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Abstract

We study the Darboux integrability of two differential systems with parameters: a rela-
tivistic model in R* called the Raychaudhuri equation and a chemical reaction model in R®.
For the first one we prove that it is completely integrable and that the first integrals are of Dar-
boux type. This is the first four-dimensional realistic non-trivial model which is completely
integrable with first integrals of Darboux type and for which for a full Lebesgue measure set
of the values of the parameters the three linearly independent first integrals are rational. For
the second one, we find all its Darboux polynomials and exponential factors and we prove that
it is not Darboux integrable.

Keywords. Darboux polynomial; exponential factor; Darboux integrability; Raychaudhuri
equation; chemical reaction network

1 Introduction and presentation of the systems
Consider a polynomial differential system of degree d € N
x = P(x), x € R", 1.1

where P(x) = (Pi(x),...,P,(x)) € C[x] and the dot denotes derivative with respect to the

independent variable ¢.

A function H(x) is a first integral of system (1.1) if it is continuous and defined in a full
Lebesgue measure subset {2 C R”, is not locally constant on any positive Lebesgue measure
subset of 2 and moreover is constant along each orbit of system (1.1) in Q. If H is C!, then if X

is the vector field associated to system (1.1), we have

oH OH
X(H) = Pig 4+ Pug = =0.
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System (1.1) is C*-completely integrable in € if it has n — 1 functionally independent C* first
integrals in €. Recall that k functions H;(x), ..., Hg(x) are functionally independent in € if the
matrix of gradients (VHjy, ..., VHj) has rank & in a full Lebesgue measure subset of €2.

For an n-dimensional system of differential equations the existence of some first integrals
reduces the complexity of its dynamics and the existence of n — 1 functionally independent first
integrals solves completely the problem (at least theoretically) of determining its phase portrait.
In general for a given differential system it is a difficult problem to determine the existence or

non-existence of first integrals.

During recent years the interest in the study of the integrability of differential equations has
attracted much attention from the mathematical community. Darboux theory of integrability plays
a central role in the integrability of the polynomial differential systems since it gives a sufficient
condition for the integrability inside the family of rational functions. We highlight that it works for
real or complex polynomial ordinary differential equations and that the study of complex algebraic
solutions is necessary for obtaining all the real first integrals of a real polynomial differential

equation.

A Darboux polynomial of (1.1) is a polynomial f € C[x] such that

of of
(f) 1 axl + naxn f? ( )
where x = (x1,...,x,) and k € C[x], which is called the cofactor of f, has degree at most d — 1.

An exponential factor of (1.1) is a function F' = exp(g/ f), with f, g € C[x], such that

oF OF
XF)=P—+ - +P,— =LF 1.3
where x = (x1,...,x,) and L € C[x], which is called the cofactor of F, has degree at most d — 1.

We note that in this case f is a Darboux polynomial of (1.1) and that
X(g9) =kg+Lf, (1.4)

where k is the cofactor of f.

The Darboux theory of integrability relates the number of Darboux polynomials and exponen-
tials factors with the existence of a Darboux first integral, see for example [13]. We recall that a
Darboux first integral is a product of complex powers of Darboux polynomials and exponentials

factors.

The main aim in this paper is to study the Darboux integrability of two differential systems.
The first one belongs to R* and plays an important role in relativity theory; the second one belongs

to R® and has an important contribution in the chemical reaction network.

Our first system is the so-called Raychaudhuri equation for a two dimensional curved surface



of constant curvature:

2
& = —% —axy — 2(x3 + 23 — 23) — 28,
i'Q = —(Oé +3?1)$2 -7 (15)
i3 = —(a+x1)r3 — 0,
Ty = —(Oé—|—:)31)$4,

where «, 3, 6, 7y are real parameters. See [14, 1, 12] and the references therein. In general relativity,
the Raychaudhuri equation is a fundamental result describing the motion of nearby bits of matter.
It is quite relevant since it is used as a fundamental lemma for the Penrose-Hawking singularity
theorems (see [12] for details) and for the study of exact solutions in general relativity. However,
it has an independent interest since it offers a simple and general validation of our intuitive expec-
tation that gravitation should be a universal attractive force between any two bits of mass-energy

in general relativity, as it is in Newton’s theory of gravitation.

Here we further contribute to the understanding of the complexity, or more precisely of the
topological structure of the dynamics of system (1.5) by studying its integrability. Darboux poly-
nomials, analytic integrability and Darboux first integrals of this system were partially studied in
[15, 16, 17]. We prove here that Raychaudhuri equation is completely Darboux integrable, and
moreover that the three first integrals are, for almost all of the values of the parameters, rational.
As far as the authors know, this is the first four-dimensional realistic non-trivial model which is
completely integrable with first integrals of Darboux type for which for a full Lebesgue measure

set of the values of the parameters the three linearly independent first integrals are rational.

Our second differential system comes from a chemical reaction model in R5. In Chemical Re-
action Network Theory (CRNT), a reaction network ' = (S§,C, R) is defined as a set of species
S, a set of complexes C and a set of reactions R between complexes. Each complex is a combi-
nation of species. It is assumed that a reaction occurs according to mass-action kinetics, that is,
at a rate proportional to the product of the species concentrations in the reactant or source com-
plex. The set of reactions together with a rate vector give rise to a polynomial system of ordinary
differential equations. We refer the reader to [9, 10] for more information about CRNT. For a con-
crete system of chemical reactions the parameter and state spaces are typically high-dimensional
and one uses numerical methods to analyze the solutions. Due to high computational complexity
this can be done only for a small set of values of system’s parameters. Thus instead of studying
quantitative aspects of the dynamics, recently there has been an increasing interest in studying
qualitative properties of the CRN. For example in [2, 3, 4, 5, 6, 7] the authors considered the ques-
tion of existence of single versus multiple steady states (also referred to as multistationary). The
existence of first integrals of a polynomial differential system describing a CRN often provides
essential qualitative information (the level sets are invariant under the flow) about the solution or
can be used, as explained in the introduction, to reduce the dimension of the total state space.

Since the computation of nonlinear conservation laws (i.e., first integrals) is highly nontrivial most
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of the results known by now related to the CRN dynamics provide only trivial linear first integrals.
Hence, in this paper, our purpose is to show, by following an example (see system (1.6)), how to
apply Darboux theory of integrability to obtain nontrivial and nonlinear algebraic and Darboux

type first integrals.

More concretely, we deal with a particular system appearing in [9] coming from an enzymatic

mechanism:
T1 = —C1T1%4,
Tg = —C3T2T4 + C2T5,
$'3 — C4T5, (16)
T4 = —C1T1T4 — C3X2T4 + (CQ + 04)1‘5,

&5 = 17124 + c3T2x4 — (C2 + c4)T5,

where ¢y, c2, c3, ¢4 are positive constants. We study the Darboux integrability of this system by

characterizing its Darboux polynomials and its exponential factors.

2 Main results

In this section we provide the main results of the paper. Concerning system (1.5), we shall prove
that it is completely integrable, and moreover we shall provide three functionally independent
Darboux first integrals, distinguishing several cases depending on the parameters. We note that for
almost all of the cases, these first integrals are rational functions, as we explained above. It is a

nicely surprising result for a four-dimensional non-trivial system.

For system (1.6) we shall prove that there only exist two first integrals (already found in [9]),
which are polynomial, one irreducible Darboux polynomial and one exponential factor. With this
situation, we shall prove that the system is not Darboux integrable.

2.1 The Raychaudhuri equation

We can remove the parameter « in system (1.5) by the change 1 + o +— 1:

2
iy = = =23 + 23— a3) — 0,
Ty = —X1x2 — 7, .1
r3 — —x1x3 — (5,
Ty = —T124,

where 7o = 25 — o2 /2 € R. 1t is clear that x4 is a Darboux polynomial of systems (1.5) and (2.1)

with cofactor —x1, for all values of the parameters.



Depending on the values of « and § we distinguish three different systems. If v = § = 0 then

(2.1) becomes

2

iy = =5~ 2(a3 + 3 — ) — 0,

T2 = —w1@, 2.2)
T3 = —x1%3,

£t4 = —X124.

A first result about the Raychaudhuri equation is the following theorem concerning system

(2.2). Its proof was given in [15].

Theorem 2.1. System (2.2) is rationally completely integrable with the rational first integrals

SO T T St C i B Vel
€3 T4 X4

If v # 0 and 6 = 0 then we can apply the change x5 — x27y to obtain

2
b= -2 -2+ 2 - e -
L'UQ = —X1T2 — 1, (23)
T3 = —x123,
Ty = —X124.

If v = 0 and 0 # 0, then applying the change x3 +— x36 and swapping x2 and x3, and § and y
we obtain system (2.3) again.
Finally, if 7,0 # O then the changes x2 +— x97v and z3 +— 36 first and (z2,23) — (2 +

x3/2,x9 — x3/2) afterwards lead to

x% 2 2 W’% 2 2
L1 = 9 <’>’1£U2 + ng + V2T2T3 — $4) - "0,
Ty = —x1w2 — 1, (2.4)
T3 = —x173,
T4 = —T1T4,

where 72 =42+ 62 > 0and 12 = v — 62 € R.

We note that after the change z3 — 2x3/7; and setting y2 = 0, 71 = 7, system (2.4) is system
(2.3). Therefore the cases § = 0,y # 0 and § # 0, = 0 can be obtained from the case 9,y # 0.
In short, from now on we shall only study system (2.4).

The following theorem is our first main result. It completes the study of the integrability of the
Raychaudhuri equation by characterizing completely the existence of first integrals for any value

of the parameters -y, § # 0.
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Theorem 2.2. System (2.4) is completely integrable, with at least two of the three first integrals

being rational. Indeed:

(a) If 47% — 78 = 0 then we have the following functionally independent rational first integrals:

T3 F T, Ty
H =23 H= Hy = —1°2
YU ur T ) T Ty

where F and T; are Darboux polynomials.

(b) If 47% —’yg = 0 then we have the following functionally independent Darboux first integrals:

T, T T, GW—0
H=2 Hy="1"2 my=220_
T4 Tr3 T4 T1
where Ty and Ty are Darboux polynomials and G is an exponential factor.

The expressions of the Darboux polynomials and of the exponential factor appearing in Theo-

rem 2.2 are provided in the proof of Theorem 2.2, see Subsection 3.1.
2.2 The chemical reaction model
The second main result of this paper deals with system (1.6).
Theorem 2.3. The following results hold for system (1.6).
(a) It has the polynomial first integrals
Hi=x1+x3+ 23+ 25 Ho=1mx4+xs5.
Any other polynomial first integral is a polynomial function of Hy, Ho.
(b) The unique irreducible Darboux polynomial is x.

(¢c) The unique exponential factors are of the form e'3 for any p € C and exp(f — \/cqxs3)
where f — \/cqxs is a rational function of Hy, Hs for any A € C.

(d) It is not Darboux integrable.

3 Proof of the main results

We consider two subsections. The first one deals with the main result related to the Raychaudhuri

equation, while the second one deals with the main result related to the Chemical reaction system.



3.1 The Raychaudhuri equation: proof of Theorem 2.2

To prove Theorem 2.2 we first state and prove some auxiliary results. The first one simplifies the
expression of the general cofactor of a Darboux polynomial of system (2.1). We denote by f; the

homogeneous part of degree ¢ of a polynomial f.

Proposition 3.1. Ler f be a Darboux polynomial of degree m € N of system (2.1) with cofactor
k. Then k = ko + kix1, with ky € [-m, —m/2] N Z.

Proof. Letk = ko + k121 + kaxa + ksxs + kqx4 be the cofactor of f. Taking the homogeneous
part of degree m + 1 of the equation X'(f) = kf and using the Euler theorem of homogeneous

functions for f,,, we get the equation

(2k1x% + 221 (koxo + k3w + kaxq) + m(x% + 4(:v§ + m% - :pi)))fm

+ (2] — 4(25 + 23 — 27)) (xzajg; +x38{63 +x4a‘i4> —0.

The general solution of this equation is

. ky4+m+ k2212+7;3w32+’€42w4
_—2k1—m /.2 2 2 Vaptez—e
fm(x17x27x37x4) _xZ ! ($1 -2 x2+x3—x4> 2

key+m— Fazotkazathizy
2 z2+127z2
(1;1 + 2 J;% + a:% — xi) m Cm($17$3/x27334/552)7

where C),, is an arbitrary function. Since this is to be a polynomial of degree m, we must take

ko = ks = k4 = 0. Moreover C},, cannot depend on . Then
fm(x1, 29,23, 4) = xg%rm(:r% — 4(33% + a:% — xi))kﬁmCm(mg/xQ, x4/x2).
Since the exponents must be non-negative, the proposition follows. O
Lemma 3.2. The following statements hold concerning system (2.4).
1. It has two Darboux polynomials of degree one.

2. If 4’)/% — 'yg = 0, then it has four Darboux polynomials of degree two and one Darboux

polynomial of degree four.

3. If 47% - ’yg = 0, then it has two Darboux polynomials of degree two and an exponential

factor.

Proof. Clearly z3 and x4 are Darboux polynomials. Both have cofactor —x;. In particular z3/x4

is a rational first integral of (2.4).

Straightforward computations show that

T = k§ — 4y} + 2kdwy + k3 a? — Ay3kEad + dyokoxs — Viki a3 4 8yikoxe — Aok xons + 4kia?



8 Antoni Ferragut, Claudia Valls

is a Darboux polynomial of degree two of (2.4) with cofactor ky — x1, with kg a solution of
Ko == 492 + 2yok3 + ké’ = 0. These Darboux polynomials were already found in [11]. The
discriminant of Ky is 2107%(47% — 'yg). We recall that v; # 0. If 47% — fyg = 0 then we have four
Darboux polynomials, say 11, 15,15, T4, one for each solution of Ky = 0. Otherwise we have just

two, say Tl, Ts, as Ky = 0 has two double solutions.

The polynomial

2
F = (2§ + 290 — 477a3 — dyamamy — 2w} + 4a3)
+ 4 (7%(—4 — 8129 + 870:16% + 70:33) — 4(yo(x1 — 2vy0ma) w3 + ’yomi))

is a Darboux polynomial of degree four of system (2.4) with cofactor —2x;. We note that it coin-

cides with T T3 in the case 477 — ~3 = 0, for which we have the exponential factor

G = oxp { 2(—0)*” + ’m:rT} + 702 + 2703 } |
1

We notice that the cofactor of G is —1/2. ]

Proof of Theorem 2.2. Tt follows immediately from Lemma 3.2 and from the fact that the corres-
ponding linear combination of the cofactors of the Darboux polynomials and of the exponential

factor in the expressions of the functions in Theorem 2.2 is zero. O

3.2 The Chemical reaction: proof of Theorem 2.3

Statement (d) follows immediately from statements (a), (b) and (c), since there is no way to con-
struct two Darboux first integrals functionally independent of H;, H». In particular, it is clear that
the unique rational first integrals of system (1.6) are the rational functions in the variables H;, Ha.

Hence, we need to prove only statements (a), (b) and (c).

As in the proof of Theorem 2.2, we start the study of system (1.6) simplifying the general

expression of the cofactor of a Darboux polynomial.

Proposition 3.3. Let f be a Darboux polynomial of degree m € N of system (1.6) with cofactor
k. Then k = ko + kyxg4.

Proof. Let k = ko + kix1 + koxo + ksxs + kgzg + ksxs be the cofactor of f. Taking the
homogeneous part of degree m + 1 of the equation X'(f) = kf and using the Euler theorem of

homogeneous functions for f,,, we get the equation

Ofm Ofm
— (k121 + kawat+ksxs + (kg + com)xa + ksxs) fn + (c1 — c3)x224—— + 611‘31’47f
8%2 8%3

+ 9:4(—012172 — c3xo + C1$4)8§Z + 334(C1$1 + c3xo + 01175)87;; = 0.
3.1



The general solution of this equation is

kizyt+kgzz+(kgtcim)eytkszs

kazo
(e1—cg)zg

fm(xlv mQa m3a .'E4, .’)3'5) = 6(0176”14 xQ

__¢© _ c1 €1
Cm <$1,$2 DB xg,xy TP (w1 F w2 — 2a), e TP (1 2+ 905)) )

where C,,, is an arbitrary function. We must take k3 = 0; moreover the exponent of x5 cannot

depend on the variables, hence k; = k3 = k5 = 0. Then the proposition follows. Ol

We prove the statements of Theorem 2.3 separately.

3.2.1 Proof of statement (a)

Lemma 3.4. The polynomial functions Hy = x1 + xo + x3 + x5 and Hy = x4 + x5 are first

integrals of system (1.6).

Proof. Tt follows after direct computations. O
Statement (a) follows after next proposition.

Proposition 3.5. Any polynomial first integral of system (1.6) is a polynomial function of Hy, Hs.

Proof. Let f be a polynomial first integral of (1.6). Then f satisfies the equation X'(f) = 0; that

is,

1o}
— 61$1$487$1 + ( C3T2X 4 + 02$5)% + C4x58f3
0 0
+ (—c12174 — c3w24 + (2 + €4)x5) (89;); - 6:2)

Write [ = g(z1,22,23,24) + th($1,$2,$3,$4,$‘5), with Hy t+ h and j € N. Then on

Hy = 0 we have, after some simplifications,

839 + (ca + 03:62)889 + 4883 + (c121 + c329 + 2 + 04)88;1 =0,

taking into account that g = f|f,—0. The solution of this equation is

C1T1

x5 c4 c4
("1 — 21 _ -
g(w1, 72,73, 4) ((02 R » T3 . 0g 1,21 + T2 — T4 + . ogz |,
with F' an arbitrary function. Then g = g(z7*(c2 + c3z2) ™', Hy). Since c¢ic3 > 0 and we want g
to be a polynomial, we have g = g(H;).

At this time we have f = g(H;) + Hé h, thus h is either a polynomial first integral or a

constant, since
0=X(f) = X(g(H1)) + X(H3)h + HJX (h) = HJX (h).

Indeed we can assume it is a constant, otherwise we apply the above arguments repeatedly until

we obtain a constant. So f is a function of H; and H» and thus the proposition follows. O
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Remark 3.6. We note that from the proof of Proposition 3.5 we get that any polynomial first

integral of system (1.6) restricted to Hy = 0 is a polynomial function of Hj.

Remark 3.7. We notice that z; “®(ca+csx2)® is a Darboux first integral of system (1.6) restricted
to Hy = 0.

3.2.2 Proof of statement (b)
We need two lemmas and one proposition to prove statement (b).

Lemma 3.8. The unique Darboux polynomial of degree one of system (1.6) is x1. Its cofactor is

k= —cix4.
Proof. Tt follows after easy computations. O

Lemma 3.9. Let f be an irreducible Darboux polynomial of system (1.6) of degree greater than

one with cofactor k. Then k = kqx4.

Proof. From Proposition 3.3 we have k = ko + kqz4. We want to prove that kg = 0.

Suppose that kg # 0. Let f = f|z,—o. Since f is irreducible it is clear that 71 { f, hence
f # 0. Moreover f satisfies

of of
(—03x2$4 + 621‘5)852 + C4£E5amf3
of of -
+ (—c3waxy + (c2 + c4)xs) (854 - 8:55) = (ko + kaza)f. (3.2)

We first suppose that Ho { f. Let f = f|g,—o0 # 0. We note that 3‘9—9{; = g—i — 887{_5' Then f

satisfies equation (3.2) on Ho = 0, that is

of of o .
—x4 ((03132 + 02)052 + 6481{; + (c3we + o + C4)8£Ii> = (ko + kazq) f. 3.3)
Since we are assuming that ko # 0, we have x4] f.Hence f = zig # 0, where ¢ € N and

g € Clxa, 3, 24] is such that x4 1 g. Moreover, g satisfies the equation

0 0 0
—Xy ((ngz + 02)87;]2 + 6487;;’ + (CQ +cq4 + 031’2)854> = <k0+€(02 +C4) +legxo +k4x4)g.

Since lc3 # 0 and x4 1 g, we have g = 0, which is a contradiction.

Thus the case Hy { f cannot happen. We write f = Héf, with ¢ € N, Hy ¢ fand f £ 0. Let
f = f |i,—0 # 0. We notice that f satisfies (3.3). Then, proceeding as above, we conclude that

f = 0, which is again a contradiction. This concludes the proof of the lemma, since the assumption

ko # 0 leads to contradiction.
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In view of Lemma 3.9 the cofactor of any Darboux polynomial of (1.6) has the form k& = kyx4.
Proposition 3.10. System (1.6) has no irreducible Darboux polynomials other than x1.

Proof. Suppose that f is an irreducible Darboux polynomial of system (1.6) of degree greater than

one and cofactor k = k4x4, see Lemma 3.9. Since x1 1 f, we can write

f = folxa, 3,24, 25) + w{91($1,9€2,9€37$4,$5),

with j € Nand fp # 0. From the equation X'(f) — kf = 0 restricted to 1 = 0 we have

Jo +C4$5% —(e3waws — (c2+ca)xs5) (% - Eifo) —kazsfo=0. 3.4)

(—03x2x4+62$5)87x2 8x3 (9:E4 3335

We first suppose that Hy 1 fo. Let f = fo|p,—0 # 0. Notice that af = % — g—g‘;. We have
fo = f(w2,x3,24) + Higo(2, 23,74, 75), with £ € N, Ha { g and go ;é 0. On Hy = 0 equation
(3.4) becomes

of of of -
/ + 047f + (c3x2 + o+ C4)7f +ksf =0, (3.5)

(cszo + 02)a D i

from which we obtain
f(xg, :cg,x4) = (ngg + Cg)fk‘l/CSF(Q?Q + xr3 — :174),

where F' # 0 is an arbitrary function such that f is a polynomial. We must take k4 = —c3n, with

n € N. We note that n 7 0 since f is not a first integral.

Now equation (3.4) writes as

dgo0 990
HE|(—e: g9 g9
5 | (—c3wazy + coxs) D + ¢4z D5
dgo  Ogo
—(c3waz4 — (€2 + C4)75) <3$4 - o5 + c3nx4go

— c3n(eswe + 02)”*1(021’4 + 2c3woxy — cows)F = 0.

Since ¢ > 0 we take Hy = 0 to obtain F' = 0, and hence f = 0, a contradiction.

Thus the case Hs 1 fo cannot happen and we have fo = H%f; # 0 with ¢ € Nand Hy { f1. Let
f= film,=0 #Z 0. We notice that f satisfies (3.5). Therefore f = 0, which is again a contradiction.

This concludes the proof of the lemma. O
After Lemma 3.8 and Proposition 3.10, statement (b) of Theorem 2.3 follows.
3.2.3 Proof of statement (c)

We divide the proof of statement (c) into different partial results.

Lemma 3.11. The function e is an exponential factor of system (1.6). It has cofactor cyxs.
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Proof. Tt follows from direct computations. O

We notice that, since system (1.6) has only one Darboux polynomial and two polynomial first

integrals, if (1.6) has an exponential factor, then it must be of the form

exp(g/ (21 Q(H1, Hy))), (3.6)

withn € NU {0} and Q € C[H;, Hz]. Next lemma will be useful later on to finish the proof of

statement (c).
Lemma 3.12. System (1.6) on x1 = 0 has no Darboux polynomials.

Proof. Let g € Clxg,x3,x4, 5] be a Darboux polynomial of degree m € N of system (1.6)
restricted to 1 = 0, which will be called ) in this proof. Let k = kg + kaxa + k3xs + kqxs + ksxs
be its cofactor. We write g = > g;, where g; is a homogeneous polynomial of degree ¢ in
the variables. From the terms of degree m + 1 of equation Y (g) = kg we have, using the Euler

Theorem of homogeneous functions for g,

katkq+ks ko _ k3z3+ks(zates)
. e Y €y C T2 — T4 T2+ Ts
Im (2,73, 74, 75) = T4 'm | T2, ;

T
! x3 w3

where (), is an arbitrary function. Since g,,, is a homogeneous polynomial of degree m we must
take k3 = ks = 0 and thus

_ c3
gm(x2>$37$4a$5) =Ty " I3 Ty Cm 5

ky hog+tk k
o %—&-m -2 To — X4 T+ Ts
z3 T3 ’

which rewrites as

Gm (T2, T3, T4, x5) = xy ey T RTISTIMEIN2 (29 — 14)" (20 + x5)™,

withm; € NU {O} and k4 = —mcs, ko = —macs.

From the homogeneous equation of degree m we obtain

1
mi1—1 _m—mi—mao—m3z—mgyg—1_mo—1 3—2 —1
Gm—1(T2, 23,4, T5) =% Pyt T TR ImS TS R g T (g — )™ (e 4 )™
3

X |Lylogxg + Lolog x4 + x3(ze — x4) (22 + x5)(camizs(ze + x5)
— (c2 + ca)moza(xy + x5)) | + 25 @) *Cr1 (T2 — T4, T2 + x5, 23),

where C),,—1 is an arbitrary function and L, Ly are some homogeneous polynomials of degree 5.
We must take L; = Lo = 0. The equations corresponding to the coefficients of L and Lo equaled

to zero lead to

_C2(C2+C4)m i — co+cy co

kO - 5 1= m, ma = m,
2co + ¢4 2co + ¢4 2co + ¢4



13

We notice that m|k. Moreover,

cotcy c2
o 02(02 + 04) 2co+cy m—1 2co+cy m—1
Im—1(T2, 23,24, T5) = —— < M, Ty 5

63(202 + 04)

cateq c2
2co+c 2¢co+c
+ :L'Q 2T¢4 $4 2T¢4

Cm—l(xQ — T4,T2 + x5, $3)

Since g,,,—1 has degree m — 1, we must take C,;,_1 = 0.

From the homogeneous equation of degree m — 1 we obtain

coteq c2
_ 2co+cy m— 2co+cy m— 2 QC
gm—2($2;x3;x47x5) - ‘TQ x4 Loy m_Q(.’EQ — T4,T2 +x57x3)

P9 B 0204(02 + C4)m(l’4 + 335)(2332 + x4 + 3x5)
(19 — 24)3 c2(2c2 + cq)(wy — x4)4

2,2 L2
w31y log SL’4>’

where C',_o is an arbitrary function and P,,_o is some homogeneous polynomial. Since g, is
to be a polynomial, we must take m = 0 to remove the logarithm, and hence no such g can exist.

This ends the proof of the lemma. O

Next we prove that the expression of an exponential factor (3.6) cannot contain a power of x;

in the denominator of the exponent.

Lemma 3.13. Suppose system (1.6) has the exponential factor E = exp(g/(z}Q(H1, H2)), with
g € Clzy, 22, x3, x4, x5, n € NU{0}, 1 { g and Q € C[Hy, Hz]. Then n = 0.

Proof. Suppose that n > 0. Let L be the cofactor of E. Since X'(Q(H;1, H2)) = 0, we have

X(g) - at —g- X(z7)

E.
2" Q(Hy, Hy)

LE = X(E) =

Hence
X(g9)x! + neizaga = Lai"Q(Hy, Ha),

see Lemma 3.8. Therefore
X(g) +neiwag = LaTQ(Hy, Ha). (3.7

Let § = glz,—0 Z 0. Since n > 0, equation (3.7) on z; = 0 writes

07 07 07 07
(—c3zoxs + 02%)87?2 + C4$587?3 — (c3w224 — (€2 + C4)75) <aj4 - (9555)) = —nc1243,

which means that g is a Darboux polynomial of system (1.6) restricted to 1 = 0. In view of
Lemma 3.12, this is a contradiction, which comes from the assumption n # 0. Therefore n = 0

and the lemma follows. J

The following result completes the proof of statement (c).
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Proposition 3.14. Let E = exp(g/Q(H1, H2)), with Q € C[Hy, Hs), be an exponential factor
of system (1.6), where g € Clx1, 22,23, x4, 5. Then g — ks/cqxsQ(Hy, Ha) is a polynomial
function in the variables Hy, Ho, where k5 is the coefficient of x5 in the expression of the cofactor
of E.

Proof. Let ko + k1x1 + koxo + ksxs + kaxq + ksxs be the cofactor of exp(g/Q(Hy, H)).
Consider the alternative exponential factor exp(h/Q(H1, H2)), with h = g— ks /cqxsQ(H1, Hs),
see Lemma 3.11. We notice that its cofactor is kg + ki1x1 + kaxo + ksxs + kgax4. We shall prove

that h is a polynomial function of Hy, Hs.

Since exp(h/Q(H1, H2)) is an exponential factor, & satisfies
X(h) = (ko + k121 + koxo + kaxs + kaxa)Q(Hy, Ha), (3.8)
see (1.4). Evaluating (3.8) on x1 = x5 = x5 = 0, we get
0 = (ko + ksws + kaxa)Q(x3,24).
Since @) # 0 we get that kg = k3 = k4 = 0. Now evaluating (3.8) on x4 = x5 = 0, we obtain
0= (k1z1 + koz2)Q(z1 + 22 + 23,0).

If Hy 1 Q, then from the relation above we get k1 = ko = 0. Thus from (3.8) we get that h is
a polynomial first integral. Hence h = h(Hy, Hs) in view of Lemma 3.5 and thus the proposition
follows.

We are left with the case Q(z1 + 22 + x3,0) = 0. In this case H2|Q(H1, H2), hence we write
Q(Hy, Hy) = H5Q(H,, Hy), for some £ > 0 and Q a polynomial such that Ho { Q(Hy, Hy).
From (3.8) we have

X(h) = (kxzy + kowo) HSQ(Hy, Hy). (3.9)

Let h = h|p,—o. Evaluating (3.9) on Hy = 0 we get that h is a polynomial first integral of
system (1.6) restricted to Hy = 0. By Remark 3.6 we conclude that h = l_z(H 1). Hence, we can
write h = h(Hy) + Hgﬁ, where j > 0 and h e Clx1, x2, 3, 24, x5) is such that Ho J(ﬁ. Since H;
and Hj are first integrals of (1.6), from (3.9) we get

X(h) = (k121 + kawo) Hy ' Q(Hy, Ho). (3.10)

Since X (h) is a polynomial and Ho t Q we have j < £. We consider two different cases.

Case 1: j = £. Evaluating (3.10) on x4 = x5 = 0 we get

(k1z1 + kawo)Q(x1 + x2 + x3,0) = 0.

Since Q(H71,0) # 0 we have k1 = ko = 0. Then, from (3.8) h is a polynomial first integral. Hence
h = h(Hy, Hy) in view of Lemma 3.5 and thus the proposition follows.
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Case 2: j < (. Let h = ﬁ|H2:0. From (3.10), hisa polynomial first integral of system (1.6)
restricted to H2 = 0. Regarding Remark 3.6 we have h = fL(Hl) Hence h = fL(Hl) + H'h
where m € Nand h € Clx1, x2, 3, x4, x5] satisfies (3.10) with j — £ — m. Now proceeding
inductively we can repeat this process until we obtain a polynomial h such that X (;L) = (kyz1 +

kowo)Q(Hy, H2), and hence proceeding as in Case 1 we conclude that h = h(Hi, Hy), as we

wanted to prove. Hence the proposition follows also in this case. 0

After these results, statement (c) follows.
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