MULTI-REAL-LINEAR ISOMETRIES ON FUNCTION ALGEBRAS

MALIHEH HOSSEINI AND JUAN J. FONT

ABSTRACT. Let Aj,..., A be function algebras (or more generally, dense subspaces of uniformly
closed function algebras) on locally compact Hausdorff spaces X1, ..., Xk, respectively, and let Y
be a locally compact Hausdorff space. A k-real-linear map T : Ay X ... X Ay — Co(Y) is called a

multi-real-linear (or k-real-linear) isometry if

k
ITCSrs Sl = TTIAN (1 i) € Av X x Ay),

=1
where || - || denotes the supremum norm. In this paper we study such maps and obtain generaliza-
tions of basically all known results concerning multilinear and real-linear isometries on function

algebras.

1. INTRODUCTION

Let X be a locally compact Hausdorff space and let Cy(X) (resp. C(X) if X is compact) denote
the Banach space of complex-valued continuous functions defined on X vanishing at infinity, endowed
with the supremum norm || - ||. The classical Banach-Stone theorem gave the first characterization of
surjective linear isometries between C(X)-spaces as weighted composition operators ([3, 1]). Several
extensions of this theorem have been derived for different settings. Thus, Holszty1iski ([6]) considered
the non-surjective version of the Banach-Stone theorem and showed that if T: C(X) — C(Y) is a
linear isometry (not necessarily onto), then T can be represented as a weighted composition operator
on a nonempty subset of Y.

In [12], the authors proved, based on the powerful Stone-Weierstrass theorem, the following
bilinear version of Holsztynski’s theorem:

Let T : C(X) x C(Y) — C(Z) be a bilinear (or 2-linear) isometry. Then there exist a closed
subset Zy of Z, a surjective continuous mapping ¢ : Zyg — X X Y and a unimodular function
a € C(Zy) such that T'(f, g)(z) = a(z) f(mz(p(2)))g(my(¢(2))) for all z € Z, and every pair (f,g) €

C(X) x C(Y), where 7, and 7, are projection maps.
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More recently, in [8], the authors provided a weighed composition characterization of multilinear
(k-linear) isometries on function algebras and extended the above results.

Another direction of extensions of the Banach-Stone theorem deals with its real-linear version,
motivated by the fact that, thanks to the Mazur-Ulam theorem [9], every surjective isometry between
two complex-linear function spaces is real-linear. Thus, in [4], Ellis considered two compact Hausdorff
spaces, X1 and X5, a uniform algebra M; on X; and a unital closed separating subspace My of
C(X3) such that the Silov boundaries of M; and M, are X; and X, respectively, and proved that
if T': My — M,y is a surjective real-linear isometry, then there exist a clopen subset K of X5
and a homeomorphism ¢ : Xo — X; such that T(f) = T(1)f o on K and T(f) = T(1)fo e
on X5 \ K, where ~ denotes the complex conjugate. In [11], Miura generalized this result to non-
unital algebras and showed that if T : A — B is a surjective real-linear isometry between two
function algebras A and B, then there exist a homeomorphism ¢ : Ch(B) — Ch(A), a continuous
function w : Ch(B) — T and a clopen subset K of Ch(B) such that T(f) = wf o ¢ on K and
T(f) =wfowon Ch(B)\ K. More recently, in [10], the authors characterized surjective real-linear
isometries between complex function spaces satisfying certain separating conditions and extended
some previous results by a technique based on the extreme points. In [7], the non-surjective case is
treated based on a different technique.

In this paper we combine both approaches by dealing with k-real-linear isometries. Let Ay, ..., Ag
be function algebras (or more generally, dense subspaces of uniformly closed function algebras) on
locally compact Hausdorff spaces X7, ..., Xi, respectively, and let Y be a locally compact Hausdorff

space. Here we study a k-real-linear map T : Ay X ... X Ay — Cp(Y') satisfying

K
ITCfrooos S = TTIAN ((Fro f2) € AL X x Ay),

i=1
which we call a multi-real-linear (or k-real-linear) isometry.
We also check, based on an example, how different these isometries can be from the other so far

studied cases.

2. PRELIMINARIES

A function algebra A on a locally compact Hausdorff space X is a subalgebra of Cy(X) which
separates strongly the points of X in the sense that for each z, 2’ € X with z # 2/, there exists an
f € Awith f(z) # f(2’) and for each z € X, there exists an h € A with h(z) # 0. If X is a compact
Hausdorff space, each unital uniformly closed function algebra on X is called a uniform algebra on
X.

Let A be a function algebra on a locally compact Hausdorff space X, and let A stand for the

uniform closure of A. The unique minimal closed subset of X with the property that every function
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in A assumes its maximum modulus on this set, which exists by [2], is called the Silov boundary
for A and is denoted by dA. The Choquet boundary Ch(A) of A is the set of all x € X for which
d., the evaluation functional at the point x, is an extreme point of the unit ball of the dual space
of (A,] -]|). So it is apparent that Ch(A) = Ch(A), and moreover, by [2, Theorem 1], Ch(A) is
dense in 0A. It is said that € X is a strong boundary point (or weak peak point) for A if for every
neighborhood V' of x, there exists a function f € A such that ||f|| = 1 = |f(z)| and |f] < 1 on
X \ V. It is known that for each uniformly closed function algebra A, then Ch(A) coincides with
the set of all strong boundary points (see [13]). Meantime, a function f € A is called a peaking
function if || f]] = 1 and for each « € X, either | f(x)| <1 or f(z) = 1. If we fix o € X, then P4(zo)
denotes the set of peaking functions f in A with f(xg) = 1. Moreover, for an element xy € X, we
set Vi o= {f € A+ f(wo) =1 = |If]]}

In the sequel, for each f € Co(X), My := {& € X : |f(z)| = ||f|} stands for the mazimum
modulus set of f.

It should be noted that in the proof of our results we shall apply the following versions of Bishop’s
Lemma (see [3, Theorem 2.4.1]) adapted to the context of uniformly closed function algebras, which

can be obtained with exactly the same proofs as in [5, Lemma 2.3] and [14, Lemma 1].

Lemma 2.1. [5, Lemma 2.3] Let A be a uniformly closed function algebra on a locally compact
Hausdorff space X, f € A and xg € Ch(A). If f(zo) # 0, then there exists a peaking function

h € Pa(xzo) such that % € Pa(xo).

Lemma 2.2. [14, Lemma 1] Assume that A is a uniformly closed function algebra on a locally

compact Hausdorff space X and f € A. Let xg € Ch(A) and arbitraryr > 1 (orr > 1 if f(x¢) #0),
then there exists a function h € r||f||Pa(xzo) = {r||f||k : & € Pa(xo)} such that

|f(@)| + [h(z)] < [f(z0)] + [h(x0)]
for every x ¢ My and |f(x)| + |h(x)| = | f(xo)| + |h(zo)| for all x € M},. Consequently, |||f]+ ||| =

|f(xo)| + |h(x0)]-

Let us remark that Lemma 2.1 is a version of the multiplicative Bishop’s Lemma and Lemma 2.2

is the strong version of the additive Bishop’s Lemma.

3. PREVIOUS LEMMAS

Let Ay, ..., A be function algebras (or more generally, dense subspaces of uniformly closed function
algebras) on locally compact Hausdorfl spaces X7, ..., Xi, respectively. In this section we shall
prove some previous lemmas used in our main theorem (Theorem 4.1). First note that it is not

difficult to extend a k-real-linear isometry T : Ay X ... X Ay, — Co(Y) to a k-real-linear isometry
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T: A x ... x Ay — Co(Y), where A; is the uniform closure of A; (i = 1,..., k). So, without loss of

generality, we can assume each A; (i = 1,..., k) is a uniformly closed function algebra.
Lemma 3.1. Let (x1,...,7) € Ch(A1) X ... x Ch(Ag) and (ay,...,ar) € TF. The set

Iolopki={y €Y 1y € My, .. 5 forall (fi,...,fx) € anVa, X .. X ag Vi, }

- Tk
18 monempty.

Proof. The proof is a modification of the proof of [7, Lemma 4.1]. Since for each (fi,..., fx) €
a1 Vg, ... XV, , the maximum modulus set of T'(f1, ..., fx), Mr(4,,....1,), is a compact subset of the
one point compactification Yo, of Y, it is enough to check that the family {Mps, . 5 @ (f1, .0 fr) €
a1V, X...xa, Vg, } has the finite intersection property. For this purpose, let (f1, ..., f&)s ..o, (f7%, s f7V)

be members in oV, X ... X o Vg, . Define

o= .; .
:Efo, ie{l,..,k}.
Jj=1

Clearly, (f1,..., fx) € a1Vy, X ... x aVy,. Hence || T(f1, ..., fi)ll = |l f1ll---||fx]] = 1. Then there is a
point yg € Y such that

= [T(fie o) = | S0 U s ) 00)|.

1<iy, ik <n

Since for each 1 < iq,...,7 < n, f{l € a1V, -, k € o Vy, and HT( Lo, k )|| =1, we conclude

that |T(f{*, ..., fi*)(yo)| = 1. In particular, yo € ﬂ Mrpgi.... piy- Therefore ﬂ My .piy # 0, as
i=1

was to be proved. O

Lemma 3.2. Let (z1,...,x;) € Ch(A1) X ... x Ch(Ay), (on,...;ar) € TF and y € I35 Let also
I and J be two disjoint sets with I # 0 and TUJ = {1,...,k}. If we assume that for each j € J,
h; € a;jVy, and for each i € I, f; € A; with fi(x;) = 0, then T(F,..., Fy)(y) = 0, where Fy = f; if
tel and Fy = hy if t € J.

Proof. Let us suppose, contrary to what we claim, that there exists yo € Zy!» " such that
T(Fy,...,Fx)(yo) # 0. Without loss of generality, we may assume that T'(Fy, ..., F})(yo) = €%,
where —m < 6 < 7. Fix a constant r > 1. For each i € I, we can choose, by Lemma 2.2, a peaking
function R} € V,, such that |||f;| + 7:|hL||| = ri, where r; = 7| f;||. In particular, putting h; = a; b

for each i € I, we have || + f; + r;hi|| = r; and T'(hq, ..., h)(yo) = ¢? € T for some —7 < ' < 7.
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We first assume that card(I) = 1. For simplicity, we can take I = {1}. We have

r= £ fi+riball[he]l. Nl = 1T (Efr 4+ 71k ho, o |

2 |T(:|:f1 + Tlhla h2u ceey hk)(y0)| = | :l:T(fthv 7h'k)(y0) + TlT(h17h27 7h'k)(y0)|

_ | iew +7’16w/‘ _ | iei(efe') +,,,1|,
and consequently, 71 > max{|e?®=%) + || — ¢ (®=9) £ |} > ri, which gives a contradiction.
Thereby, T'(F1, ..., Fi)(y) = 0 for all y € Zg1 k.

Now suppose that I = {1,2}. Hence, from the previous part, we can conclude that

riry = || £ fi + bl f2 + reho |l A [ |
= |T(£f1 + r1h1, f2 + r2ho, hs, .. hi) |
> | £ T(f1, f2, hss ooy hie) (yo) + 12T (f1, ha, hs, ... hie) (Yo)
+ 7T (h1, fa, b3y ooy hi) (yo) + r1r2T (R, ha, hs, ..., hi) (o)

=+ e 4 rire? | = | £ 0 iy,

and so 717y > max{|ei(9_9/) +ryral, | —ei(0=0") +7ry7ra|} > rire, a contradiction which implies that the
result is true when I = {1,2}. Similarly, this result holds for all the other cases where card(I) = 2.

Now we can continue by induction: noting to the above explanation, let us assume that the result
is true for card(I) =1—1 and 3 <[ < k. We shall show that the result is held if card(I) = 1. To
this end, we suppose that card(I) =1 and I = {1, ...,x;}, without loss of generality. If | < k, then

we get

rira..ry = || £ fi + riha ||| f2 + raholl L fo + riha ||| Paa ] P
= || T(£f1 + 71h1, fo + Toho, oy fr + vy, higrs oo )|
> |T(xf1 4+ r1ha, fo + roho, oo fi + rih, g, o b)) (20)|]
=[E£T(f1, - fr, hagr, o i) (yo) + rirzeeiT(ha, - B ) (yo))|

=]+ 100" +ri.rl,



which is impossible as before. Therefore, T'(f1, ..., fi, hi+1, ..., hx)(y) = 0 for all y € Ik, Now
if | = k, then I = {1, ..., 24} and similarly,

rire.rk = || £ fi +rihalll fa + rehall | fe + rehell
> |T(£f1 + riha, fa +ra2ho, .. fr + rehi) (o)
=|£T(f1, - fr)Wo) +rirac.riT(ha, .oy hy) (yo)]

=+ el0=0") 4 7179 Tk,

which again leads to a contradiction showing that T'(f1, ..., fx)(y) = 0 for all y € Zg1 %, O

s Th

Lemma 3.3. Let (z1,...,x) € Ch(A1) x ... x Ch(Ay), (a1,...,0) € TF, and y € 81" Then

s Tl

there exists a unique A € T such that T(aq Vg, X ... X ag V) T AV,,.

Proof. Let (f1,., f&), (915, 9k) € Vg X oo X V.. Then (o f1, ..., apfi), (191, a2 fo, .., apfi) €
a1V, X oo X agVy, and so |T(aq f1, .., arfr) ()| = 1 = |T (0191, a2 fa, .oy ap fr)(y)]. Tt is also clear

that

T (a1 f1, - e fi)(y) + T(a1g1, aa fa, - on fi) (Y)]

=1
2

because % € a1V, . Hence,

T(onf1, o arpfi) W) + T(a1g1, a2 fa, oy e f) (y) _ it
2

0

for some —7 < @ < 7. Then since e is an extreme point of the unit ball of C, it follows that

T(a1f1, - arfi)(y) = T(ar1g1, a2 fa, ..., apfr)(y). Continuing this process we get

T(ayfi, o arfi)(y) = T(argr, aafa, .., e fi) (y)
= T(a191, 2292, @3 f3, -, i f1.) ()
=...=T(c1g1, - i) (y).

Therefore, T'(1 f1, ...y ar f5)(y) = T(o1g1, ..., argr)(y). Now, if we define A := T'(a1 f1, ..., ax fx)(y)

for some (f1, ..., fx) € cu Vi, X ... X a;Vy, , then we conclude that T'(c Vi, X ... X ap Vg, ) C AV, O

Lemma 3.4. Let (z1,...,zx) and (2}, ...,x},) be distinct elements in Ch(A1) x ... x Ch(Ay), and

(o1, ...,o) € TF. Then To10x NIO %8 = ().

----- T T T

Proof. Contrary to what we claim, assume that there exists yo € Z7! 2k N Ig'll,’.f.',f;f' Since
(z1,...,x,) and (zf,...,x},) are distinct, the set L = {i : 1 < ¢ < k,z; # x}} is nonempty. For
each ¢ € L, we can choose a function g; € A; such that g;(x;) = 1 and g;(z}) = 0, and then, by
Lemma 2.1, a peaking function h; € Py, (z;) such that g;h; € Pa,(z;). Now if we let f; = g;h; for

every i € L, then f; € V,,, with f;(x;) = 1 and f;(2}) = 0. Moreover, for each j € {1,...,k} \ L, we
6



can also choose a peaking function f; € V,,,. On one side, since (a1 f1, ..., ax fr) € an Ve, X X axpVa,,

|T (0 f1, .y @k fi)(yo)] = 1. On the other side, by Lemma 3.2, T'(ay f1, ..., @k fx)(yo) = 0, which is

impossible. Therefore, Zyteook N If,l’“"za,’“ = 0. 0
Definition 3.5. For each (x1,...,x) € Ch(A1) X ... x Ch(Ay), let Iy, .. 2, = N Too,

at,...,are{l,i}

We should note that k-real-linear isometries behave differently from k-complex-linear isometries
with respect to these sets. More precisely, as seen in [8] and in all previous papers dealing with
1-complex-linear (not necessarily surjective) isometries starting with Holsztyniski’s seminal paper
([6]), it is clear that Zg1» 2k = Iglllf,} for each k-complex-linear isometry T', given any oy, o € T

(1 < i < k). However, as the next example shows, this equality is no longer valid for k-real-linear

isometries:

Example 3.6. Let T : C({z1}) x C({z2}) = C({y1,y2}) defined by T(a + ib, ¢+ id)(y1) := ac and
T(a+ ib,c + id)(y2) := (a + ib)(c + id). It is apparent that T is a 2-real-linear isometry for which

In the complex-linear case, thanks to the above paragraph and Lemma 3.1, we infer that Z,,, . ,, #
() for each (z1,...,25) € Ch(Ay) x ... x Ch(Ay). However, the authors are unaware whether each
set Zy, .z, is nonempty for (x1,...,x5) € Ch(A1) X ... x Ch(Ay) in the real-linear case. Hence we

continue under the assumption that for each (x1,...,x) € Ch(A1) X ... x Ch(Ag), L.,

.....

the final remark of this paper, we provide several conditions which yield the nonemptiness of such

sets.
Lemma 3.7. Ify € T, .. 4., Q2,...;ax € {1,i} and (f1, ..., fx) € Vay X ... X Vi, , then we have either

T(if1, 2 fas s an fi) (y) = T (f1, a2 fz, s i i) (),

or
T(ifr, a2 fo, . anfi)(y) = —iT(f1, 02 fa, ..., e fi) (y)-
A similar claim holds for the other indexes.
Proof. Let y € Iy, .. 4., and put A; := T(if1, aafo, ..., arfi)(y) and Ay = T(f1, aafo, ..., ax fr) (y)
for simplicity. We have
A £ Xi| = T (f1, a2 fas oy arfi) (y) £ T(if1, aafo, oy ar fi) (W) = [T(fr £ if1, fas oo fr) ()]
<IT(h xifr,,anfo, i fe)l = L £ifullll -1kl
= Al +i] = V2.



Hence |A\; + \;| < V2, and since |\;| = |\ = 1, it follows easily that \? = —X?. Conse-
quently, either T'(if1,c2f2, ..., arfe)(y) = iT(f1,02f2, ... anfe)(y) or T(ifi,c2fz, ... anfe)(y) =

—iT(f1,a2f2,...; ar f)(y). Analogously, a similar claim can be proved for the other indexes. d
Lemma 3.8. Given (z1,...,x;) € Ch(A1) x ... x Ch(Ay), we have I, . 5, = N Zoiose.

ay,...,ag€T

Proof. Clearly, I, . 2, 2 N Zgrotk To see the converse inclusion, let y € . 4., B €

L1, Tk
aq,...,ap €T

{1,i} and put o;j = a;+ib; € T, where a;,b; € Rand j € {1,...,k}. Given (f1,..., fx) € Vo, X..xV,,

from the previous lemma it follows that

T(orfrs Bafzs s Bifi) (W) = arT(fr, Bafa, oy Brfi) () + 01T (ifr, Baf2y o B fr) (y)
= (a1 £ ib1)T(f1, Bafa, -, Brfr) (),
and so [T'(a1 f1, Baf2, .-y Brfr)(y)| = 1. Consequently,

ye(WZorelecon €T, Bay oy Br € {1}

.....

Now from the above argument and a discussion similar to the proof of the previous lemma we

conclude that

T(on f1, 00 f2, B3 f3, s Brfr) () = a2 (a1 f1, f2, B3 f35 s B fr) () + 02T (1 f1, i f2, B3 f35 oy Brefr) ()
= (ag £1ib2)T (a1 f1, f2, B3 S35 B fr) (Y),

which implies that y € {Z&:0253B ) ay € T, B, ..., B € {1,i}}. Continuing this process,

L1,L2,L3,:., Tk

finally we deduce that y € N Z2v 2k as claimed. O

L1y Tk )
gy, ap €T
Definition 3.9. Let us define the set Yo == {y € Y 1 y € Ly, . 4 for some z; € Ch(4;), 1 =
1., k}.

Yy is a non-empty set by our assumption after Example 3.6 and we can define a map ¢ : Yy —
Ch(A1) x ... x Ch(Ag) by
o(y) == (1, .0y 1),
ify € I, . 4, for some (z1,...,25) € Ch(A1) X ... x Ch(Ag). From Lemma 3.4, for any distinct
members (21, ...,zx) and (27, ..., x}) in Ch(A;1) x ... x Ch(Ay) it follows that Z,,, . Ny . =0
and ¢ is well-defined. It is clear that ¢ is surjective by our assumption after Example 3.6.

: _ Qe Q)
As observed in Lemma 3.8, we have Z,, ., = N Zgboose. Now let us define a map
aq,...,ap €T

A:Yy xTF — T by

Aly, (a1, .., ag)) == A
such that T'(a1 Vg, X ... X agVy, ) C AV, where ¢(y) = (21,...,2%). By Lemma 3.3, it is apparent
that A is a well-defined map.



Definition 3.10. According to Lemma 3.7, A(y, (¢,1,...,1)) = £iA(y,(1,1,...,1)) for all y € Y.
Set K1 :={y € Yy : Ay, (i, 1,...,1)) = iA(y,(1,1,...,1))} and, consequently, Yo \ K1 = {y € ¥, :
Ay, (3,1, ...,1)) = —iA(y,(1,1,...,1))}. Analogously, for each j € {2,...,k}, we can define a subset
K; of Y.

We remark that it is not difficult to see each K, j € {1,...,k}, is a clopen subset of Yj.

Lemma 3.11. Lety € Yy, ¢(y) = (z1,...,wx), hj € Vo, (1 < j < k), and let also I be a non-empty
subset of {1,...,k}. Assume that for each t € I, f; = ih; and for each t ¢ I, f, = hy. Then

T(f1y-o fu)(y) = i1.0T(ha, ..o, b)) (),

where
7 Yy e Kt,
—i  yeYy\ Ky,

1y =
whent € I and iy =1 when t ¢ I.

Proof. Put n = card(I). For n = 1, the result follows from Lemma 3.7.
Step 1. Suppose that n = 2. We may assume, without loss of generality, that I = {1,2}. Lemma

3.7 shows that T(fh ceey sz)(y) = i’LT(hl, fg, ceey fk)(y) Then T(f17 Sy fk)(y) = :FT(hl, hg, f3, [ fk)(y)
We claim that

—T(hh...,hk)(y) (TS (KlﬂKg)U(Kfﬂch),
T(ha, ...l )(y)  y€ (K1 UKs)\ (K1 NKy).

T(f1, - fr)y) =

Suppose, on the contrary, that y € K1 N Ky and T'(f1, ..., f)(y) = T(h1, ..., hg)(y). Then taking into

account the k-real-linearity of T' we have

T(ihla (Z + l)hQa h3a i hk)(y) = T(ih17ih27 h3"" hk)(y) + T(Zhl’ h2’ hg..., hk)(y)
= T(hl, ey hk)(y) + iT(hl, . hk)(y)
= 1+ )T (h1, .. i) (y)

= T(h1, (Z + 1)h2, hs, ...,hk)(y),

which implies that T'((¢ — 1)k, (i + 1)hg, hs, ..., h;)(y) = 0 and it is a contradiction since it is not
difficult to see that on Z, . 4., [T((i —1)h1, (i4+1)ha, hs, ..., hi)(y)] = [(i—1)(i+1)| = 2, by Lemma
3.8. Hence this argument shows that T'(f1, ..., fx)(y) = =T (h1, ..., hx)(y) for each y € K1 N K5. The
other cases can be derived similarly and so the result holds for all the cases where card(I) = 2.
Step 2. Next, assume that the result is true for card(I) =1—1 and 3 <1 < k, and we prove the

result for the case where card(I) = I. We suppose, with no loss of generality, that I = {1,...,1}. Again
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from Lemma 3.7, we conclude that T'(ihy, ..., ik, hiy1, ..., hi)(y) = T (ihq, ..., thi—1, hyy ..y hi) ().
Then we have T(ihq, ..., ihy, g1, ..., hg) (y) = iiy...ip—1T(hq, ..., hi ) (y). We claim that

iil...ilflT(hl,...,hk)(y) y e Ky,

T(fr,s fu)(y) = o
—ti. i1 T (he, . hie)(y) vy €Yo\ K.

Suppose, on the contrary, that y € Yo\ K; and T'(ihq, ..., ihy, hig1, ..., i) (y) = di1...5—1T (hq, ..., hg) ().
Then, we deduce that
T(ihl, ey ihy_q, (’L + 1>hl, hl+1, ey hk)(y) = T(ihl, vy thy_1,1hy, hl+1, ey hk)(y)
-+ T(’ihl, ey Z‘hlfl, hl, hl+1, ceey hk)(y)
= ii1...il_1T(h1, . hk)(y) + il...il_lT(hl, . ]’Lk)(y)

= le...ilfl(l’ + 1)T(h1, ceey hk)(y)
On the other hand, we have

T(hy,iha,...;ihi—1, (i + Dhy, hivt, oo b)) (y) = T'(ha, ihe, oyihy, hygt, oo i) (y)
+T(hlvih27"'7ihl717hl7hl+la"'7hk)(y)
= 7Z‘i2...il_1T(h1, . hk)(y) + ig...il_lT(hl, ey hk)(y)

= i2...il_1(—i + 1)T(h1, ceey hk)(y)
Therefore, adding the above two expressions,
T((Z + 1)h1, tho, ...,th;_1, (Z + ].)hl, Ry, ooy hk)(y) = ig...il_l(ili +i1—1+ ].)T(hl, ey hk)(y),

and so

0 yEKl,

T((Z + 1)h1,ih2, ...,ihl_l, (Z + 1)hl, hl+1, ceey hk)(y) = ]
(2722)T(h177hk)(y) yGYO\Klv

which is impossible because |T'((i + 1)h1, iha, ...,shi—1, (i + 1) hi, hig1, ..., b)) (y)| = 2, by Lemma 3.8.
Thus from this argument we conclude that T(ihq, ..., 3h;, b1, ..., be)(y) = di1.ii—1T (ha, ..., hg) (y)
for each y € Yy \ K;. The other cases can be obtained in a similar way. So the result holds for all
cases where n = [.

Step 3. Finally suppose that the result is true when card(I) = k — 1. We shall show the validity
of the result for the case where card(I) = k. By Lemma 3.7, we can see that T(ihy, ...,ihg)(y) =
+iT(ihq, ...,ihk—1, hi)(y), and so T(ihq, ..., ihg)(y) = Liiq...ix—1T (h1, ..., hi)(y). We claim that

Z'Z‘l.‘.ikflT(hl,...,hk)(y) RS Kk,

—iil...ik,lT(hl,...,hk)(y) yEYO\Kk.
10
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Suppose, on the contrary, that y € Ky and T'(ihq, ..., ihg)(y) = —ti1...ix—1T (b1, ..., hx)(y). Then
T(ihy,iha, ...,ihg—1, (i + Dhg)(y) = —ii1...ip—1T (h, ..o, he) () + T(ihq, , ..., thg—1, hi) (y)
= (—di1...0k—1 + i1...05—1)T(h1, ..., hi) (y),

and

T(h1,iha, ...,ihi—1, (i + D)hg)(y) = d...ixT(ha,y ooy hig) (y) + d2eig—1T (R, ..., hi) (y)

= (ig...ip +i2...0x—1)T (A1, ..., hi) (y),

thus adding the above two relations we have

T((i + 1)hy,tha, ... ihg—1, (i + Dhg)(y) = da.ip—1(—ii1 + 91 + i+ 1)T(h1, ..., hi) (),
and consequently,

Zglk_1(2+21)T(h1,,hk)(y) Yy € K,

T((Z + l)hla ih27 "'7ihk—1a (Z + l)hk)(y) -
0 (TS 1/0 \ Kl;

which is impossible since |T((i + 1)hy,iha, ..., ihg—1, (i + 1)he)(y)| = |(i + 1)?| = 2, by Lemma 3.8.
Therefore, T'(ihq, ...,ihg)(y) = di1...05-1T (h1, ..., hg)(y) for all y € K, as asserted. Similarly, for
every y € Yy \ Ki we have T(ihq, ...,ihg)(y) = —ii1...ig—1T(h1, ..., hi) (y) O

Lemma 3.12. Lety € Yy and (aq, ...,ax) € CF. Then
Ay, (a1, .., ap)) = of ...af Ay, (1, ..., 1)),
where, for each j € {1,...k}, af = aj ify € K; and o} =@ ify € Yo \ K.

Proof. For each j € {1,...,k}, choose f; € V,,. Let a; = a; + ib;, where a;,b; € R. Since T is

k-real-linear, if y € ﬂleK j» then, from the preceeding lemma, it follows that

T(ayfy + by fu, oo an fr + b fi) (y) = > CironCi, T(f1, oo f1) ()

Cij e{aj)ibj}v(lgjgk)
= al...akT(fl, ceey fk)(y)

= ay...apA(y, (1,...,1)),
and if y € N5_, (Yo \ K;), similarly we have

T(ayfi + by fr, ooy ap fr +ibe fr)(y) = Z iy Cin T(f1, . fr) (W)

ci;€{a;,—ib;},(1<j<k)

@Ay, (1,0, 1)).

I
=l

I
S



The other cases can be obtained similarly. (I
Remark 3.13. We define the map w : Yy — T by

w(y) == Ay, (1,..,1))
for all y € Yp. Indeed, if (z1,...,2%) = ©(y), then w(y) = T(f1, ..., fx), where (f1, ..., fx) € Vi, X ... X
V.- Moreover, by the above lemma, for all (a1, ..., a;) € C¥ we have
Ay, (a1, ..., a)) = af...ajw(y),

where, for each j € {1,....,k}, of = a; ify € K;j and o] =@ if y € Yo \ K.
Lemma 3.14. Let y € Yy with o(y) = (z1, ..., x%), and (f1, ..., fr) € A1 X Vg, X ... X V.. Then

T(f1; s fe)(y) = w(y) @ y € Ku,
filz1) yeYy\ K.

A similar assertion holds for the other indexes.

Proof. If fi(x1) = 0, then from Lemma 3.2, T(f1, ..., fx)(y) = 0. Now assume that f; (z1) # 0. Hence
choosing hy as a function in V,,, again by Lemma 3.2, we have T(f1 — fi(x1)h1, fa, ..., fx)(y) = 0,

and so

T(fr,es f) () = T(fr(z1)ha, for oy i) ()
Now, from the previous lemma, we infer that

T(f1, ... fr)(y) = @T(}h,fz, s fe)y) Y € K,

Ji(@)T(ha, fo, oo fe) () y € Yo\ Ky,

as claimed. Similarly, the other cases can be concluded. O

4. MAIN RESULT

Let Ay, ..., Aj be function algebras (or more generally, dense subspaces of uniformly closed function
algebras) on locally compact Hausdorff spaces Xi, ..., X, respectively. Let also recall here our

assumption after Example 3.6 that for each (z1,...,2x) € Ch(A1) X ... X Ch(Ak), Loy ... zp 7 0.

Theorem 4.1. Suppose that T : Ay X ... x Ay — Co(Y') is a k-real-linear isometry. Then there
exist a nonempty subset Yo of Y, a continuous surjective map ¢ : Yo — Ch(A41) x ... x Ch(Ay),
(possibly empty) clopen subsets K, ...., K of Yy and a unimodular continuous function w : Yy — T

such that for all (f1,..., fx) € A1 X ... X A, and y € Yy,

k
T(f1s- fr)(y) = w(y) H fi(mi (o))"

12



where m; is the jth projection map and for each j € {1,....k}, fi(mi(eW)))* = fi(m;(e(y))) ify € K;
and f(mj(e(y)))" = fi(m;(e()) if y € Yo \ Kj.

Proof. Let Yy be the set introduced in Definition 3.9. Fix (z1,...,z5) € Ch(A1) X ... x Ch(Ag) and
hj € V., for each j, j = 1,...,k. Then for each j, j = 1,..., k, we can define a real-linear isometry as

follows:
Tj : Aj — Co(Y)
T](f) = T(hl, ceey hj—la f, hj+1, ceny hk)
According to [7], there exist a nonempty subset Y; of Y, a subset K; of Y}, a continuous surjective

map ¢, : Y; — Ch(A;) such that, for cach f; € A;,

T;(f;)(y) = T(h, .., hi)(y) M y € K;,
filei())  yeY;\K;.

Namely, Y; D U Izl,...,:v;,...,zk and if y € IIly-u,I;pu,Ik? then ¢;(y) = x;
o/ €Ch(A;) : :

Let (fi,..., fx) € A1 x ... x Ay and y € I, ... 4, . From the description of T}, it easily follows that
yekK;jifye K;,andy ¢ K; if y ¢ K;, where K is the clopen subset of Y introduced in Definition
3.10. We now claim that

T(fi(x1)ha, fo, bz, s i) (y) = f1(z1) " T2(f2)(y),

where fi(z1)* = fi(z1) if y € Ky, and fi(z1)* = fi(zy) if y € Yy \ K;. First note that the
k-real-linearity of T' yields
T(f1(w1)ha, fa, ha, ..., i) (y) = Refi(x1)T(ha, f2, ha, ., hi)(y) + Imf1(z1)T (ihy, fa, hs, ..o hi) ()
On the other hand, by Lemma 3.2, T'(¢hy, fo— fa(22)ha, hs, ..., bt ) (y) = 0 and so, using the preceding
remark, we deduce that
T(ihh f27 h3> ceey hk)(i‘/) = T(Zhla f2($2)h2, h3> ceey hk)(y)
= Ref2 (I‘Q)T(Zhl, hg, ceey hk)(y) + Imf2 (I‘Q)T(Zhl, ihg, hg, ceey hk)(y)
il (f2)(y)  y€KiNK,
i(f)(y)  y€ K\ K,

y) ye€ Ko\ Ky,
y) yeYo\(K1UKy).

iRefo(xo) — Imfo(xs)
iRefo(xa) + Imfo(xs)
—iRefa(z2) + Im fo(xs)
—iRe fa(22) — Imfa(22) = —iT3(f2
Now combining the latter relations implies that
To(f2)(y)Refi(z1) + ilmfi(21)) = To(f2)(y) fr(z1) € Ky,
Tr(f2)(y)Refr(z1) —ilmfi(z1)) = To(f2) (W) fr(z1)  y € Yo\ Ky,

=w(y)

T(f1(z1)h1, f2, ha,s .oy hi)(y) =

as claimed.
13



Similarly, T'(f1, f2(x2)h2, hs, ... i) (y) = fa(z2)*T1(f1)(y), where fa(z2)" = fa(22) if y € K>, and

fa(x2)* = fa(xa) if y € Yy \ Ko. Now using again Lemmas 3.2 and 3.14, Remark 3.13 and the above

two equations it follows that

0="T(f1 — filz)h1, fo — fa(@2)h2, hs, ..., hi) ()
=T(f1, fo, hs, s i) (y) = T(fr(@1)ha, fo, hs, oo hie) (y)
= T(f1, fa(w2)ha, hs, oo i) (y) + fu(a1)" fo(@2) T (ha, .., hie) (y)
=T(f1, fo, hs, oo i) (y) = fr(21) " Ta(f2)(y) — fa(a2) " Ta(f1)(y) + fi(z1)" f2(z2) T (ha, .., hac) (y)
=T(f1, fo, has s i) (y) = fr(@1) T (o, ..., hie) (y) fo(22)"
— fa(@2) T (ha, o hie) (y) f1(21)" + fr(21)" fa(@2) T (R, ... hi) ()

= T(flv f23 h3a ) hk)(y) - fl(xl)*fZ(xQ)*T(hlv ey hk)(y)a

where, as above, f;(z;)* = f;(z;) f y € Kj, and f;(z;)* = f;(z;) if y € Yo \ K.
Thus T(f1, fo, k3, ... hie)(y) = T(h1, ..., he)(y) f1(z1)* f2(22)*. By continuing this process and
applying Lemma 3.2, we finally see that

0="T(f1 — filz1)h1, s f — fr(@r) i) ()
=T(fr,s f) (W) = T(hay ooy hie) () fr (@)™ fro(2r) ™,

thereby, T(f1, ..., fx)() = T(ha, ..., hi) (W) fi(z1)*... fu(zx)*, where f;(x;)* = f;(z;) if y € K, and
Fila)* = filay) if y € Yo \ K.

Consider ¢ as introduced after Definition 3.9. Now let us recall the unimodular function w :
Yy — T defined in Remark 3.13; that is, if y € Yy then w(y) := T(h,..., h)(y), where h; €
Py, (mj(o(y))). Besides, from the above argument, it follows that if y € Yy with o(y) = (z1, ..., 2%)

and (f1,..., fx) € A1 X ... X A, then

k
T(f1, -0 )W) = w() [] £i(25)" = wlv) [] £ (mi(e@)))",

j=1 j=1
that is,

T(f1, o f) (W) = w() [T £i (mi(0(m)))*

=1

where f;(m;(¢(y)))" = fi(m;(e(y))) if y € K and f;(m;(¢(y)))" = f5(m;(e(y))) if y € Yo \ Kj.
Next we prove that ¢ is continuous. Suppose that yo € Yo, ©(yo) = (21, ..., xx) and Uy x ... x Uy

is a neighborhood of (z1,...,zx) in Ch(A;) X ... x Ch(Ag). For each j, j = 1,...,k, there is a

neighborhood U of z; in X; with U; = U;NCh(A;). Choose a peaking function f; € V,;; such that
14
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|fil < % on X; \Uj (j =1,....;k). Then |[T(f1,..., fx)(v0)| = 1. Set
Vi {2 €Yo [T(fi o fi)(2)] > 5}

Clearly, V is a neighborhood of yo such that (V) C Uy X ... x Uy, because if z € V and ¢(z) =

(xf,...,x},), then
1 k
5 <IT(frs f)(2)] = [5G <IfED G=1,0k).
j=1

Hence x; € U; and so (21, ...,2},) € Uy X ... x U. Therefore, ¢ is continuous.

To complete the proof, it suffices to check the continuity of w. Let yo € Yy. Then yo € Zs, ... 4,
for a unique (1, ...,xx) in Ch(A1) x ... x Ch(Ay). For each j, j = 1, ..., k, choose a peaking function
fj € Pa;(x;) and take

Uj :={z € Ch(4;) : f(x) #0}.

Then U = Uj X ... X Uy, is a neighborhood of (z1,...,z) in Ch(A;) x ... x Ch(A) and consequently
@ 1(U) is a neighborhood of 5. We have

w _ T(fluafk)(y) —1 U
YW pmemy V)

where f;(m;(¢(y)))* = fi(mi(e(y))) if y € K; and fi(mi(p(v))* = fi(mi(e(y))) if y € Yo \ Kj. So

taking into account that K is a clopen subset of Yy, from the continuity of the functions T'(f1, ..., fx),

fjomjopand f;j om0 we conclude that w is continuous at yp. O

It should be noted that if T is a k-linear-isometry, then, as mentioned before Example 3.6, we have
Toyropk = Iﬁl/lfk;“ for all (o, ..., ), (o], ...,a}) € T and (@1, ...,xx) € Ch(A1) X ... x Ch(Ay),
and furthermore, K; =Y; for all j € {1,...,k}. So we can obtain immediately the main result in [§]

as follows:

Corollary 4.2. Suppose that T : Ay X ... x Ay — Co(Y') is a k-linear isometry. Then there exist
a nonempty subset Yy of Y, a continuous surjective map ¢ : Yo — Ch(A;1) X ... x Ch(Ag), and a

unimodular continuous function w : Yy — T such that

k
T(fr, e fi)(y) = w(y) H Filmi(e()))

for all (fi,..., fr) € A1 x ... x A and y € Yy, where ; is the jth projection map.

Remark 4.3. As announced after Example 3.6, we provide several conditions each of which implies

the nonemptiness of the sets 7, . z,:
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o Given (x1,...,2x) € Ch(A1) x ... x Ch(Ay), there exists (f1,..., fx) € Vi, X ... X V,,, such

that m MT(alflw»-vakfk) # 0.
(ar,...,a)€{1,i}F
Let us give an explanation to see Zy, . ., # () in this case. Consider y in the above

non-empty intersection. Given (o, ...,ax) € {1,i}* and (g1,...,gx) € Vi, X ... X V., then
from Lemma 3.2 we have T'(a1 f1 — a191, f2, .., f)(y) = 0, and so |T'(a191, fo, .., [x)(y)] =
IT (1 f1, f2, - fx)(y)] = 1. This argument yields y € Z&;5~1 . Then again by using

T1,X2y.-yTk

Lemma 3.2 (twice) we get

|T(algla 292, f37 ey fk)(y)| = |T(algla Oézfg, f3a ) fk)(y”

= |T(a1f1,a2fo, f3, fu)(y)| = 1,

and consequently, y € Zg192, -1 . By continuing this process, finally it is concluded that

y € Igi o2k, Therefore, Ty, . 4, # 0.

Tk
e Given (x1,...,21) € Ch(A1) x ... x Ch(Ay), there exists (f1,..., fx) € Vo, X ... X V,, such
that all the functions |T'(ay fi, ...,k fx)|, (@1, ..., ) € {1,i}*, peak at the same points.

o In the unital case, N Myp(ay,....a) # 0.
(a1yeen,0)€{1,i}F
e In the surjective case when k =1 (see [7, Corollary 3.11]).
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