes with the amplitudes of the m output modes and has
many applications in microwave circuit design!.

In quantum optics, we can replace the field amplitudes with
the probability amplitudes in the wavefunction of a photon
and use S to see the evolution of the creation operator in each
mode.

However, when there are multiple photons, the evolution
does not only include wave interference effects, like in clas-
sical electromagnetic waves, but also purely quantum effects
related to the bosonic nature of the photons. A most striking
example is the Hong-Ou-Mandel effect in which two inde-
pendent photons that reach simultaneously the two separate
inputs of a beam splitter always come out together?. These
interactions have no classical counterpart and are behind the
ability of linear optical systems to give an efficient solution to
the boson sampling problem, a task that is strongly believed
to be inefficient in any classical computing machine?.

In this paper, we describe the quantum evolution of pho-
tons through linear optical elements from results from group
theory. We work with photonic states

®|nk>k:|n1>1|n2>2...|nm>m: |niny ...nm) (1)
k=1

with n photons that are distributed into m orthogonal modes.
In the most general case, these modes represent any set of
orthogonal single photon states so that

k(11); = 8. 2)

The modes can be different paths, which gives a very intuitive
picture of the network, but they can also represent orthogonal
temporal wavefunctions, different directions in the same spa-
tial path, photons in orthogonal polarization states, photons
with different orbital angular momentum or with a different
frequency.

We consider linear optical systems where the number of
photons is conserved

Z ny = n. 3)
k=1

In passive lossless systems the total energy is conserved,
which fits well with the description in terms of classical fields.
The quantum equivalent is a conservation of probability. If we
have a superposition of n photon states, the output will be a
different superposition where all the photon states must sum
to a probability of one. The input and output states are related
by a unitary operator

|lll>0ut =U |lll>in . (4)

The same mathematical description could be extended to
active linear systems as long as the number of photons is pre-
served. In principle, it could include elements where a change
of frequency introduces an energy change, provided that the
total number of photons in the m modes of interest does not
change.

In quantum optics and quantum information we usually find
states living in a finite-dimensional Hilbert space and the op-
erators can be written as matrices. Our states live in a Hilbert
space S of a size M = (mt’:*l). A generic state |y) can be
described as a linear combination of the basis elements from
Equation (1) that exhaust all the possible ways to distribute n
photons into m modes. The problem is equivalent to counting
the number of ways to place n balls into m boxes.

A. Unitary evolution

In this finite-dimensional Hilbert space, we can write the
states as complex column vectors and the unitary operators
U as M x M unitary matrices. For systems with exactly one
photon § = U and the quantum state of the photon in mode &,
|1),. is represented as a column vector with m rows that are
zero except for the kth row, which has a one.

For n photons there is a known, more involved transfor-
mation that gives U in terms of S. The evolution matrix U
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of the system with n photons belongs to the unitary group
U(M) and S € U(m). We can define a group homomorphism
Q:U(m)—UM).

A nice description of the properties of ¢ and a verification
that it is indeed a homomorphism between groups is given
in Aaronson and Arkhipov’s papers. We content ourselves
with noticing the physically relevant fact that the homomor-
phism preserves the group operation to compose operators,
which is matrix multiplication in our description. If we have
a succession of N optical networks, the first with a matrix S
and the last with Sy, the total system has a scattering ma-
trix § = Sy...5281. Their effect of n photons can also be
described by multiplying the corresponding unitary operators
with U(S) = U(Sy)...U(S2)U(S)), as expected.

Here and in the following sections, we work with the usual
photon creation and annihilation operators dz and a;*. Their
effect on states with n; photons in mode £ is

ay Ine) e = Vi + e+ 1)y, (5)
i lni)g =kl = 1), n=1,  a[0), =10),. (6)
There are a few equivalent ways to write ¢. For our pur-

poses, we prefer the description in terms of the evolution of

the operators in the Heisenberg picture, which shows how all

the operators a}: evolve for all the indices from 1 to m>. For

any n-photon input state
m AT”k
H ( ) 100...0) (7

the output state is given from the elements of S as

|n1n2

U|n1n2...

ﬁ <Zs,ka> |00..0).  (8)

Each element of U can be deduced from Equation (E)
For an input state |njny...n,,) and an output |n}n}...n},),
(n\n)y...n),|U|niny...ny) gives the corresponding matrix el-
ement for the transition. If we number the states in the basis
and write |¢) = [niny...ny) and |p) = |n)n}...n},) as column
vectors filled with zeros and a 1 for the gth or pth row, re-
spectively, Uy = (p|U|q). |Upq|? is the transition probability
from |g) to |p) for the optical system under study. The total
probability of finding a photon in an output state |nn; ... 1)
can be interpreted as the Feynman sum of all the possible pho-
ton paths that end with the desired number of photons in each
mode.

Apart from this description of ¢, we can write the elements
of U from the permanent of different submatrices of S&7.

B. Effective Hamiltonians

Photons are bosons and do not interact directly. Any Hamil-
tonian involving only photons must be indeed an effective
Hamiltonian and all the changes come from the interaction
with an intermediate material system. The molecules in the

different media of the optical elements of a linear optics mul-
tiport can be modelled with great accuracy by a collection of
two-level systems. If the photons are far from the resonant fre-
quencies of each medium in the system, we can use adiabatic
elimination to factor out any explicit coupling to the atoms of
the optical elements®, much like we can describe a passive di-
electric only by its index of refraction instead of speaking of
multiple absorptions and reemissions.

There are two related points of view when describing the
evolution of photons in linear optics: the unitary evolution
operators, U, and the Hamiltonians, H.

The evolution of a quantum state |y(¢)) with time is the
solution of the Schrodinger equation

Ldlw(t)
ih———==H|y(1)), ©

with a Hamiltonian A and the reduced Planck’s constant 7.
The initial state evolves according to a unitary operator as

lw(1)) = U(t) |lw(0)) (10)

with U (z) = e

We can absorb —7 into the Hamiltonian. Similarly, we can
do away with time. Light crosses the whole optical network
and partial evolution is generally not interesting except for
some cases in which the fractional depth of a photon into a
uniform optical system can play a role equivalent to 7. In our
finite-dimensional description with a fixed number of photons,
n, the unitary evolution matrix U = ¢V is the matrix expo-
nential of iHy for a Hermitian matrix Hy which gives the ef-
fective Hamiltonian.

In the following, we will directly speak only of these ma-
trices. While the Hermitian matrices we find can be inter-
preted as effective Hamiltonians, we can think solely in terms
of group theory with a description of the transformations in
the Lie groups of the quantum evolution matrices and the cor-
responding transformations in the associated Lie algebras.

The multiphoton Hamiltonian can be deduced from differ-
ent points of view. Using a Heisenberg picture approach, we
can envelope the creation and annihilation operator vectors
with matrices derived from S and write the effective Hamilto-
nian for any known optical network made from beam splitters,
phase shifters and parametric amplifiers?. The multiple pho-
ton Hamiltonian for linear optical networks can also be de-
duced from the scattering matrix by working with a coherent
state representation'®. Alternatively, the decomposition of the
single photon Hamiltonian Hy in terms of the basis matrices
of the corresponding algebra gives us a way to compute Hy

using the Jordan-Schwinger map!1-12,

In this paper, we present an approach which, while resting
on an analysis in the Heisenberg picture, describes the effec-
tive Hamiltonian for n-photon states in a way which reminds
of the Schrondinger’s picture. A description in terms of the
Lie algebra (Hamiltonian) behind the unitary evolution gives
us a simple way to study linear optical systems from the dif-
ferential of the homomorphism.



II. THE HAMILTONIAN FOR MULTIPLE PHOTONS

We work with unitary matrices S and U and Hermitian ma-
trices Hg and Hy so that S = /s and U = ¢V, We call S to
the unitary m X m matrix that gives the evolution for a single
photon state, which can be identified with the classical scatter-
ing matrix of the linear optical system. We call U to the matrix
describing the evolution for a general state of n photons.

In terms of group theory, the unitary matrices belong to
the unitary group of dimension m and M, with S € U (m) and
U € U(M), and the Hermitian matrices, up to a factor i, be-
long to the corresponding associated unitary Lie algebra with
iHs € u(m) and iHy € u(M). All the results we present can
be directly adapted to an alternative description of quantum
optics using the special unitary group and its algebra. The
unitary matrices would have determinant 1 and the Hermitian
matrices would be traceless. The results would hold up to an
unmeasurable global phase ¢/® in S that becomes ¢® in U.

We consider U(m) and U(M) as (compact) Lie groups.
This means they are compact manifolds and their Lie algebras
u(m) resp. u(M) are the tangent spaces to U (m) resp. U(M)
at the identity I, resp. Iy. Moreover, the exponential
map w(M) — U(M) is well-defined and surjective (cf.3
(Sect. 18.4)).

We want to write the algebra homomorphism that allows us
to write Hy in terms of the elements of Hg. First we need to
show:

Lemma IL.1. The photonic homomorphism ¢ is C.

Proof. This is trivial, since the entries of U = ¢(S) are poly-
nomial expressions in the entries of the matrix S (see Equation

@®)). O

This allows us to prove:

Theorem IL2. Let ¢ : U(m) — U(M) be the photonic ho-
momorphism and consider the differential map d¢ : u(m) —
w(M). The diagram

u(m) a0, u(M)

expl J(exp

U(m) —5— U(M)
is(co)mmutative, i.e., ¢(exp (X)) =exp(do(X)) forevery X €
u(m).

together with Lemma[[L Tl
O

Proof. This follows from Warner!*

We can now express the differential in terms of creation-
annihilation operators as follows:
Theorem IL3. Let do : u(m) — u(M) and Hs = (Hg;j) €
u(m), |g) = |niny...nm) and |p) = |n\n}...n,,), then

m m
iHypg = d(iHs)pq = (p|i }, ZHSjIﬁ;ﬁl lg) (11)
i=1i=1

for at resp. 4; the creation resp. annihilation operator in the

j-th resp. [-th mode.

Proof. We work with the differential map and the basis states
to find

iHU|n1n2...nm> :d(p(iH5)|n1n2...nm>. (12)

The elements of Hy are deduced from the effects of U =
¢(S) = @(e'™s) on the basis states as shown in Equation ().
We take the elements of S in terms of the exponential of iHg
and work around the identity taking S = e’ so that S = I,
and U = Ij; fort = 0. Then

. d
iHy |niny ...ny) = d—(p( :ng) [niny...nm)
! =0
iHgt 1
d ( J=1€jk /)
=_ 0..0
dt kI;Il ny! | >
=0
ny 5 "k
:i L 4y 6’75’@7 HM“)_“())
=1 ny! dt = J ok ny!
ATn,71 ATI‘lk

I
g
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v

T—l kH#\/_m .0)

\
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—

m m
= Z N Z HS]-,&; |ning ...ng — 1. ny)
m m
:ZZ HSjla al|n1n2 nj. nm> (13)
I=1j=1
If we number the basis states, with |¢) = |n1ny...n,) and
|p) = |n}n...n),), the elements of iHy are
(plity |g) = (p| Z Z iHsd}d1|q) (14)
O

The evolution can be written as a sum of terms involving a
single photon changing its mode, including changes from one
mode to itself, where we have the photon number operator
= d;dl. We can interpret the evolution in terms of single
photon processes from the weighted sums

m
iHygq = Y inHsii (15)
=1

for the diagonal and

lHU,,q—ZZ iv/(nj+1)mHsji(plniny ...nj+1...mj—1...ny)

=1j#l

(16)
when p # g. The terms of iHy coming from a different state,
(plg) = 0, can only include one element of Hg. There is a
contribution only if the input state |n1n; ... n,) is “one photon
away” from the output state |n}n}...n,,). If (p|q) # 0, we
keep all the terms where the photons move to their original
mode and there is one photon number operator 7i; per occupied
mode (a sum of Hgj; terms multiplied by the corresponding n;
factor).



In the starting effective Hamiltonian Hg we have a Hermi-
tian matrix with complex conjugate terms at indices jl and [},
Hsj; = Hg,, so that in Equation (I4) we can rewrite the sums
as

Y Y Hspdja = 5 Y AHsu+Y Y Hsjdhd +c.c. (17)
j=1 =1 I=1j<l

As expected, the resulting operator commutes with the total
photon number operator

m
A=Y ajay (18)
k=1

so that
[Hy, 7] =0, (19)

showing the number of photons is preserved in the linear op-
tical system.

The description we have used is limited to linear systems
that do not change the number of photons. For these systems
we have a clear model and we know how to use passive el-
ements to build a physical system implementing any desired
S matrix2. There are, however, linear optical operations that
are not covered by this description. The most general possible
linear operation is given by Bogoliubov transformations of the
form

a; — Z(u,-j&j + Vijﬁ;) (20)

J
which include phenomena like squeezing that give Hamiltoni-
ans with terms d;d; or ézj&j that do no preseve the total photon

number and require more sophisticated optical equipment!’.

III. PROPORTIONALITY RULES FOR TWO MODES

In this section, we give two simple examples in which
working with Lie algebras gives an insight on the behaviour
of linear optical systems with two input ports and an arbitrary
number of photons. This kind of analysis shows the power
of using group theory in the study of quantum optics. For
two ports, the unitary evolution matrices belong to the SU (2)
group, which can be mapped to the rotation group in three di-
mensions. This has been used in the past to study photon evo-
lution from angular-momentum transformations'® and has a
particularly nice description in terms of the Jordan-Schwinger
transformationl!,

In order to simplify the proofs in this section, we will fix
the global phases and we will consider the homomorphism
¢ : SU(m) — SU(M). We restrict ourselves to the case of
two input modes ¢ : SU(2) — SU(M) (M =n+1). Since
do : su(2) — su(M) is a Lie algebra isomorphism, the space
bh:=dep(su(2)) is a subalgebra of su(M). For su(2) we will
choose the following basis {icy,i0y,i0.} where oy, 0y, 0; are
the Pauli matrices, i.e.,

o (O S (0= o ._ (10
=lo) @Tio) %7 o 1)

with the well-known commutation relations

[0y, 0y] =2i0;, [0y,0;] =2i0y, [0;,0x]=2i0y.
Then, since d¢ is a Lie algebra isomorphism, i/, := id¢(0y),
iJy == ido(oy), iJ; := idp(o;) becomes a basis of ) with the
following commutation relations

oy =2i0;, [y, Jo| =2idx, [J,Jx] = 2ily.
The expression of J, is really simple in terms of the photon
number operators for each port with

J, =do(o;) =iy — .

This is the photon difference operator which appears in the de-
scription of homodyne measurement!312, Instead of restrict-
ing to the usual case of a balanced beam splitter where one
of the inputs is a photon number state and the second a lo-
cal oscillator described by a coherent state, we give a general
description in terms of photon numbers. This completes pre-
vious similar analyses from a different point of view1029,

First, we look into the expected values for the photon differ-
ence for an input state |a@) = |n — k,k) entering a linear two-
port with a scattering matrix S, which, at the output, becomes
IB) = ¢(S)|a). The mean photon difference is always pro-
portional to n — 2k with a proportionality constant C(S) which
depends only on S and appears for any input state:

Theorem IIL.1. Given |&) = |n— k,k), forany S € SU(2), let
us denote by |B) = @(S)| o). Then there exist a constant C(S)
such that

(Bl (1 —12) |B) = C(S)(n — 2K).

Proof. Denote U = ¢(S). Then, U is in the subgroup
@(SU(2)) C SU(M) when n > 2 (or we have the trivial iden-
tification @(SU(2)) = SU(2) when there is just one photon,
n=1). Then,

(BliJ;|B) = (| UTiLU |ax).

Note that UTiJ,U is the image of iJ, by the adjoint map
Ady+ (iJ;) (see Warneri?, chapter 3). But since U belongs to
the subgroup @(SU(2)), the map Ady+ : h — b is an automor-
phism. Hence, because {Jy,Jy,J; } is a basis of h, there should
exist three real numbers a, b, ¢ such that

Ui, U = il + bil, + cil..
Moreover,
(at| aJy+bJy+cJ|a) =(n—2k)c,
where we have used that (a|J,|a) = 5 (a|[J,,]] ) =

SH{a| (JoJy — JyJ.) |a) = 0 because |at) is an eigenstate of J-,
and likewise (o] Jy |y = 0. Therefore,

(BIJ:|B) = (n—2k)c

and the theorem follows. O



The above theorem allow us to state the following rule of
proportionality:
Corollary II1.2. Let |OC1> = |n—k1,k1>, |OC2> = |n—k2,k2>,
assume that ky # n/2, denote by |B1) = @(S)|oy), |B2) =
©(S)|a). Then forany S € SU(2),

(Bl i ) |Br) = 5. (Bl ) |Bo).

Observe that the condition k, # n/2 is for free when n is
odd. In the particular case when 7 is even (by setting k; =
n/2 and ky # n/2 in the above corollary), we can state the
following equipartition rule for the |n/2,n/2) state:

Corollary IIL.3. Let k be a nonnegative integer, then for any
S € SU(2), the state |k, k) evolves to |B) := @(S) |k,k) in such
a way that

(Bl |B) = (Blaz|B) = k.

This means that, if we evenly distribute n photons into the
two possible input ports, the expected photon number at each
output is always n/2 for any input port. This result agrees
with previous analyses with Jacobi polynomials!® and it is in
line with our intuition that a two-port is basically some kind of
beam splitter with different coupling ratios which just redis-
tributes the inputs. For equal photon numbers, the terms that
are added and subtracted from each input cancel on average.

By the properties of the Lie algebra su(m), Corollary [IL3|
can be extended to an arbitrary number of ports:

Theorem IIl.4. Let k be a nonnegative integer, then for
any S € SU(m), the state |kk,...,k) evolves to |B) =
o(S) |k,k, ..., k) in such a way that

Bl |B) = (Blaz|B) = -+ = (BlAn|B) = k.

We will only sketch the proof and leave the details for the
reader. The procedure is similar to the case with two ports.
There are m* — 1 generalized Gell-Mann matrices, grouped in
three matrix families, which generate the su(m) algebra for
an arbitrary m2!. The photon number difference operator be-
tween any two ports is A; —i; = —id@(D;;) for a diagonal
matrix filled with zeroes except for the elements D;; = i and
D;; = —i. Now, for an input state with k photons in each input,

—ilky..., k| U — U |k, ... k) Q1)
can be written as

—i(k,....k| Adg (D) |k, ..., k) . (22)

The adjoint map can be computed from the known commu-
tation relations of D j; with the generalized Gell-Mann matri-
ces to show the average photon number difference must be 0
for any pair j and /.

This result agrees well with our intuition that, if a linear
optics multiport can be described a concatenation of two port
beam splitters and phase shifters, which do not affect the pho-
ton number average, then we have a series of steps for which
the mean photon number does not change. In all the two port
splitters we just redistribute the photons and the combined ef-
fect will not modify the final average.

IV. EXAMPLE FOR TWO PHOTONS IN TWO MODES

We can see a simple example of our result for a system with
two photons in two modes (n = m = 2). For two modes, we
define a scattering matrix

S Si2
S= . 23
( S21 S» ) 23
and a Hamiltonian
Hsi1 Hgiz
Hs = . 24
S <H521 Hszz) 24)

If we label the available photon states as |1) = |20), [2) =
|02) and |3) = |11), using Equation (8) we obtain the unitary
evolution matrix

St Sh V2811512
U= 831 53 V285152 (29
V2811821 V281252 S11822 + 812821

From Equation (I4), we can give the Hamiltonian Hy in
terms of the elements of Hg as

2Hg, 0 \/iHSIZ
Hy = 0 2Hs2) V2Hg) . (26)
V2Hsy1 V2Hs1, Hgii + Hsy
We can check the results for the simple example of the evo-

lution of two photons inside a balanced beam splitter. The
scattering matrix, up to a global phase, is

I /11
S_ﬁ<1—1>' (27)
We can find the corresponding Hamiltonian
0.46008 —1.11072
Hs= ( ~111072 2.68152 ) (28)

either from the results in? or by computing Hs = —iIn(S).
The Hamiltonian Hy, substituting in Equation (26), is

0.92016 0 —1.57080
Hy = 0 5.36304 —1.57080 (29)
—1.57080 —1.57080 3.14160

and we can check the result is correct by computing ¢/ and
seeing it is, indeed, the unitary matrix

Q
|

(30)

Sl

(8] (8]

g|_ I ol —
| 1Ol 1]—
—

S

we expected from Equation (23).

Observe that the expected values of 7i; and 71, for the state
Ull,1) = Lz [20) — % |02) are 1, in agreement with our
equipartition rule for the |1,1) state. Moreover, the expec-
tation value of i} — i, for the states U |2,0) and U |0,2) is 0 in

agreement, as well, with our proportionality rule (0 = ’720).



V. DISCUSSION

We have presented an alternative derivation of the formula
for the effective Hamiltonian determining the evolution of n
photons through an m-mode linear optics multiport that pre-
serves the photon number based on the differential form of
the unitary evolution. This description has a reduced number
of degrees of freedom, which makes studying the photon evo-
lution easier. We have m? real parameters from Hy instead of
the M? parameters of a general M x M Hermitian matrix. The
Hy matrix has multiple null entries and, as it is Hermitian, we
only need to compute explicitly the upper or lower triangular
matrix plus the diagonal. Finding the unitary evolution matrix
U still presents some computational challenges. In particular,
computing the matrix exponential can be a bottleneck.

Apart from the computational implications, expressing the
evolution as an algebra homomorphism can be useful to study
linear optical networks. Some quantum optics problems might
be easier to tackle with a description in the Lie algebra using
the wealth of results from group theory, as shown from the
proportionality rules we have described for linear devices with
two input ports.

The presented result also gives a natural way to study op-
tical systems that combine linear and nonlinear optical parts.

Systems which include squeezing or parametric processes are
usually described in terms of their Hamiltonians, which can
be readily combined with the Hamiltonian of the linear part.
In that regard, our analysis can also be extended to general
linear optics networks where the number of photons is not
conserved like in parametric amplifiers?2. These systems still
admit a linear description with the Lie group of quasi-unitary
matrices and its corresponding associated algebra’.
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