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Abstract

If G is a finite group, p is a prime and x ∈ G, it is an interesting problem to place x in a
convenient small (normal) subgroup of G, assuming some knowledge of the order of the products
xy, for certain p-elements y of G.

1. Introduction

It is currently a feature of finite group theory that many theorems on finite groups can only be
proved by reducing them to a check that some property holds for all finite simple groups – the
groups having no non-trivial normal subgroups. Then the classification of finite simple groups
(see eg. [9]) comes into play and one has to be able to handle the three different families of
simple groups with appropriate techniques. Often the groups of Lie type are the most difficult
to deal with; at other times, it is the Monster or some other large sporadic group. Less often,
the alternating groups are the ones causing the most trouble.

Our theorems in this paper, despite having quite elementary statements, are of this nature.
We ask questions relating orders of products of elements in the group to the normal structure
of the group. These questions have a rich story and lead to some cornerstone results in group
theory such as Thompson’s characterization of solvable finite groups as finite groups with no
two nontrivial elements x, y satisfying gcd(o(xy), o(x)o(y)) = gcd(o(x), o(y)) = 1 in his famous
N -groups paper series, cf. [22]. A further extension of Thompson’s characterization and a p-
solvable version of it were obtained much later in [14], using the full force of the classification
of finite simple groups.

In this paper, we study these questions in the following direction. Let G be a finite group
and N a normal subgroup of G, and let x ∈ G. Can we decide whether x ∈ N if we know how
the orders of y and xy are related, as y varies over G? (If indeed x ∈ N , then y and xy, which
become equal modulo N , have related orders.) The answer naturally depends on our choice
of the normal subgroup N . For certain N , there is an affirmative answer, but there are many
open questions. In fact, our problem is related to several well-known and notoriously difficult
conjectures on finite simple groups. We hope that some of the new techniques that we are
providing can be used in these related problems.

Let G be a finite group, let p be a prime, and let x ∈ G. We wish to place x in a convenient
small subgroup of G provided that we have information on the order of the products xy, where
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y ∈ G is a p-element. Here is an example of the type of result that we are aiming at. Recall
that Op(G) is the largest normal subgroup of G with p-power order.

Theorem A. Let G be a finite group, let p be a prime, and let x ∈ G be a p-element of
G. Then xy is a p-element for every p-element y ∈ G if and only if x ∈ Op(G).

As we will show below, Theorem A is an easy consequence of a well-known theorem of
R. M. Guralnick and G. R. Robinson on extensions of the Baer–Suzuki theorem [13]. (Some
modifications of this result are also obtained by Guralnick and G. Malle in [11].) We mention
now that certain generalizations of Theorem A are not possible. For instance, Theorem A is
not true if we only assume that xxg is a p-element for every g ∈ G, and this is related to
some results of Guralnick and the fourth author on the orders of the elements in a coset of a
normal subgroup [12]. Also, it is asked in [6]: Let x be a p-element, if P ∈ Sylp(G) and xy is a
p-element for all y ∈ P , is it true then that x ∈ P? It turned out that this was a question by
G. Zappa, to which M. Conder gave some counterexamples in [3].

In this paper we are concerned with products of elements of coprime orders. We propose a
wealth of new results and we prove that they are true for any finite group G provided that
Conjecture B below holds for any almost simple group whose socle is a composition factor of
G.

Conjecture B. Let G be an almost simple finite group with socle S, and let p be a prime
divisor of |S|. If x ∈ G is a nontrivial p′-element, then there exists a nontrivial p-element y ∈ G
such that p does not divide o(xy).

Conjecture B is related to a recent conjecture of Guralnick and the sixth author [14] (which
is now a theorem thanks to [17]), and it constitutes yet another example of the difficulty
of problems on products of conjugacy classes in simple groups. However, we will provide
substantial evidence in support of Conjecture B, in what constitutes one of the main results of
this paper.

Theorem C. Let G be an almost simple finite group with socle S, and let p be a prime
divisor of |S|. Suppose that S is an alternating group, a sporadic group, or a simple group of
Lie type in characteristic p. If x ∈ G is a nontrivial p′-element, then there exists a nontrivial
p-element y ∈ G such that p does not divide o(xy).

As the reader will see, the proof of Theorem C for almost simple groups with socle a Lie-
type group in defining characteristic is already highly nontrivial, relying on deep results on the
structure of simple groups of Lie type [9] and the Deligne-Lusztig theory [2], [4]. It is our hope
that results and techniques involved in the proof will be useful in other questions as well. At
present, the remaining case of (large rank) Lie type groups in cross characteristic appears to
be beyond reach.

Now, we can offer some applications.

Theorem D. Let G be a finite group, let p be a prime, and let x ∈ G be a p′-element.
Assume that Conjecture B holds for any almost simple group whose socle is a composition
factor of G. Then x ∈ Op′(G) if and only if p divides o(xy) for every nontrivial p-element
y ∈ G.

It is convenient to remind the reader now of the following two examples. If G = A8, p = 3,
x = (1, 2)(3, 4)(5, 6)(7, 8) and y = (1, 2, 3), then the order of xyg is divisible by 6 for every
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g ∈ G. (Of course, G has, exactly, one more class of nontrivial p-elements, so A8 is not a
counterexample to Conjecture B.) Also, if p = 3, G = SL2(16) and P ∈ Sylp(G), then there is
x ∈ G of order 17 such that p divides o(xy) for all 1 6= y ∈ P , and 〈x, P 〉 = G. Hence, Theorem
D is not true if we replace “for every nontrivial p-element of G” by “for every nontrivial
p-element of only one Sylow p-subgroup of G”.

Next, somewhat remarkably, we can characterize when a p-element x lies in Op(G) by
considering, unlike Theorem A, the order of xy for q-elements y ∈ G, for primes q different
to p (assuming Conjecture B).

Theorem E. Let p be a prime, and let G be a finite group. Assume that Conjecture B
holds for any almost simple group whose socle is a composition factor of G. Let x ∈ G be a
p-element. Then x ∈ Op(G) if and only if q divides o(xy) for all nontrivial q-element y ∈ G,
for all p 6= q prime dividing |G|.

In fact, there is no need to restrict ourselves to p-elements or p′-elements, and Conjecture B
is enough to guarantee several π-versions of the previous results.

Theorem F. Let G be a finite group, and let π be a non-empty set of primes. Assume
that Conjecture B is true for any almost simple group whose socle is a composition factor of G.
Let x ∈ G be a π-element. Then x ∈ Oπ(G) if and only if for every p ∈ π′ and every nontrivial
p-element y ∈ G, p divides o(xy).

Applying Theorem F to every π-element of prime power order, we get the following
characterization of groups with a normal Hall π-subgroup in terms of orders of products.

Recall that π(n) is the set of primes dividing the integer n and we use π(G) to denote π(|G|).

Corollary G. Let G be a finite group, and let π be a non-empty set of primes. Assume
that Conjecture B is true for any almost simple group whose socle is a composition factor of
G. Then G has a normal Hall π-subgroup if and only if for every π-element x of prime power
order and every nontrivial π′-element y of prime power order, π(o(y)) ⊆ π(o(xy)).

The particular case of Corollary G where π = {p} is Theorem C of [19].

We wonder whether the following statement, which would unify both the case of Conjecture
B where x has prime power order and G is simple and the aforementioned Guralnick–Tiep
conjecture proved in [17], could possibly be true.

Conjecture H. Let G be a finite simple group. Let p 6= q be two prime divisors of |G|.
Let x ∈ G be a nontrivial p-element. Then there exists a nontrivial q-element y ∈ G such that
o(xy) is coprime to pq.

2. Proof of Theorem F

We start by proving Theorem A, which we restate.

Theorem 2.1. Let G be a finite group, let p be a prime, and let x ∈ G be a p-element of
G. Then xy is a p-element for every p-element y ∈ G if and only if x ∈ Op(G).
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Proof. Suppose first that x ∈ Op(G). Since x lies in every Sylow p-subgroup of G, it is
trivial that xy is a p-element for every p-element y of G. Conversely, assume that xy is a
p-element for every p-element y of G. Since the set S of all p-elements of G is closed under left
multiplication by x, and G is finite, S is closed under left multiplication by x−1. Therefore,
x−i(xi)g = [xi, g] is a p-element for every xi ∈ 〈x〉 and g ∈ G, and by applying Corollary B of
[13], we get x ∈ Op(G).

Let us start with an easy lemma.

Lemma 2.2. Let L be a normal subgroup of a finite group G. Let π be a set of primes and
let x ∈ G be a π-element. If [x, L] 6= 1, then there exists a π-element in xL− {x}.

Proof. By hypothesis, there is some y ∈ L such that [x, y] 6= 1. Then xy = x[x, y] ∈ xL−
{x} is a π-element.

Now we specifically state what we need about almost simple groups in order to prove our
results.

Conjecture 2.3. Let G be an almost simple group with non-abelian simple socle S, and
let p be a prime divisor of |G|. Assume that G = 〈x〉S, where x is a nontrivial p′-element. Then
there exists a nontrivial p-element y ∈ G such that p does not divide o(xy). In particular, if π
is a non-empty proper subset of π(G) and G = 〈x〉S, where x is a nontrivial π-element, then
there exists a nontrivial q-element y ∈ G for some q ∈ π′ such that q does not divide o(xy).

As shown in Theorem C, Conjecture 2.3 holds whenever S is an alternating group, a sporadic
group, or a simple group of Lie type in the same characteristic p.

Next, we prove Theorem F.

Theorem 2.4. Let G be a finite group. Assume that π is a set of primes. Assume that
Conjecture 2.3 holds for all the almost simple groups whose socle is a composition factor of G.
Let x ∈ G be a π-element. Then x ∈ Oπ(G) if and only if for every q ∈ π′ and every nontrivial
y ∈ G that is a q-element, q divides o(xy).

Proof. If x ∈ Oπ(G), then for every q ∈ π′ and every nontrivial y ∈ G that is a q-element,
xy ∈ Oπ(G)〈y〉. This subgroup contains a normal Hall π-subgroup. Then, if q does not divide
o(xy), xy is a π-element which lies in Oπ(G), so y ∈ Oπ(G) and this contradicts the fact that
y is a nontrivial q-element.

Conversely, assume now that for every q ∈ π′ and every nontrivial y ∈ G that is a q-element,
q divides o(xy). We want to prove that x ∈ Oπ(G). Let G be a minimal counterexample. We
may assume that π is a non-empty proper subset of π(G).

Step 1: Let L = Oπ(G). We claim that L = 1.

Suppose that L > 1. Assume that there exists q ∈ π′ and yL ∈ G/L that is a nontrivial q-
element, but that q does not divide o(xyL). Since yL = yqL, where yq is the q-part of y, we
may assume that y ∈ G is a q-element. Then L〈xy〉 is a q′-group, q does not divide o(xy) and
this contradicts our hypothesis. Therefore, the hypothesis holds for G/L and we deduce that
xL ∈ Oπ(G/L) = L/L. It follows that x ∈ L. This is a contradiction.

Step 2: Let r ∈ π′. Put R = Or(G). We claim that R = 1.
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Assume that R > 1. We want to see that the hypothesis holds for G = G/R. Take q ∈ π′ and
y ∈ G, where y is a nontrivial q-element. We may assume that y ∈ G is a nontrivial q-element.
First, assume that q = r. Assume that q does not divide o(xy). Therefore, xy is a q′-element
and we deduce that there exists z ∈ R such that xyz = t for some q′-element t ∈ G. Notice
that yz is a q-element. By hypothesis, yz = 1 and we deduce that y ∈ R, that is, y = 1, which
cannot happen. Now, suppose that q 6= r. Assume that q does not divide o(xy). Since R is an
r-group, observe that q does not divide o(xy) either. This is a contradiction too. We deduce
that the hypothesis holds for G, as wanted.

Let N = Oπ(G). Since G is a minimal counterexample, by the above paragraph, we have
x ∈ N . Since Oπ(G) = 1, we have that Oπ(N) = 1. Now, using the Schur-Zassenhaus theorem,
we have that N is the semidirect product of the normal π′-group R and a π-group T that acts
on R. We claim that T acts faithfully on R. Observe that we can write CN (R) = Z(R)×X,
for some normal Hall π-subgroup X of N . Since Oπ(N) = 1, we deduce that X = 1 and the
action of T on R is faithful. Put H = 〈x〉R. Since [x,R] 6= 1, we deduce from Lemma 2.2 that
there exists a π-element in xR− {x}. Hence, there exists a nontrivial y ∈ R such that r does
not divide o(xy). This contradicts our hypothesis. Then R = 1.

Step 3: We claim that G = 〈x〉F , where F is the generalized Fitting subgroup F∗(G).

By Steps 1 and 2, we know that F(G) = 1. Therefore, F = K1 × · · · ×Kt, where
{K1, . . . ,Kt} are the minimal normal subgroups of G and Ki is a direct product of copies
of some non-abelian simple group for every i. Furthermore, CG(F ) ⊆ F and all the simple
groups that are direct factors of F are not π-groups (by Step 1).

Assume that S = 〈x〉F < G. Notice that the non-abelian composition factors of S are
composition factors of G. The hypothesis holds for S, so we deduce that x ∈ Oπ(S). Since
Oπ(S) ∩ F ⊆ Oπ(F ) = 1, we have that S = 〈x〉 × F and x acts trivially on F . In this case,
x ∈ CG(F ) ⊆ F , then S = F and x ∈ Oπ(S) = Oπ(F ) = 1. This is a contradiction with the
fact that G is a counterexample. Therefore, S = G and the step is proved.

Step 4: We claim that F is a minimal normal subgroup of G.

Assume as in Step 3 that F = K1 × · · · ×Kt with t > 1. Since x acts faithfully on F , then
there is some i ∈ {1, . . . , t} such that x does not centralize Ki. The hypothesis holds for 〈x〉Ki

and we get a contradiction as in Step 3.

At this point, we have that G = 〈x〉K, where K is the unique minimal normal subgroup of
G and K is the direct product of n copies of a non-abelian simple group S, for some integer
n.

Step 5: We claim that n = 1.

Assume that K = S1 × · · · × Sn for some integer n > 1, where Si ∼= S for every i. We know
that 〈x〉 acts transitively on {S1, . . . , Sn}. Since G is not a π-group, let q ∈ π′ be a prime
divisor of |S| and let y ∈ S1 be a nontrivial q-element. We have that yx ∈ Sj for some j 6= 1 is
a q-element. Hence [y, x] = y−1yx is a q-element too and so is [y, x]−1 = [x, y]. Now, since xy =
x[x, y] is a π-element, we deduce from our hypothesis that [x, y] = 1. Therefore, x centralizes
all the q-elements of S1. Similarly, x centralizes all the q-elements of Sj for every j. Since Sj
is simple, Sj is generated by its q-elements, so x centralizes Sj for every j and we deduce that
G = 〈x〉 ×K. This contradicts Step 1.

Hence, we have that G = 〈x〉S for some non-abelian simple group S = F∗(G), and recall that
π is a non-empty proper subset of π(G). Since we are assuming that Conjecture 2.3 holds for S,
we have that x = 1 and this contradicts again the fact that G is a counterexample, completing
the proof.
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Now, Theorem D is obtained from Theorem F by setting π = p′. (We notice that in this
case, Conjecture B is only used for the prime p.) Theorem E is obtained from Theorem F by
setting π = {p}.

3. Almost simple groups. I

First of all, we notice that Conjecture B can be checked character-theoretically (if the character
table of G is known). In particular, it can be checked for all the character libraries stored in
[5], and in particular for the almost simple groups with socle being a sporadic simple group or
An with 5 ≤ n ≤ 8. Of course, this follows from the following well-known lemma.

Lemma 3.1. Let G be a finite group, and let x, y, z ∈ G. Then there exist g, h ∈ G such
that xyg = zh if and only if

Σ(x, y, z) :=
∑

χ∈Irr(G)

χ(x)χ(y)χ(z−1)

χ(1)
6= 0 .

Proof. This follows from Problem 3.9 of [16] or Corollary 4.13 of [20].

Theorem 3.2. Conjecture 2.3 holds if S = An for any n ≥ 5.

Proof. We proceed by induction on n ≥ 5, with the induction base 5 ≤ n ≤ 9 checked using
[5]. For the induction step, assume n ≥ 10, An ≤ G ≤ Sn, p ≤ n, and let 1 6= σ ∈ G be a p′-
element. We will find a nontrivial p-element y ∈ An ≤ G such that σy is a p′-element.

For any π ∈ Sn, let mπ := |{1 ≤ i ≤ n | π(i) 6= i}| be the number of points that are moved
by π, and let nπ be the number of nontrivial cycles in the decomposition of π into a product
of disjoint cycles. Clearly, mπ ≥ 2nπ. It is easy to check, see eg. [15, Lemma 2], that π ∈ An
if and only if 2|(mπ − nπ). Furthermore, given any two integers l1, l2 ≥ 2, by [15, Theorem 7],
π can be written as a product uv of an l1-cycle u ∈ Sn and an l2-cycle v ∈ Sn if and only if at
least one of the following statements holds:

(a) nπ = 2 and π is a disjoint product of an l1-cycle and an l2-cycle;
(b) l1 + l2 = mπ + nπ + 2s for some s ∈ Z≥0 and |l1 − l2| ≤ mπ − nπ.

(i) First we consider the case p = n. If σ is an odd permutation, then by [1, Corollary 3.1],
σ = zy−1, where z is an (n− 1)-cycle and y ∈ An is an n-cycle, yielding σy = z is a p′-element.
Suppose σ ∈ An. As 2|(mσ − nσ) and mσ ≥ 2nσ, we have that 2 ≤ mσ − nσ. Hence by (b),
σ = zy−1, where z is an (n− 2)-cycle and y ∈ An is an n-cycle, yielding σy = z is a p′-element.

(ii) From now on, we may assume that p ≤ n− 1. Applying the induction hypothesis to
n− 1, we are done if σ has a fixed point. Thus we may assume that mσ = n.

Consider the case nσ = 1, so that σ is an n-cycle. As mentioned in [1, p. 369], every element
in An is a product of two n-cycles. For p > 2, we can therefore find a p-cycle y ∈ An such that
y = σ−1z for some n-cycle z, yielding σy = z is a p′-element. For p = 2, we can apply the same
argument, taking 1 6= y ∈ An to be a conjugate of (12)(34).

Next we consider the case nσ ≥ 2 and p ≤ n/2. As mσ = n, we can write the p′-element
σ = αβ as a disjoint product of (necessarily) p′-elements 1 6= α ∈ Sk and 1 6= β ∈ Sn−k, and
note that n > k ≥ n/2 ≥ max{p, 5}. If p > 2, then by the induction hypothesis applied to
α ∈ Sk, there is a p-element 1 6= y ∈ Ak such that αy is a p′-element, whence σy = (αy)β is a
p′-element in G. If p = 2, then the 2′-element α is contained in Ak. By the induction hypothesis
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applied to α ∈ Ak, we can now find a 2-element y ∈ Ak such that αy is a 2′-element, whence
σy = (αy)β is a 2′-element in G.

(iii) Now we may assume that p < n = mσ < 2p; in particular, p ≥ 7 as n ≥ 10. In this case,
nσ ≤ mσ/2 < p and p < mσ + nσ ≤ 3mσ/2 < 3p. Suppose first that mσ + nσ 6= 2p. Then by
(b), we can find a p-cycle y ∈ An and a (mσ + nσ − p)-cycle z such that σ = zy−1, yielding
σy = z is a p′-element. Finally, assume that mσ + nσ = 2p. In this case, again by (b), we can
find a p-cycle y ∈ An and a (p+ 2)-cycle z such that σ = zy−1, completing the proof.

4. Almost simple groups. II

In this section our main result will be

Theorem 4.1. Conjecture 2.3 holds whenever S is a simple group of Lie type in
characteristic p.

Our analysis will focus on a minimal counterexample (G,S, x), which has the following
properties:

(M1) S = soc(G) is a finite simple group of Lie type in characteristic p;
(M2) G = S〈x〉;
(M3) x is a p′-element;
(M4) For every nontrivial p-element y of G, xy is not a p′-element; and
(M5) |S| is minimal subject to the foregoing conditions.

We fix these assumptions and notation for this section, except where explicitly noted
otherwise.

We use [5] to check that certain exceptional groups S do not give counterexamples.
Specifically, in our minimal counterexample (G,S, x),

S 6∼= A6, 2F4(2)′, G2(2)′ ∼= SU3(3), or 2G2(3)′ ∼= SL2(8), (4.1)

in characteristic p = 2, 2, 2, or 3, respectively.
Therefore, there is a simple algebraic group G of adjoint type over a field of characteristic p

and a Steinberg endomorphism F : G → G such that S = Op′(GF ).
We also identify J := Inndiag(S) C Aut(S) with GF , see Definition 2.5.10 and Theorem 2.5.12

of [9].

We let j be the order of the element Sx in Aut(S)/J and let d = |J/S|. (4.2)

We will assume that J is defined over Fq with q = pf , in the sense that q is the common
absolute value of the eigenvalues of F acting on the character group of an F -stable maximal
torus of G (and so q is an integer unless J is a Suzuki-Ree group). Also let G∗ denote the
algebraic group dual to G (so G∗ is simply connected). Sometimes we also view S as L/Z(L),
where L := GFsc and Gsc is the simply connected algebraic group isogenous to G with a suitable
Steinberg endomorphism Gsc → Gsc that we also denote by F . We refer to [2] and [4] for basic
facts on finite groups of Lie type.

We fix all this notation, as well, throughout this section.
We begin with an elementary extension of the Borel-Tits theorem [9, 3.1.3(a)] to almost

simple groups.

Lemma 4.2. If 1 6= R ≤ S is a p-subgroup, then there is a parabolic subgroup P < S such
that R ≤ U := Op(P ), P = NS(U), and NG(R) ≤ NG(U).
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Proof. Define R1 := R, and Rn+1 := Op(NS(Rn)) for any integer n ≥ 1. By construction,
we have that

Rn+1 ≥ Rn ≥ R, NG(Rn+1) ≥ NG(Rn) ≥ NG(R).

Since NS(Rn+1) ≥ NS(Rn), there must be some n ≥ 2 such that NS(Rn) = NS(Rn−1), which
implies that Rn+1 = Rn ≥ R. Applying the Borel-Tits theorem [9, (3.1.3)(a)] to Rn, we can
find a parabolic subgroup P < S such that

Rn ≤ U := Op(P ), NS(Rn) ≤ P = NS(U).

Now, NS(Rn) normalizes W := NU (Rn), and so W ≤ Op(NS(Rn)) = Rn+1 = Rn. It follows
that NU (Rn) = Rn, Rn = U , and we are done.

Corollary 4.3. Neither of the following two conditions can hold for x.
(i) x normalizes a nontrivial p-subgroup R of G.
(ii) p divides |CG(x)|.
In particular, if j = 1 then x ∈ J is regular semisimple.

Proof. Clearly (ii) implies (i). Assume now that (i) holds, so that x ∈ NG(R). Since S
has p′-index in G = S〈x〉, by Lemma 4.2 there is a parabolic subgroup P < S such that R ≤
U := Op(P ), P = NS(U), and NG(R) ≤ H := NG(U). Note that all non-abelian composition
factors of H are simple groups of Lie type in characteristic p of order smaller than |S|, but
not 2F4(2)′ or G2(2)′ in characteristic 2, or 2G2(3)′ in characteristic 3, by (4.1). As Theorem
3.2 handles the A6 case, the minimality of G implies by Theorem 2.4 that x ∈ Op′(H). Note
that U ≤ Op(H), hence [x, U ] = 1 and so x ∈ CG(U). Recall (4.1) that S 6∼= Sp4(2)′ ∼= A6 and
G ≤ Aut(S). Hence CG(U) ≤ U by [8, (13-2)], whence the p′-element x must be 1.

Recall (4.2) that j is the least positive integer such that xj ∈ J = Inndiag(S).

Theorem 4.4. xj 6= 1.

Proof. Assume the contrary: xj = 1. By [9, Theorem 2.5.12(a)], Aut(S) = J o ΦSΓS for a
certain subgroup ΦS of field automorphisms, and a certain set ΓS of graph automorphisms or
graph-field automorphisms such that ΦSΓS is a group. Hence we can find x1 ∈ ΦSΓS of order
j such that x ∈ Jx1.

(i) First we consider the case where x1 is a field or a graph-field automorphism of S, in the
sense of [9, Definition 2.5.13]. We will show that p divides |CJ(x)| in this case. For this purpose,
we may replace x by any generator of 〈x〉. As shown in the proof of [9, Proposition 4.9.1(d)],
x = hx1h

−1 for some h ∈ J , and the action of x1 on J = GF is induced by some Steinberg
endomorphism τ of G satisfying F ∈ 〈τ〉 (possibly after replacing x by a suitable generator of
〈x〉). In this case,

|CJ(x)| = |CJ(x1)| = |CG(F ) ∩CG(τ)| = |CG(τ)| = |Gτ |,

and so p divides |CJ(x)|.
As p - |J/S|, p also divides |CS(x)|, contradicting Corollary 4.3.

(ii) We have shown that x is a graph automorphism of S; in particular, J is not a Suzuki-Ree
group. Assume in addition that j is a prime. In the untwisted case, we have that either j = 2 (so
p 6= 2 as x is a p′-element), or (J, j) = (D4(q), 3) (and p 6= 3). In the twisted case J = dΣ(q) we
have d|j, and so either j = 2 (and p 6= 2), or (J, j, p) = (3D4(q), 3, 6= 3). Checking [9, Table 4.5.1]
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for j = 2 and [9, Table 4.7.3A] for j = 3, we see that p divides |CS(x)|, again contradicting
Corollary 4.3.

Thus j cannot be a prime. This implies that J = d Σ(q) with d > 1 and d|j. In this case,
xj/d has order d modulo J , so xj/d is still a graph automorphism of S. We can also assume that
S 6∼= PSUn(q) with (n, q) = (3, 2), (3, 3), (4, 2), (4, 3), and S 6∼= 3D4(2), since Conjecture 2.3 can
be checked by [5] to hold for all these small groups. Now we can use Tables 4.5.1 and 4.7.3A
of [9] to check that L := E(Op′(CJ(xj/d))) < S is a central product L = L1 ∗ L2 ∗ . . . ∗ Ls of
quasisimple groups in characteristic p; in particular, [L,L] = L and Op′(L) = Z(L).

By the minimality of (G,S, x), Conjecture 2.3 holds for all composition factors of L〈x〉.
Hence by Theorem 2.4 we have that x ∈ Op′(L〈x〉). Now [x, L] ⊆ Op′(L) = Z(L). As L = [L,L],
we then get that [x, L] = [x, [L,L]] is contained in [[x, L], L] ⊆ [Z(L), L] = {1}. Thus CS(x)
contains L and so has order divisible by p, again a contradiction.

Recall that J = GF is defined over the field Fq.

Proposition 4.5. The following statements hold.
(a) If q ≥ 4, then every nontrivial element in 〈xj〉 is regular semisimple in J .
(b) If q = 2 or 3, then xj is regular semisimple in J .

Proof. (i) By Theorem 4.4, xj 6= 1. Assume now that 1 6= xjm is not a regular semisimple
element of J for some m ≥ 1. Then CS(xjm) contains a nontrivial unipotent element u ∈ S,
which then centralizes any power of xjm. Replacing xjm by a suitable power of it, we may
assume that z := xjm has prime order. By [9, Theorem 4.2.2], L := Op′(CS(z)) < S is a central
product L = L1 ∗ L2 ∗ . . . ∗ Ls, where each Li = diΣi(q

mi) is a finite group of Lie type defined
over Fqmi for some mi ≥ 1 (arising from a simple algebraic group with Dynkin diagram Σi, in
the sense of [9, Definition 2.2.1]). Moreover, no Li is isomorphic to G2(2) or 2F4(2) if p = 2,
or 2G2(3) if p = 3. In particular, all non-abelian composition factors of L〈x〉 are groups of Lie
type in characteristic p, or A6, and so they satisfy Conjecture 2.3 by the minimality of (G,S, x)
and Theorem 3.2. Hence x ∈ Op′(L〈x〉) by Theorem 2.4.

Recall that Li = diΣi(q
mi) is defined over Fqmi for any i. Under the extra assumption that

q ≥ 4, each Li is a quasisimple group of Lie type in characteristic p, see [9, Theorem 2.2.7(b)]; in
particular, [Li, Li] = Li and Op′(Li) = Z(Li). It follows that [L,L] = L and Op′(L) = Z(L). As
in the proof of Theorem 4.4, we now see that [x, L] = 1, whence p divides |CG(x)|, contradicting
Corollary 4.3.

We are also done by Corollary 4.3 if j = 1 and q ≤ 3. Suppose now that q = 2. Since the
case soc(G) = D4(2), 3D4(2) is checked using [5], we may assume that S 6∼= D4(2), 3D4(2). It
follows that |Out(S)| ≤ 2. On the other hand, p = 2 - |x|, so j = 1 and we are done.

(ii) Now we consider the case where q = 3 and j ≥ 2 but j is coprime to p = 3. In this case,
we must have that j = 2, |x| = 2m for some m > 1, and z := xm is either an inner-diagonal or
a graph automorphism of order 2. We will also assume that

S 6∼= A±2 (3), A±3 (3), B2(3), B3(3), C2(3), D4(3), G2(3)

in which cases Conjecture 2.3 is checked using [5]. Now, using [9, Table 4.5.1], we can verify
that L := E(Op′(CJ(z))) < S is a central product L = L1 ∗ L2 ∗ . . . ∗ Ls of quasisimple groups
over Fq; in particular, [L,L] = L and Op′(L) = Z(L). Again the minimality of (G,S, x) implies
by Theorem 2.4 that x ∈ Op′(L〈x〉). Arguing as above, we deduce that [x, L] = 1 and so p
divides |CG(x)|, contradicting Corollary 4.3.

The next lemma obviously applies to an arbitrary finite group G.
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Lemma 4.6. Let N CG and let X ⊆ N be a normal subset of G. For any χ ∈ Irr(G) and
any α ∈ Irr(N) lying under χ,∑

x∈X χ(x)

|X|
=
χ(1)

α(1)
·
∑
x∈X α(x)

|X|
.

Proof. Write χ|N =
∑t
i=1 αi, where α1 = α, α2, . . . , αt ∈ Irr(N) areG-conjugate. SinceX is

G-invariant,
∑
x∈X αi(x) =

∑
x∈X α(x) for all i. Hence the statement follows, as t = χ(1)/α(1).

Let U denote the set of regular unipotent elements in J . Note that U ⊂ S and U is a normal
subset of G.

We return to the notation and conditions set up at the beginning of this section.

Lemma 4.7. Let

Y :=
{
χ ∈ Irr(G)

∣∣χ|S ∈ Irr(S)
}
, Y0 :=

{
χ ∈ Y

∣∣χ(1) > 1
}
.

Then there is no p′-element z ∈ Sx and subset Y ′ ⊆ Y0 such that the following two conditions
hold:

(a) Σ(x, z) :=
∑
χ∈Y0rY ′

|χ(x)χ(z−1)|
χ(1)

< |G/S|, and

(b)
∑
u∈U χ(x)χ(u)χ(z−1) ∈ R≥0 for all χ ∈ Y ′.

Proof. Let z ∈ G be a p′-element fulfilling the two conditions (a) and (b). Consider any
χ ∈ Irr(G) and let α ∈ Irr(S) be lying under χ. If α is x-invariant, then, since G = 〈S, x〉, α
extends to G and furthermore χ|S ∈ Irr(S), that is, χ ∈ Y . Suppose on the other hand that α
is not x-invariant. Then I := IG(α) < G, χ|S = e

∑t
i=1 αi with α1, . . . , αt being the set of all

distinct G-conjugates of α and t = |G : I|. Furthermore, x acts on any G-module affording χ,
permuting the t isotypic S-components (affording S-characters eα1, . . . , eαt) transitively and
fixed-point-freely. It follows that χ(x) = 0 whenever χ /∈ Y . Thus, in the notation of Lemma
3.1,

Σ(x, y, z) =
∑
χ∈Y

χ(x)χ(y)χ(z−1)

χ(1)

for any y ∈ G.
Now if χ ∈ Irr(G/S) and u ∈ U , then χ(1) = 1, χ(x)χ(z−1) = 1 = χ(u). Since G/S is abelian,

it follows by condition (b) that

1

|U|
∑

χ∈Irr(G/S)∪Y ′, u∈U

χ(x)χ(u)χ(z−1)

χ(1)
≥ |G/S|. (4.3)

Next, consider any χ ∈ Y0, so that α := χ|S ∈ Irr(S), and let β ∈ Irr(J) lying above α. By [2,
Proposition 8.3.3(i)] we have

1

|U|
∑
u∈U

β(u) = 0, ± 1.

Applying Lemma 4.6 to S CG and to S C J we then obtain∣∣∣∣∣ 1

|U|
∑
u∈U

χ(u)

∣∣∣∣∣ =

∣∣∣∣∣ 1

|U|
∑
u∈U

α(u)

∣∣∣∣∣ =

∣∣∣∣∣α(1)

β(1)
· 1

|U|
∑
u∈U

β(u)

∣∣∣∣∣ ≤ 1.
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Together with (4.3), this implies that

1

|U|

∣∣∣∣∣∣
∑
u∈U

∑
χ∈Irr(G)

χ(x)χ(u)χ(z−1)

χ(1)

∣∣∣∣∣∣
≥

∣∣∣∣∣∣ 1

|U|
∑

χ∈Irr(G/S)∪Y ′, u∈U

χ(x)χ(u)χ(z−1)

χ(1)

∣∣∣∣∣∣−
∣∣∣∣∣∣ 1

|U|
∑

χ∈Y0rY ′, u∈U

χ(x)χ(u)χ(z−1)

χ(1)

∣∣∣∣∣∣
≥ |G/S| −

∣∣∣∣∣∣
∑

χ∈Y0rY ′

χ(x)χ(z−1)

χ(1)
· 1

|U|
∑
u∈U

χ(u)

∣∣∣∣∣∣
≥ |G/S| −

∑
χ∈Y0rY ′

|χ(x)χ(z−1)|
χ(1)

·

∣∣∣∣∣ 1

|U|
∑
u∈U

χ(u)

∣∣∣∣∣
≥ |G/S| −

∑
χ∈Y0rY ′

|χ(x)χ(z−1)|
χ(1)

> 0.

Hence, there must be some u ∈ U such that∑
χ∈Irr(G)

χ(x)χ(u)χ(z−1)

χ(1)
6= 0,

and Lemma 3.1 contradicts our assumption that (G,S, p) is a counterexample to Conjecture
2.3.

Lemma 4.8. We have that

|CG(x)| ≤ j|CJ(x)| ≤ j|CJ(xj)|.

If in addition xj is regular semisimple and J is defined over Fq, then the following upper bounds
hold.
(i) |CJ(xj)| ≤ d|CS(xj)| ≤ d|T F | ≤ d(q + 1)r, for some F -stable maximal torus T of Gsc and

r = rank(G).
(ii) Suppose some generator of 〈x〉 lies in Jτ , where τ ∈ ΦS is induced by a field automorphism

of G which has q0 as the common absolute value of its eigenvalues while acting on the
character group of a τ -stable maximal torus of G. Then there exist a τ -stable maximal
torus of G and e ≤ |Z(G∗)| such that

|CJ(x)| ≤ e|T τ | ≤ e(q0 + 1)r.

In fact, one can take e = 1 if d = 1.

Proof. The first claim and the inequality |CJ(xj)| ≤ d|CS(xj)| are obvious. Next, to prove
(i) we view S as L/Z(L), where L := GFsc. Let z be an inverse image of xj in Gsc and let D
be the full inverse image of CS(xj) in L. Then CGsc(z) = T is a maximal torus of Gsc, and
so |CL(z)| = |T F | ≤ (q + 1)r. Next, there is a group homomorphism f : D → Z(L) such that
vzv−1 = f(v)z, and D ≥ Z(L). Since Ker(f) = CL(z), it follows that

|CS(xj)| = |D|/|Z(L)| ≤ |CL(z)| = |T F | ≤ (q + 1)r,

completing the proof.
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To prove (ii), first we note that we can replace (J,G) by (L = GFsc,Gsc) if d = 1. Replacing x
by a suitable generator of 〈x〉, we may assume that x acts on J as gτ with g ∈ J . Since xj ∈ J
is regular semisimple, CG(xj)◦ = T1, a maximal torus. By [4, Lemma 13.14(iii)], |CG(xj)/T1| ≤
|Z(G∗)|, and moreover CG(xj) = T1 in the case d = 1 after we make the noted replacement. As
CJ(x) ≤ CJ(xj), we then have

|CJ(x)| ≤ e|CT1(x)|.

Consider any v ∈ CT1(x). By the Lang-Steinberg theorem, g = h−1τ(h) for some h ∈ G. Now

v = vx = h−1τ(h)τ(v)τ(h−1)h,

yielding hvh−1 ∈ Gτ . We have shown that CT1(x) ≤ T τ for the maximal torus T = hT1h−1 of
G. Next, xj ∈ CT1(x) by [2, Proposition 3.5.1], so we also have that hxjh−1 ∈ T τ . Thus the
regular semisimple element hxjh−1 is τ -stable, and it is contained in the maximal torus T .
Since any regular semisimple element is contained in a unique maximal torus by [4, Proposition
14.6(ii)], it follows that T is τ -stable. Hence

|CT1(x)| ≤ |T τ | ≤ (q0 + 1)r,

as desired.

Recall (see for example [26]) that for any integers n ≥ 3, a ≥ 2, and (a, n) 6= (6, 2), an − 1
has a primitive prime divisor, that is, a prime divisor that does not divide

∏n−1
i=1 (ai − 1); any

such divisor will be denoted by ppd(a, n).
In the even-dimensional unitary case, that is when S = PSU2m(q) with m ≥ 2, we will need

some extra information. Fix θ ∈ F×q2 with θq = −θ, and a basis (e1, . . . , em, f1, . . . , fm) of the

natural module W := F2m
q2 , in which the Hermitian form has Gram matrix

θΓ =

(
0 θIm
−θIm 0

)
.

Note that in this basis, X ∈ GU(W ) = GU2m(q) if and only if tX(q)ΓX = Γ, and so we can
consider the field automorphism σ that raises any entry of X ∈ GU(W ) to its pth power. We
will also denote by σ its action on S. Then Aut(S) = J o ΦS with ΦS = 〈σ〉. In particular,
j|2f = |σ|.

Proposition 4.9. Suppose that S = PSU2m(q) for some m ≥ 2.
(i) Then

|CJ(x)| ≤ |Z(G∗)| · |T σ
2f/j

| ≤ |Z(G∗)| · (q2/j + 1)2m−1

for a σ2f/j-stable maximal torus T of G.
(ii) Suppose that (m, q) 6= (3, 2) and j ≤ 2, so that x ∈ 〈J, σf 〉. Choose ` = ppd(p, 2mf) if 2|m

and ` = ppd(p,mf) if 2 - m. Then there is a p′-element z ∈ Sx of order divisible by ` such
that |CJ(z)| ≤ (q2m − 1)/(q + 1).

Proof. (i) By Proposition 4.5, xj is regular semisimple. Replacing x by a suitable generator
of 〈x〉, we may assume that x acts on J as gσ2f/j and g ∈ J . Now the statement follows from
Lemma 4.8(ii).

(ii) First we note that X ∈ H := GU(W ) is fixed by σf if and only X = X(q) and tXΓX = Γ,
equivalently, X ∈ Sp2m(q). Hence CH(σf ) = Sp2m(q). Furthermore, the choice of ` ensures
that if t1 ∈ Sp2m(q) has order `, then t1 has simple spectrum on W ⊗Fq2

Fq2 , and so t1 is
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regular semisimple in GU(W ). Furthermore, a Sylow `-subgroup of Sp2m(q), of order the `-
part (q2m − 1)` of q2m − 1, is also a Sylow `-subgroup of H. Thus we have shown that some
Q1 ∈ Syl`(H) is centralized by σf .

On the other hand, using the embedding

GL1(q2m) ↪→ StabH(〈e1, . . . , em〉Fq2
) ∩ StabH(〈f1, . . . , fm〉Fq2

) ∼= GLm(q2),

we can choose Q ∈ Syl`(H) inside GL1(q2m) and check that CH(Q)L = H for L := SU(W ).
Now an H-conjugate t of t1 in Q is regular semisimple in H, and CH(t) ≥ GL1(q2m). It follows
that

CH(t) = CH(Q) = GL1(q2m). (4.4)

As shown above, Q is centralized by an H-conjugate of σf . Hence,

H o 〈σf 〉 = CHo〈σf 〉(Q)L = CHo〈σf 〉(t)L.

Taking quotient by Z(H) (and denoting the image of t in S also by t), we see that

CJo〈σf 〉(t)S = J o 〈σf 〉. (4.5)

Now we return to G = 〈S, x〉 ≤ J o 〈σf 〉. Using (4.4) we can write CG(t) = Q̄oD, where D
is an `′-group of order dividing 2(q2m − 1)/|Q̄| and Q̄ ∈ Syl`(S) is the image of Q < L in S.
Next, (4.5) implies that G = CG(t)S. As Q̄ < S, we can find v ∈ D such that z := tv ∈ Sx.
Now |v| is coprime to p`, so |z| is divisible by ` but not by p. Furthermore, the `-part of z is t
and ` - (q + 1) = |Z(H)|. It follows that

|CJ(z)| ≤ |CJ(t)| = |CH(t)|/|Z(H)|,

and we are done by (4.4).

We now complete the proof of Theorem 4.1, in steps (a)–(g). Recall that xj is regular
semisimple. Our arguments will rely on Lemma 4.7. In the generic case, we choose z = x and
work with a suitable Y0. In some non-generic cases, such as when S = PSU2m(q), we will need
to make a more refined choice of z ∈ Sx to ensure the condition 4.7(b). We will denote by σ
the field automorphism of S induced by the map t 7→ tp of Fp. All the small cases excluded in
the subsequent proof are handled using [5].

(a) We begin with the case S = PSL2(q) and q ≥ 11, whence d = gcd(2, q − 1) = |Z(G∗)|.
First assume that j = 1, i.e. G ≤ J = PGL2(q). As x is regular semisimple, there is a unique
ε = ±1 such that x ∈ G ∩ T1, where T1 ∼= Cq−ε is a maximal torus of J . Then we can choose
z ∈ Sx a regular semisimple element in another maximal torus T2 ∼= Cq+ε of J . This ensures
that χ(x)χ(z) = 0 for χ ∈ Y0 unless

χ ∈ Y ′ := {χ ∈ Y0 | χ(1) = q}.

Since χ(u) = 0 for χ ∈ Y ′ and u ∈ S any regular unipotent element, we are done.
Assume now that j ≥ 2. We may assume that some generator of 〈x〉 lies in Jτ , where τ is

induced by σf/j . Then by Lemma 4.8 we have |CG(x)| ≤ jd(q1/j + 1). Choosing z = x, Y ′ = ∅,
and noting that χ(1) ≥ (q − 1)/d for all χ ∈ Y0, we see that

Σ(x, x) =
∑

χ(1)≥(q−1)/d

|χ(x)|2

χ(1)
≤ d|CG(x)|

q − 1
≤ jd2(q1/j + 1)

q − 1
< j ≤ |G/S|,

if 2 - q ≥ 27 or 2|q ≥ 8. The remaining cases of small q are handled using [5].

(b) Next we consider the case S = PSLn(q) with n ≥ 3 and

(n, q) /∈ {(3, 2), (3, 3), (3, 4), (3, 5), (3, 7), (4, 2), (4, 3), (6, 2)}
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By Lemma 4.8(i) we have |CG(x)| ≤ jd(qn − 1)/(q − 1) with d = gcd(n, q − 1). Define

D :=


(q2 − 1)(q − 1)/ gcd(3, q − 1), n = 3,
(q3 − 1)(q − 1)/ gcd(2, q − 1), n = 4,
(qn − 1)(qn−1 − q2)/(q − 1)(q2 − 1), n ≥ 5, (n, q) 6= (6, 3),
(q5 − 1)(q3 − 1), (n, q) = (6, 3),

and Y ′ := {χ ∈ Y0 | χ(1) < D}. Then, according to [24, Theorem 3.1], χ|S is a Weil character,
of degree (qn − q)/(q − 1) or (qn − 1)/(q − 1), for any χ ∈ Y0. The explicit formulae for Weil
characters show that χ(u) = 0 or 1 for any u ∈ U . Choosing z = x we now see that condition
4.7(b) holds. The assumption on (n, q) shows that

Σ(x, x) =
∑

χ(1)≥D

|χ(x)|2

χ(1)
≤ |CG(x)|

D
< j ≤ |G/S|, (4.6)

and so we are done.

(c) Next we consider the case S = PSUn(q) with n ≥ 3 and

(n, q) /∈ {(3, 2), (3, 3), (3, 4), (3, 5), (3, 7), (3, 8), (3, 9), (3, 11), (4, 2), (4, 3), (4, 5), (5, 2), (6, 2)}.

By Lemma 4.8(i) we have |CG(x)| ≤ jd(q + 1)n−1 with d = gcd(n, q + 1). Define

D :=



(q2 − q + 1)(q − 1)/ gcd(3, q + 1), n = 3,
(qn + 1)(qn−1 − q2)/(q + 1)(q2 − 1), 2 - n ≥ 5, (n, q) 6= (9, 2),
29240, (n, q) = (9, 2),
(q2 + 1)(q2 − q + 1)/ gcd(2, q − 1), n = 4, j ≤ 2
(qn − 1)(qn−1 − q)/(q + 1)(q2 − 1), 2|n ≥ 6, j ≤ 2
(qn − 1)/(q + 1), 2|n ≥ 4, j ≥ 3,

and Y ′ := {χ ∈ Y0 | χ(1) < D}.
Assume in addition that 2 - q and (n, q) 6= (9, 2). Then, according to [24, Theorem 4.1], χ|S

is a Weil character, of degree (qn − q)/(q + 1) or (qn + 1)/(q + 1), for any χ ∈ Y ′. The explicit
formulae for Weil characters [25, Lemma 4.1] show that χ(u) = 0 or 1 for any u ∈ U . Choosing
z = x we now see that condition 4.7(b) holds. The assumption on (n, q) shows that (4.6) holds,
since (n, q) 6= (9, 2). In the exceptional case of (9, 2), since |ΦSΓS | = 2 and p - |x|, we must have
that j = 1 and G ≤ J = PSU9(2) · 3. It is straightforward to show that we can find z ∈ Sx of
order divisible by 19 and |CJ(z)| = 171. Using [18], one can check for any χ ∈ Y ′ that either
χ|S is a Weil character of degree 170 and so again χ(u) = 0 for u ∈ U , or χ has 19-defect zero,
whence χ(z) = 0. Thus condition 4.7(b) holds. Furthermore, by Schwarz’ inequality,

Σ(x, z) =
∑

χ(1)≥D

|χ(x)χ(z−1)|
χ(1)

≤
√
|CG(x)| · |CG(z)|

D
≤
√

39 · 171

29240
< 1,

and we are again done.
Now we will assume that n = 2m ≥ 4. Suppose in addition that j ≤ 2. Then, according to

[24, Theorem 4.1], χ|S is again a Weil character, of degree (qn + q)/(q + 1) or (qn − 1)/(q + 1),
for any χ ∈ Y ′. We will choose z ∈ Sx as specified in Proposition 4.9(ii). If χ ∈ Y ′ has degree
(qn − q)/(q + 1), then χ(u) = 0 for u ∈ U by [25, Lemma 4.1]. On the other hand, if χ ∈ Y ′
has degree (qn − 1)/(q + 1), then it has `-defect 0 (since ` ≥ 2f + 1) and so χ(z) = 0. Thus
condition 4.7(b) holds. Furthermore,

Σ(x, z) ≤
√
|CG(x)| · |CG(z)|

D
≤
√
jd(q + 1)n−1 · j(qn − 1)/(q + 1)

D
< j,

and so we are done.
Finally, we consider the case n = 2m ≥ 4 but j ≥ 3. This implies that q ≥ 8 (since f ≥ 2 and

moreover j 6= 2 if 2|q). We now choose z = x. By [24, Theorem 4.1], χ|S is a Weil character
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of degree (qn + q)/(q + 1) for χ ∈ Y ′, whence χ(u) = 0 for u ∈ U by [25, Lemma 4.1], and
condition 4.7(b) holds. Now by Proposition 4.9(i) we have |CG(x)| ≤ j · |Z(G∗)| · (q2/3 + 1)n−1

and so

Σ(x, x) ≤ |CG(x)|
D

≤ j · |Z(G∗)| · (q2/3 + 1)n−1

(qn − 1)/(q + 1)
< j,

completing the treatment of type A.

(d) Here we consider the case S = PSp2n(q) with n ≥ 2 and

(n, q) /∈ {(2, 2), (2, 3), (2, 4), (2, 5), (2, 7), (3, 2), (3, 3), (4, 2), (5, 2), (6, 2)}.

By Lemma 4.8(i) we have |CG(x)| ≤ jd(q + 1)n with d = gcd(2, q − 1) = |Z(G∗)|. Define

D :=

{
(qn − 1)/2, 2 - q
(qn − 1)(qn − q)/2(q + 1), 2|q.

By [24, Theorems 5.2, 5.5], Y ′ := {χ ∈ Y0 | χ(1) < D} is empty.
First we consider the case j ≥ 2. Then q ≥ p2, and we may assume that a generator of 〈x〉

lies in Jσf/j . Hence |CG(x)| ≤ jd(q1/j + 1)n by Lemma 4.8(ii). Choosing z = x, we then see
that

Σ(x, x) ≤ |CG(x)|
D

≤ jd(q1/2 + 1)n

D
< j,

and we are done.
Assume now that j = 1, and so G ≤ J . Define

Y1 := {χ ∈ Y0 | χ(1) < D1 := (qn − 1)(qn − q)/2(q + 1)}.

By [24, Theorem 5.2, 5.5], Y1 can be non-empty only when 2 - q, in which case χ|S is one of the
two Weil characters, of odd degree (qn − ε)/2 for (exactly one) ε = ±1 for any χ ∈ Y1. These
two Weil characters are fused by any element in J r S. It follows that Y1 = ∅ if G > S. Now
we choose z to be an element in PSL2(qn) < S of order (qn − ε)/2 in the case G = S and 2 - q,
and z = x otherwise. In the former case, χ(z) = 0 for any χ ∈ Y1 and |CG(z)| = (qn − ε)/2.
Hence

Σ(x, z) =
∑

χ(1)≥D1

|χ(x)χ(z−1)|
χ(1)

≤
√
|CG(x)| · |CG(z)|

D1
≤ d(q + 1)n

(qn − 1)(qn − q)/2(q + 1)
< 1,

and we are done.

(e) Next, let S = Ω2n+1(q) with n ≥ 3, p ≥ 3, and (n, q) 6= (3, 3). By Lemma 4.8(i) we have
|CG(x)| ≤ 2j(q + 1)n. Next, by [24, Theorems 6.1], χ(1) ≥ D := (qn − 1)(qn − q)/(q2 − 1) for
all χ ∈ Y0. Choosing z = x and Y ′ := ∅, we have

Σ(x, x) ≤ |CG(x)|
D

≤ 2j(q + 1)n

(qn − 1)(qn − q)/(q2 − 1)
< j,

and we are done.

(f) Here we consider the case S = PΩε2n(q) with n ≥ 4, ε = ±, and

(n, q) 6= (4, 2), (4, 3), (5, 2).

By Lemma 4.8(i) we have |CG(x)| ≤ jd(q + 1)n with d = gcd(4, qn − ε). Define

D :=


(q3 − 1)(q2 + 1)(q − 1)/2, n = 4,
(qn + 1)(qn−1 − q)/(q2 − 1), n ≥ 5, (n, q, ε) 6= (6, 2,±), (5, 3,−),
5002, (n, q, ε) = (5, 3,−), CG(xj)S ≥ J,
2551, (n, q, ε) = (5, 3,−), CG(xj)S 6≥ J,
q14, (n, q) = (6, 2),
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and Y ′ := {χ ∈ Y0 | χ(1) < D}. Accordingly, we choose z = x if n = 4 or n ≥ 6 but (n, q) 6=
(6, 2), z ∈ S = Sx = G of order ` = 31 if (n, q, ε) = (6, 2,+) and ` = 13 if (n, q, ε) = (6, 2,−).
In all cases we have |CG(z)| ≤ dj(q + 1)n. The assumption on (n, q) now implies that

Σ(x, z) =
∑

χ(1)≥D

|χ(x)χ(z−1)|
χ(1)

≤
√
|CG(x)| · |CG(z)|

D
≤ jd(q + 1)n

D
< j

in all but possibly the case where (n, q, ε) = (5, 3,−) and CG(xj)S 6≥ J . Assume we are in this
exceptional case. Then CG∩J(x)S < J and |J/S| = d = 4, so we have, as in the proof of Lemma
4.8,

|CG∩J(xj)| ≤ 2|CS(xj)| ≤ 2(q + 1)5.

Since |G/(G ∩ J)| = j, we get

|CG(x)| ≤ |CG(xj)| ≤ j|CG∩J(xj)| ≤ 2j(q + 1)5

(instead of the weaker bound |CG(x)| ≤ dj(q + 1)5), and so (4.6) holds in this case as well.
It remains to verify condition 4.7(b). This condition obviously holds in the case where n ≥ 5

but (n, q, ε) 6= (6, 2,±), (5, 3,−), since in this case Y ′ = ∅ by [24, Theorem 7.6].
If n = 4, then [18] implies that q|χ(1) for all χ ∈ Y ′ (in fact χ|S is the nontrivial unipotent

character of smallest degree). Now if γ ∈ Irr(J) lies above χ|S , then q|γ(1) implies by [2,
Theorem 8.4.8] that γ is not a semisimple character of J , whence

∑
u∈U γ(u) = 0 by [2, p.

280]. It follows from Lemma 4.6 that
∑
u∈U χ(u) = 0 as well.

Suppose (n, q) = (6, 2). By [21], for any χ ∈ Y ′ either q|χ(1), or χ has `-defect 0. In the
former case, arguing as in the preceding paragraph we see that

∑
u∈U χ(u) = 0. In the latter

case, χ(z) = 0 by the choice of z.
Finally, assume that (n, q, ε) = (5, 3,−). Consider any χ ∈ Y ′. According to [5], χ|S is either

a unique character α of degree 2379, or one of the two characters β1,2 of degree 2501. In the
former case, q|χ(1) and so

∑
u∈U χ(u) = 0 as shown above. In particular, condition 4.7(b) holds

in the case CG(xj)S 6≥ J . Next, using [18] one can check that β1 and β2 are fused in J . Hence
in the remaining case CG(xj)S ≥ J we have that χ|S = α and again condition 4.7(b) holds.

(g) Now we consider exceptional groups of Lie type, and we assume that

S 6∼= 2B2(8), 2G2(27), G2(3), G2(4), 3D4(2), 2F4(2)′, F4(2), 2E6(2).

We will choose z = x, Y ′ = ∅, and let D denote the smallest degree of nontrivial complex
irreducible characters of S, as listed in [23, Table 1]. Again by Lemma 4.8(i) we have |CG(x)| ≤
jd(q + 1)r if S 6∼= 3D4(q), and |CG(x)| ≤ j(q2 + q + 1)2 if S ∼= 3D4(q). Now we can check that

Σ(x, x) =
∑

χ(1)≥D

|χ(x)|2

χ(1)
≤ |CG(x)|

D
< j.

This completes the proof of Theorem 4.1.

We now drop the assumptions and notation from the beginning of this section.

Proof of Theorem C. It suffices to prove the statement in the case G = 〈S, x〉. In this
case, as mentioned in the first paragraph of Section 3, if S is a sporadic simple group, then
the statement was checked using [5]. The cases where S is an alternating group, respectively
a simple group of Lie type in characteristic p, follow from Theorem 3.2 and Theorem 4.1,
respectively.

We conclude by giving some evidence in support of Conjecture B in the case p = 2 and
G = S is an odd-characteristic group of Lie type.
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Remark 4.10. Suppose that S is either a simple classical group in odd characteristic, or
S ∈ {2G2(q), G2(q), 3D4(q), E8(q)} with 2 - q, or S ∼= E6(q) with 4|(q − 1), or S ∼= 2E6(q) with
4|(q + 1). Then, as shown in §§7.2, 7.4 of [10], S contains a regular 2-element u. Certainly, we
can also find a regular semisimple element y ∈ S of odd order. Now by [7], yS · (u−1)S contains
any nontrivial semisimple element of S. In particular, if 1 6= x ∈ S is semisimple of odd order,
then we may assume x = yu−1, i.e. xu = y has odd order for a nontrivial 2-element u.
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Departament de Matemàtiques, Universitat
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