ESTIMATES OF THE FIRST DIRICHLET EIGENVALUE
FROM EXIT TIME MOMENT SPECTRA
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ABSTRACT. We compute the first Dirichlet eigenvalue of a geodesic ball in a rotationally sym-
metric model space in terms of the moment spectrum for the Brownian motion exit times from
the ball. As an application of the model space theory we prove lower and upper bounds for
the first Dirichlet eigenvalues of extrinsic metric balls in submanifolds of ambient Riemann-
ian spaces which have model space controlled curvatures. Moreover, from this general setting
we thereby obtain new generalizations of the classical and celebrated results due to McKean
and Cheung-Leung concerning the fundamental tones of Cartan-Hadamard manifolds and
the fundamental tones of submanifolds with bounded mean curvature in hyperbolic spaces,
respectively.

1. INTRODUCTION

Given a complete Riemannian manifold (N", g) and a normal domain D C N, we denote
by A1(D) the first eigenvalue of the Dirichlet boundary value problem

Au+Au=0 on D

(1.1)
ulgp =0,

where A denotes the Laplace-Beltrami operator on (N",g). The increasing sequence of
eigenvalues {A(D)};2 ; for this problem is the Dirichlet spectrum of D.

When we consider D = BN(p,r), the geodesic r-balls centered at a given point p € N,
the first eigenvalue Aq(r) = Ay (BN(p,r)) is a decreasing function of r and the limit at
r — oo does not depend on the choice of center for the balls p. This is a consequence of
the Domain Monotonicity Principle. The exhaustion of N by geodesic balls {BN (p,7)}r—co
thence produces the Dirichlet fundamental tone of the manifold N:

A(N) = Tim Ay (BN (p, 1))
r—0o0
The calculation of the exact values of the first eigenvalue A1(D) of a (small or large)
normal domain D C N in a given complete Riemannian manifold N by establishing its re-
lationship with different geometric invariants is an open question, even when we consider
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special domains included in well known ambient spaces. On the other hand, the impor-
tant challenge of finding upper and lower bounds of this first Dirichlet eigenvalue A (D)
has received much attention by many authors since the classical works of Polya and Szego
[Po, PS].

In this paper we present an exact expression of the first Dirichlet eigenvalue of geodesic
balls in general rotationally symmetric space in terms of the so-called mean exit time mo-
ment spectrum for these balls. This is obtained by applying a fundamental Green operator
bootstrapping technique due to S. Sato, [Sa]. Moreover, using this expression and the com-
parison techniques developed in [HMP1] and [McMe], we then obtain upper and lower
estimates for the first Dirichlet eigenvalue.

The mean exit time moment spectrum has been considered by P. McDonald in [Mc2,
Mcl1] for a quite similar purpose. Since the moment spectrum thus plays a key role and
obviously contains a wealth of geometric information (as does the Dirichlet spectrum) we
will briefly introduce it already here:

Let us consider the induced Brownian motion X; defined on the Riemannian manifold
(N, g). We consider the functions uy, k > 0, defined inductively as the following sequence
of solutions to a hierarchy of boundary value problems in D C N: First we let

(1.2) up=1on D ,
and then for k > 1 we define

Aup+ku,_1=0on D ,
(1.3) !
uklap =0

The first non-trivial function in this sequence, u1(x), is the mean time of first exit from
D for the Brownian motion starting at the point x in D, see [Dy, M].

The L'-moments of the exit time of X; from the smooth precompact domain D, also
called the exit time moment spectrum of D, { Ax(D)}{2, is then given by the following inte-
grals, see [Mc1, Dy]:

(1.4) Au(D) = /D g (x) dV

In particular, the quantity A (D) is known as the torsional rigidity of D. This name stems
from the fact that if D C R?, then A; (D) represents the torque required per unit angle of
twist and per unit beam length when twisting an elastic beam of uniform cross section D,
see [Ba] and [PS].

In the spirit of several previous seminal works, see e.g. [Chl, Ch2] and [BBC, VBG],
we investigate to what extent the L!-moment spectrum associated to the domain D C N
can replace, support, or estimate its corresponding Dirichlet spectrum in order to establish

good descriptors for the geometry of D and, eventually, for the geometry of the manifold
N.

The first direct eigenvalue comparison findings in this direction are due to P. McDonald
and R. Meyers, [Mc2, Mc1, McMe]. As applied in [McMe], we shall also use the following
observation as another benchmark strategy for the results reported in the present paper,
see Subsection 4.2.
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Theorem 1.1. The first Dirichlet eigenvalue A1 (D) of any smooth domain D C N" can be directly
extracted from the corresponding exit time moment spectrum { Ay (D) }?’:ko as follows:

(1.5) M(D) = sup{y >0 : lim sup @n m <

Here we restrict our studies to be concerned with the exit time moment spectra and
the first Dirichlet eigenvalues of a specific kind of domains: Firstly the geodesic R-balls
in rotationally symmetric (warped product) model spaces Mj; and secondly the so-called
extrinsic R-balls Dg C P™ of properly immersed submanifolds P in ambient Riemannian
manifolds N” with controlled sectional curvatures and possessing at least one pole p € N”,
see [S].

We are going to introduce in the following two subsections of this Introduction the con-
tributions we have done in this work concerning the two problems above alluded.

1.1. The first eigenvalue of geodesic balls in rotationally symmetric manifolds. The com-

putation of the first Dirichlet eigenvalue of a geodesic ball BY™ in the simply connected
real space forms K" (b) of constant curvature b is well known in the case b = 0, where

A1 (BY) = (@)2 holds. Here c¢(n) denotes the first zero of the Bessel function of order
equal to n/2 — 1. However, much less is known when the ambient space is the Hyperbolic

space or the Sphere. In dimension 3, Savo shows in [Sav] that A4 (B;,J’B) = —b+ 12/r% (see
also [FH] for the corresponding result in S°). For the general dimensional case, we only
have upper and lower bounds for Aq (B, l'") (seee.g. [G,Y, Chl, BM, Sav]) and for b =1
the only known values are Aq (B}J ) = nand A;(BY") = 0. In the latter case, we can also
find estimates (specially for n = 2) in [Sa, MaT, Pi, Chl, BCG, BaBel]. Applying Cheng’s
c(n)

)2, There is large

eigenvalue comparison, we also have the upper bound )tl(B}'") < (
literature in this subject, we just give here some selected references.

The first main result in this paper is a precise expression of the first Dirichlet eigenvalue
of a geodesic R-ball in a rotationally symmetric model space M};, which is defined as the
warped product manifold [0, oo[stgnfl with a pole p (see Definition 2.4 below). This
expression, given in terms of its mean exit time moment spectrum implies an estimation
for the first Dirichlet eigenvalue of a geodesic ball in the rotationally symmetric spaces,
including the real space forms of constant curvature. Indeed, we will see that

kux_1(0)
ux(0)

forall k > 1 (see (1.3) and (1.4)), where the above bounds improve as k increases. We
emphasize that the exact value A1 (BY) is obtained in the limit.

k Ax_1(BY)

< A(BR) < ,
l( R) .Ak(B%U)

Theorem A. Let BF(p) be the geodesic ball of radius R centered at the pole p in MJ;. Then the
first eigenvalue of the ball can be expressed as the following limits of exit time moment data:

o kwe1(0) L kA (BR)

1(Br) = lim = 0~ M B
where uy are the solutions of the boundary value problem (1.3) defined on the geodesic R-ball
BY, and Ay (BY) is the corresponding k-moment of BY. Moreover, the radial function ge(r) :=

u(r)
% (0)

limy is a Dirichlet eigenfunction for the first eigenvalue A1 (BY).
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In Section 3, as application of this theorem, we will derive several estimates of A; for
geodesic balls in the Sphere S° computing the function u; for some values of k.

On the other hand and as a consequence of Theorem A, we prove in Section 4 upper
and lower bounds of the first Dirichlet eigenvalue of extrinsic balls in a submanifold to-
gether with intrinsic versions of these results and under a more relaxed set of curvature
conditions.

1.2. Afirst glimpse of the comparison results. As we have previously mentioned, another
important problem concerning the first Dirichlet eigenvalue consists in to find upper and
lower bounds of it.

Concerning upper estimates, the classical and well-known comparison theorem by S. Y.
Cheng, [Chg?2], gives a sharp upper bound for the first eigenvalue in terms of the diameter
for Riemannian manifolds with Ricci curvatures bounded from below.

Cheng also proved a lower bound in [Chgl] via a comparison theorem for the first
eigenvalue of a geodesic ball in a complete Riemannian manifold with sectional curva-
tures bounded from above by a given constant. If this bounding constant is negative, then
we also have the lower bound for the fundamental tone of a Cartan-Hadamard manifold
established by H. P. McKean in [McK].

McKean’'s inequality was later generalized by L. F. Cheung and P. F. Leung in [CL] to the
setting of complete non-compact submanifolds with bounded mean curvatures in hyper-
bolic spaces with constant negative curvature.

Using Theorem A and the comparison techniques and results developed in [HMP1] we
then obtain upper and lower estimates for the first Dirichlet eigenvalue of the extrinsic balls
of a submanifold in a more general setting and, as a corollary we recover McKean's result
and obtain also upper and lower bounds for the fundamental tone of a Cartan-Hadamard
manifold and the fundamental tone of a submanifold with controlled mean curvature along
the lines of Cheung-Leung in [CL] and Bessa-Montenegro in [BM].

On the other hand we also show how the techniques developed in the papers [McMe],
[HMP1] and [HMP2] can be applied, using Theorem 1.1 to give alternative proofs for some
of these comparison results, see Subsection 4.2.

In order to illustrate our use of the upper and lower bounds on the ambient space sec-
tional curvatures in the more general settings we extract here some consequences of Theo-
rems 4.1 and 4.2, under some specific restrictive assumptions that are actually not needed
for the general versions of the theorems. The first of these results is a lower bound for
the first Dirichlet eigenvalue of extrinsic balls in a submanifold P with controlled mean
curvature Hp in a Cartan-Hadamard manifold N".

To describe properly this control on the mean curvature, we need the following defini-
tion:

Definition 1.2. Let us consider a pole p in the ambient Cartan-Hadamard manifold N. The
p-radial mean curvature function for P in N" is defined in terms of the inner product of
Hp with the N-gradient of the distance function r(x) from the pole p as follows:

C(x) = —(VNr(x),Hp(x)) forall x€P.

Using a suitable radial control on the function C(x) we then obtain:

Theorem B. Let N" be a Cartan-Hadamard manifold, with sectional curvatures bounded from
above by a constant Ky < b < 0. Let p € N be a pole in N. Let P™ C N" be a complete
and non-compact properly immersed submanifold with p-radial mean curvature function C(x) <
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h(r(x)) forall x € P™, where h(r) is a radial smooth function, called a radial bounding function
from above. Suppose that

(1.6) (m—1)-v—~bcoth(RV—=b) = m- sup h(r) ,

re[0,R]
where we read \/—b coth(Rv/—b) tobe 1/R when b = 0.

For any given extrinsic ball Dg(p) in P™ we then have the following inequality:

2
(1.7) A(DRr) = i ((m —1) -V —bcoth(RvV—=b) —m- sup h(r))

rel0,R]

The radial bounding function h(r) is related to the global extrinsic geometry of the sub-
manifold. For example, it is obvious that minimal submanifolds P™ satisfy that C(x) =
0 forall x € P", with bounding function # = 0. On the other hand, it can be proved,
see the works [Sp, DCW, Pa, MP3], that when the submanifold is a convex hypersurface,
then we have C(x) > 0 for all x € P™ so the constant function h(r) = 0 is thence a radial
bounding function from below.

We obtain McKean'’s result from these theorems concerning the intrinsic situation, as-
suming that P = N". In this case the extrinsic domains Dg become the geodesic balls BY
of N" as we have pointed out above and we have moreover that Hp(x) = Ofor all x € P™,
so we consider the bound h(r) = Oforall r > 0. Hence we obtain for b < 0 and for all
R>0:

A(BY) > 1 ((1-1) Jfbcoth(\/?bzz))z

4
For b < 0 (we read v/ —b coth(Rv/—b) to be 1/R when b = 0) we therefore have
_1)2
(18) N(N) = Jim vy (BY) > U=

We note that G. P. Bessa and J. F. Montenegro observe in [BM] an improvement of the
bound (1.7) in the intrinsic setting as follows:

Theorem C (Bessa and Montenegro). Under the intrinsic conditions with N" having sectional
curvatures bounded from above by b < O:
(1.9) A (BR) = ! (max (ﬁ , (n—1)- \/—7bcoth(R\/—7b)))2
4 R

As a consequence of Theorem B, we also have a generalization of Theorem 2 in Cheung-
Leung’s paper [CL] and Corollary 4.4 in [BM]. The ambient manifold may in our case be a
general Cartan-Hadamard manifold N with sectional curvatures bounded from above by
a constant b < 0, (as in [BM], while [CL] considers the hyperbolic space H"(—1)), and our
submanifold has radial mean curvature bounded by a radial function i(r). This hypothesis
includes complete and non-compact submanifolds P"* in N” with mean curvature Hp sat-
isfying ||Hp|| < £ with « < (m — 1)v/—b, as in Cheung-Leung’s and Bessa-Montenegro’s
statements, which are then generalized as follows:

(1.10) A*(P™) = lim Ay (B) > % (m=1)v=b- 04)2

As an application of the proofs and techniques developed here we also obtain, when
we consider a Riemannian manifold with sectional curvatures bounded from above by the
corresponding sectional curvatures of a rotationally symmetric model space M/, a direct
first eigenvalue comparison result as follows:
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Theorem D. Let BY (p) be a geodesic ball of a complete Riemannian manifold N™ with a pole p
and suppose that the p-radial sectional curvatures of N" are bounded from above by the py,-radial
sectional curvatures of a w-model space ML},. Then

(1.11) M(BR) = M(BY),

where BY is the geodesic ball in M},

As already mentioned we observe in Section 4, that this result can also be obtained via
the description given in [McMe] of the first Dirichlet eigenvalue of a domain D in a Rie-
mannian manifold in terms of its exit time moment spectrum, i.e. Theorem 1.1, in combina-
tion with the isoperimetric type inequalities for the exit time moment spectra established
in [HMP2]. In the works [Mcl, Mc2] McDonald considers a complete Riemannian mani-
fold N which satisfies the following moment comparison condition with respect to a constant
curvature space form IK" (b): For every smooth bounded precompact domain D C N and for
all k € N, assume that A (D) < A(BY"), where B} is a geodesic ball in K" (b) such that
Vol(D) = Vol(B%"). Then A;(D) > Ay (BY").

Using the same two-ways strategies we also obtain upper bounds for the first Dirichlet
eigenvalue of intrinsic balls as follows:

Theorem E. Let BY be a geodesic ball of a complete Riemannian manifold N" with a pole p and
suppose that the p-radial sectional curvatures of N are bounded from below by the py,-radial sec-
tional curvatures of a w-model space MJ},. Then

(1.12) M(BR) < M(BY),

where BY is the geodesic ball in MY,

We remark that we also consider and prove extrinsic generalizations of this result using
somewhat more elaborate comparison constellations which will be defined in Subsection
2.5, see Theorems 4.1 and 4.3 in Subsections 4.1 and 4.2. Moreover, in the intrinsic context
given in Theorems D and E, the equality with the bound is characterized under some spe-
cific condition satisfied by the model space M}, which serve as a curvature-controller, (see
Theorems 4.5 and 4.6 in Subsection 4.3).

1.3. Outline of the paper. Section 2 below is devoted to present all the preliminary con-
cepts and instrumental prerequisites that we need in the following Sections 3 and 4 and
which has not been introduced already. Theorem A is proved in Section 3. The general and
complete versions of Theorems B, D, and E are then presented and proved in Section 4.

2. PRELIMINARIES AND COMPARISON SETTINGS

We first consider a few conditions and concepts that will be instrumental for establishing
our results in a more general version than presented in the introduction.

2.1. The extrinsic balls and the curvature bounds. We consider a properly immersed m-
dimensional submanifold P in a complete Riemannian manifold N”. Let p denote a point
in P and assume that p is a pole of the ambient manifold N. We denote the distance func-
tion from p in N" by r(x) = disty(p, x) forall x € N. Since p is a pole there is - by definition
- a unique geodesic from x to p which realizes the distance r(x). We also denote by r the
restriction r|p : P — Ry U {0}. This restriction is then called the extrinsic distance func-
tion from p in P™. The corresponding extrinsic metric balls of (sufficiently large) radius R
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and center p are denoted by Dg(p) C P™ and defined as any connected component which
contains p of the set:

Dr(p) = Br(p) NP ={x € P[r(x) <R} ,

where Bgr(p) denotes the geodesic R-ball around the pole p in N". The extrinsic ball
Dg(p) is a connected domain in P™, with boundary dDg(p). Since P™ is assumed to be
unbounded in N we have for every sufficiently large R that Bg(p) N P # P.

We now present the curvature restrictions which constitute the geometric framework of
our investigations.

Definition 2.1. Let p be a point in a Riemannian manifold M and let x € M — {p}. The
sectional curvature Ky;(oy) of the two-plane 0, € TxM is then called a p-radial sectional
curvature of M at x if o, contains the tangent vector to a minimal geodesic from p to x. We
denote these curvatures by K, r1(0x).

Another notion needed to describe our comparison setting is the idea of radial tangency.
If we denote by Vr and V’r the gradients of  in N and P respectively, then we have the
following basic relation:

2.1) Vr=Vlr+(vr)t ,
where (V) (q) is perpendicular to T, P for all g € P.

When the submanifold P is totally geodesic, then Vr = Vr in all points, and, hence,
|VP7|| = 1. On the other hand, and given the starting point p € P, from which we are
measuring the distance r, we know that Vr(p) = Vr(p), so ||[V'r(p)|| = 1. Therefore,
the difference 1 — || V|| quantifies the radial detour of the submanifold with respect the
ambient manifold as seen from the pole p. To control this detour locally, we apply the
following

Definition 2.2. We say that the submanifold P satisfies a radial tangency condition at p € P
when we have a smooth positive function

g:P— Ry,
so that
(2.2) T(x) = |VPr(x)] > g(r(x)) >0 forall xcP.

Remark 2.3. Of course, we always have

(2.3) T(x) = |[VPr(x)|| <1 forall xecP.

2.2. Model Spaces. As mentioned previously, the model spaces M, serve foremost as
comparison controllers for the radial sectional curvatures of N".

Definition 2.4. [See [Gri], [GreW], [Pe]] A w—model M}; is a smooth warped product
with base B! = [0, R{C R (where 0 < R < o), fiber F"~! = S""! (ie. the unit
(m — 1) —sphere with standard metric), and warping function w : [0, R[— R4 U {0} with
w(0) = 0, w'(0) = 1, w®)(0) = 0 for all even derivation orders k and w(r) > 0 for all
r > 0. The point py = a1 (0), where 7t denotes the projection onto Bl is called the center
point of the model space. If R = oo, then py, is a pole of M.
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Remark 2.5. The simply connected space forms K" (b) of constant curvature b can be con-
structed as w—models with any given point as center point using the warping functions

ﬁsin(\/gr) ifb>0
(2.4) w(r) = wy(r) = r ifb=0
ﬁsinh(\/—b r) ifb<0

Note that for b > 0 the function wj,(r) admits a smooth extension to r = 71/+/b. For b < 0
any center point is a pole.

In the papers [O’'N, GreW, Gri, MP1, MP2], we have a complete description of these
model spaces, including the computation of their sectional curvatures K, a1, in the radial
directions from the center point. They are determined by the radial function K, a1, (0x) =

Ky(r) = — z;;/((:)) . Moreover, the mean curvature of the distance sphere of radius r from the
center point is

_w(r) _d
(2.5) Nw(r) = W = Eln(w(r))

2.3. The Isoperimetric Comparison Space. Given the bounding functions g(r), h(r) and
the ambient curvature controller function w(r) described is Subsections 2.1 and 2.2, as in
[MP3, HMP1] we construct a new model space C* For completeness, we recall this

w,gh "
construction:
Definition 2.6. Given a smooth positive function
g:P— Ry,

satisfying ¢(0) = 1 and g(r(x)) < 1 forall x € P, a ’stretching’ function s is defined as
follows

1
2.6 s(r) = / ——dt
26 0= [
It has a well-defined inverse r(s) for s € [0,s(R)] with derivative 7'(s) = g(r(s)). In
particular 7' (0) = ¢(0) = 1.
Definition 2.7 ((MP3]). The isoperimetric comparison space C; o is the W—model space with
base interval B = [0,s(R) | and warping function W(s) defined by

27) Wis) = Am1(r(s)
where the auxiliary function A(r) satisfies the following differential equation:
d
& BER00)) = A0 (s () = h(r) )
2.8) §

=m

and the following boundary condition:

29) 4 (am) =

We observe, that in spite of its relatively complicated construction, C}" o 18 indeed a

model space MJ, with a well defined pole py ats = 0: W(s) > 0 for all s and W(s) is only
0 at s = 0, where also, because of the explicit construction in definition 2.7 and because of



MOMENT SPECTRA AND FIRST EIGENVALUES 9

equation (2.9): W/(0) = 1, and moreover, wk) (0) = 0 for all even k, (see [MP3]).

Note that, when g(r) =
s(r) =rand W(s(r)) = w(r
tion w, M;;.

1 forall r and h(r) = 0 forall r, then the stretching function
)

for all r,so Cj; o becomes a model space with warping func-

These are the spaces where the bounds on the L!-moment spectrum are attained. We

shall refer to the W-model spaces My, = CJ o 35 the isoperimetric comparison spaces of

dimension m defined by the radial functions w, g, and h.

2.4. Balance conditions. In the paper [HMP1] we imposed a balance condition on the gen-
eral model spaces M, that we will need in the sequel:

Definition 2.8. The model space My, = CJ/ o is w—balanced from below (with respect
to the intermediary model space M) if the following holds for all ¥ € [0,R], resp. all
s€ [0,5(R)]:

(2.10) qw(s) (1(r(s)) = h(r(s))) = g(r(s))/m
Here gy (s) is the isoperimetric quotient function

o W
W) = Yoyteim
Jo WrL(t) dt
wm—1 (S)

g

2.11) =

m

Remark 2.9. In particular the w-balance condition from below for My}, = Co 2

that
(2.12) Hw(r) —h(r) >0

, implies

Remark 2.10. The definition of w—balance condition from below for My}, is clearly an ex-
tension of the balance condition from below as defined in [MP2, Definition 2.12]. The con-
dition in that paper is obtained precisely when g(r) = 1and h(r) = Oforallr € [0,R] so
thatr(s) = s, W(s) = w(r), and

(2.13) Fo()nw(r) >1/m
In particular, the Hyperbolic spaces H" (b) are balanced from below.

2.5. Comparison Constellations. We now present the precise settings where our main re-
sults take place, introducing the notion of comparison constellations as it was previously
defined in [HMP1]. For that purpose we shall bound the previously introduced notions
of radial curvature and tangency by the corresponding quantities attained in some special
model spaces, called isoperimetric comparison spaces to be defined in the next subsection.

Definition 2.11. Let N" denote a complete Riemannian manifold with a pole p and distance
functionr = r(x) = disty(p, x). Let P™ denote an unbounded complete and closed sub-
manifold in N*. Suppose p € P" and suppose that the following conditions are satisfied
for all x € P" with r(x) € [0, R]:
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(1) The p-radial sectional curvatures of N are bounded from below by the p;-radial
sectional curvatures of of the w—model space M};:

w"(r(x))
) 2 i)
(2) The p-radial mean curvature of P is bounded from below by a smooth radial func-
tion h(r):
C(x) > h(r(x))
(8) The submanifold P satisfies a radial tangency condition at p € P, with smooth posi-
tive function g i.e. we have a smooth positive function

§:P— Ry,
such that
(2.14) T(x) = |VPr(x)] > g(r(x)) >0 forall x€P.
Let C . j, denote the W-model with the specific warping function W : m(Cy g,h) — R4 con-

structed in Definition 2.7, (Subsection 2.3), via w, g, and h. Then the triple {N", P™, cw 2 h}
is called an isoperimetric comparison constellation bounded from below on the interval [0, R].

A “constellation bounded from above” is given by the following dual setting, (with re-
spect to the definition above), considering the special W-model spaces C} o with g = 1:

Definition 2.12. Let N” denote a Riemannian manifold with a pole p and distance function
r = r(x) = disty(p, x). Let P" denote an unbounded complete and closed submanifold
in N". Suppose the following conditions are satisfied for all x € P" with r(x) € [0, R]:

(1) The p-radial sectional curvatures of N are bounded from above by the p,-radial
sectional curvatures of the w—model space Mj;:
w"(r(x))
< 2 V\T)
) S i)

(2) The p-radial mean curvature of P is bounded from above by a smooth radial func-

tion h(r):
C(x) < h(r(x))
Let CJj | ;, denote the W-model with the specific warping function W : 7r(C}), ) — Ry

constructed, (in the same way as in Definition 2.11 above), in Definition 2.7 via w, g = 1,
and h. Then the triple {N",P™,CI", .} is called an isoperimetric comparison constellation

bounded from above on the interval [0, R].

2.6. Laplacian Comparison. We begin this section recalling the following Laplacian com-
parison Theorem for manifolds with a pole (see [GreW, JK, MP1, MP2, MP3, MM] for more
details).

Theorem 2.13. Let N" be a manifold with a pole p, let M, denote a w—model space with center
Pw. Then we have the following dual Laplacian inequalities for modified distance functions:

(i) Suppose that every p-radial sectional curvature at x € N — {p} is bounded by the py,-radial
sectional curvatures in M, as follows:

(2.15) K(o(x)) = Kpn(ox) = —
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Then we have for every smooth function f(r) with f'(r) < 0 forall r, (respectively f'(r) >
0 forall r):

AP (for) 2 (<) (£/() — f (gu(r)) [V
+mf'(r) (o(r) + (VN1 Hp) )

where Hp denotes the mean curvature vector of P in N.

(2.16)

(ii) Suppose that every p-radial sectional curvature at x € N — {p} is bounded by the py-radial
sectional curvatures in My, as follows:

(2.17) K(o(x)) = Kpn(ox) < —

Then we have for every smooth function f(r) with f'(r) < 0 forall r, (respectively f'(r) >
0 forall r):

B (for) < (2) (f'()— F (a(r)) [V"r?
+mf'(r) (na(r) + (VNr, Hp) )

where Hp denotes the mean curvature vector of P in N.

(2.18)

3. THE FIRST EIGENVALUE AND MOMENT SPECTRA
OF GEODESIC BALLS IN MODEL SPACES

The aim of this section is to obtain the first eigenvalue of a geodesic ball By, namely
A1(BY), in terms of the L!-moment spectrum of BY.

To do that, we divide this section in two subsections. In the first, we shall provide a
precise integral description of the L!-moment spectrum of BY as previously also presented
in [HMP1]). In the second we shall relate the first Dirichlet eigenvalue of the geodesic balls
with its moment spectrum using a bootstrapping technique for the Green operator due to
S. Sato, [Sa].

3.1. The moment spectrum of a geodesic model R-ball. We have the following result con-
cerning the L!-moment spectrum of a geodesic R-ball BY C M, see [HMP1] for its proofs:

Proposition 3.1. Let iy be the solution of the boundary value problems (1.3), defined on the geo-
desic R-ball BY in a warped model space M.

Then
R [o w1 (s)iy_y(s) ds
7 () — 0
3.1) a(r) =k /r s dt,
and
ro,m—=1 i ds
, Lo () ds
(3.2) ”k(r) k wn—1 (r)
Therefore, applying the Divergence Theorem
1
(3.3) Ay(BR) = i1 41 (R) Vol(SR),

where S is the geodesic R-sphere in My .
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Let us consider now M}, be an isoperimetric comparison model space and let i1} be the
radial functions given by (3 2), which are the solutions of the problems (1.3) defined on the
geodesic ball B:‘(/R). We define the functions f; : [0,R] — Ras f; = ﬁlzv o s, where s is the

stretching function given by (2.6). Then, we have the following

Lemma 3.2. Let My be an isoperimetric comparison model space that is w-balanced from below in
the sense of Definition 2.8. Then forall k > 1,

Iél(r) _fli(r)ﬂw(r) = 0.

3.2. The first Dirichlet eigenvalue of geodesic balls in the model spaces M}!. Since M},
is a spherically symmetric manifold with pole p, the Green operator for radial functions on
B¥(p) is given by

(3.4) / f wwm T ) s) ds dt.

Note that the moment functions i given by (1.3), can be written via the Green operator
as tix(r) = k G(iix_1)(r). Using these functions, we can prove the following estimate

Proposition 3.3. Let iy be the radial functions defined on D = B (p) and given by (1.3). Then,
forall k > 1, the functions k"" 1

(r) are increasing and we have

oy kA_1(BR)
———(0) < M(BY) < —————5,
ﬁk ( ) 1( R) Ak(B?{])

where Ay (BY) is the k-moment of BY.

(3.5)

Proof. As il is a positive radial C2-function on BY satisfying that #f;(R) = 0, a direct appli-
cation of Barta’s inequalities, (see [Bar] and [Ch1]) give us that

(3.6) inf (kuf(*l (r)) A (BR) < sup (kuk*l (r)), forallk > 1

B%g uk Bw uk

Now, we are going to show inductively that the functions k iy () /iix(r) are increasing
for all k > 1 and consequently the value of the infimum and the supremum are attained in
r = 0 and r = R respectively.

So, we begin studying the quotient 21 (r) /ilx(r) (note that we can assume that iy = 1,
and 1/ii; () would be increasing). By (3.1) and (3.2) the first derivative of the quotient is
given by

r) fo w"(s)ds + G(1)(r)
(r)

(%ﬂ)’(r) —4_ Jo w" T (s)in(s) ds

i wm H(r)(

i2(r))?
SR s (g w0 =3(s) ds [y w1 () (s)ds — fy "= (s) ds [ "= () (5) ds ) b

w1 (r) (it2(r))?

We define h(r) := M Since 71 is a decreasing function
Jo wmL(s)iy(s)ds” 1 & /
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W(r) — w"(r) Jo W (s)in(s) ds — w" T (r)ia (r) fy w" T (s) ds -

(Jo wm=1(s)dir(s) ds)>
and h(r) < h(t) for all t > r. Therefore,

r r
/ w™ ds/ w" " (s)d (s ds—/ w™ s)ds/ w1 (s)it1(s)ds <0,
0

and (2”1) (r) = 0. Now, if we assume that kily_1 /iy = fx_1/G(df_1) is increasing,

applying Lemma 2 of [Sa] we obtain that (k + 1) iy /fiy1 = G(ily_1)/G?(il;_1) is also in-
creasing and we are done.

By virtue of the monoticity of the quotients k ify_1(r) /7 (r) equation (3.6) reads

(R).

67) i (KB () = KBt ) < () < sup (K21 () =

BY Uj Uj BY Uy

kg4

ik

Notice that i (R) = 0 for all k > 1, then by kﬁﬁ% (R) we mean,

(3.8) }E%kuk 1(r) /1 (r) = }EI}{ uk(r) Mk(R)

To obtain (3.5) from inequalities (3.7), taking into account equation (3.3), for k > 2,

kim_y(R) _ (k—1) Axo(BF)

(39 AR Ai(BY)

O

When k = 1, the above proposition gives us immediately the following upper and lower
bounds for the first eigenvalue of a geodesic ball. The lower bound was obtained in [BCG]
for geodesic balls in the n-dimensional sphere 5" (1), and later it was generalized for an ar-
bitrary M in [BaBe2]. The upper bound give us a new relation between the first Dirichlet
eigenvalue and the torsional rigidity of a geodesic ball in a rotationally symmetric space.

Corollary 3.4. The first eigenvalue Ai(BY) of the geodesic balls in the rotationally symmetric
spaces MY} satisfies

(3.10) < M(BY) KR
X qu(t) dt 1) A1 (BR)
where gy, (t) is the isoperimetric quotient defined by
fot w"1(s) ds
wmfl(t) '

1 vol(BY)
w
R

(3.11) Guo(t) =

We are going now to show that Proposition 3.3 give us better estimations of the first
Dirichlet eigenvalue of the geodesic balls in rotationally symmetric spaces, because in-
equalities (3.5) improve when k increases.

Corollary 3.5. Let iy be the functions defined on By and given by (3.1). Then,

kil kA 1(BR)
(3.12) dm =5 (O S MBr) < lim =7 1oy
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Proof. Since G is a positive operator and (k + 1) @i /i1 = G(ilx_1)/G?(ilx_1), applying
Lemma 1 of [Sa], we obtain that for k > 1, and for all » € [0, R]:

. kiip_q kiip_q (k+1) i kiip_q kiip_q
A f = < < - = — R).
1) inf (S7=0) = 0 < S ) sup (Fat ) == ®)
In particular, for r = 0 and for all k > 1, we have
(3.14) % 0) < w(o)
Uy Uk41

Moreover, by Proposition 3.3, we know that, forall k > 1, ki."k’] (0) < A4(BY), so there-

fore {k ';kk’l (0)}%2, is a bounded increasing sequence, so there exists

. ki
A:= lim k=1
k—oo U

(0) < A1(BR).

On the other hand, taking » = R in (3.13) we obtain, for all k > 1

(3.15) kD iy Kkt gy,
Ukt Uk

Moreover, by inequality (3.7) in Proposition 3.3, we know that, for all k > 1, Kty (R) >

1 k

A1(BY), so therefore {kf;kk’] (R)}%., is a decreasing sequence bounded from below with the
limit

— lim %(R) — lim k A1 (BR) > A1(BY)

e k—oo T k—o0 Ak(B;g) = MAPR)

and this concludes the proof. g

As a consequence of these results, for each k € IN, we obtain the lower and upper bounds
of A1(BY) given by (3.5). These bounds improve as k increases; in particular we derive bet-
ter estimates than those given in [BaBe2] and [BCG]. We will return to these facts at the end
of this section.

Now, let us state and prove the main result of this section, which is also stated as Theo-
rem A in the introduction:

Theorem 3.6. Let By be the geodesic ball of radius R in My;. Then,

. ki_1(0) kA1 (BR)
A(BY) = lim —— =~ = lim ————"~
1B) = im =2 76 = A 4, (BY) -
where il are the functions defined by (3.1) and Ay (BY) is the k-moment of BY. Moreover, the radial

i (r)
1 (0)

C2-function geo(r) := limy_,, is an eigenfunction of the first eigenvalue.

Proof. We are going to apply Barta’s Lemma to show equality

. ki1 (0
M) = fim S

For that, we shall first define (see Lemma 3.7 below) a positive radial C2-function g ()
defined on BY such that geo(R) = 0 and such that satisfies
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Agoo(r) = goo(r) + (m = )11 ()86 (r) = —Ageo(r)

where A = limy_4, kﬁf‘k’l (0).

u

Then, A is a Laplacian eigenvalue on BY with eigenfunction g (7). As geo(R) = 0, Barta’s
inequalities imply that

. —Agw —Agoo
3.16 A =inf <A (BY) < =A ,
(3.16) inf (—5%) < M(Bp) S;%p( )
and hence
(3.17) A = lim 10y — 2, (BY)

We now need the following

Lemma 3.7. Let g(r) := iix(r)/1;(0) be the functions defined by (3.1) normalized so that
gx(0) = 1 for all k. Then geo(r) := limy_ o, gx(r) is a positive radial C?-function defined on
BY such that Ageo(r) = —Ageo(r) and geo(R) = 0.

Proof. Since kiiy_1(r)/1ix(r) is increasing in r for all k, we have that

k u~k—1 , L

U Uy
and then, for a fixed r, {gx(7)}7>; is a decreasing sequence of bounded functions converg-
ing pointwise to a function ge (7). Moreover, since ify_ is a decreasing function

K Jy 0" ()i (s)ds _ kil 1(0)

3.18 ()| = —20 gkl ) < A max{gy(r)},
( ) |gk( )| w’"*l(s)ﬁk(O) ﬁk(O) qw( ) 0.R] {qw( )}
where we have used that {k ii;_1(0) /i (0) }« is an increasing sequence converging to A and
that g, (r) is the isoperimetric quotient defined in (3.11) that is a continuous function on the
compact interval [0, R].

Then, the first derivatives of the functions g are uniformly bounded, and hence the se-
quence of functions is uniformly bounded and equicontinuous. As a consequence of the
Ascoli-Arzela Theorem, {g};>, converges to g uniformly and g« is a continuous func-
tion. In addition,

—k fo w"L(s)ilk_q(s) ds

lim g;(r) = lim

319) % koo W (r)ug(0)
o ko 0) f o g ds 0 e)ge(s)ds
k—oo ik (0) wm=1(r) wm=1(r) '

Now, taking into account that
n - w’ r /
7(r) = —kii_1(r) — (m— 1) 20
and using (3.18) and that g is bounded above by 1,
kii_1(0
g =1 - KO o) - ()0
1 (0)
[8k-1(r) + (m = 1) A1 (r) g ()|
+ (m = D) A1 (r) g (r)]-

(3.20) <A
<A



16 A.HURTADO, S. MARKVORSEN, AND V. PALMER
/ roam—1
But w(r) satisfies w(0) = 0 and w'(0) = 1. Hence, 1, (7)quw(r) = W is a
continuous function defined on [0, R] because by L'Hopital rule

Jow" N(B)dt 1

(321) }IE(I) w™ (r) T m

Therefore, the derivatives g;/(r) are uniformly bounded on [0, R] and the functions g;
converge uniformly. As a consequence of this,

Jo 0" (5)8oo(s) ds
A0 TS .

!

gho(r) = lim g} (r) = -

To finish the proof we only need to show that g//(r) also converges uniformly to g%, (r).
But it is clear using the definition of uniform convergence, since

S0) 4 Age(r) + (= Dra(rghlr)] =
= ER (1) = 0 = olIgh() + A (1) + (= Du(r)la(r)

< g - <t 1)

Jy w1 ) (R gy 1 (5) — A g(s) ) s
wm=1(r)

k-1 (M1 + (m = D)[110(r) g (r)])

+(m = 1)1 (r) |

kiix_1(0)
< supf{|A @eo(?) — ————

We use the fact that the function kify_1(0)/#(0) gx_1(r) converges uniformly to A geo(r)
and that 77, (7) 4w (7) is a continuous function defined on [0, R]. Then,

(3.22) 8eo(r) = =Ageo(r) = (m = 1)1 (r)geo (7).
The proof of the lemma is then finished by observing that g; are C>-functions and that
<k(R) = 0 forall R. O

Returning to the proof of the Theorem, to show equality
k A1 (BR)
A1(BY) = li R,
1(BR) = fim, = (BT
we argue in the same way, applying again Barta’s Lemma using a positive C2-function
satisfying that Al (r) = —pheo(r) and heo (R) = 0.
We need the following

Lemma 3.8. Let us define the functions hy(r) = ii(r)/ (=i} (R)) for all k > 0. Then heo(r) =
limy o 1 (r) is a positive radial C*-function defined on BY such that Aheo(r) = —pheo(r) and
heo(R) = 0.

Proof. Let us normalize the functions i by putting h(r) = @ (r)/ (= (R)). Then, since
kily_1 /1 is increasing for all k, we have that

kil _q < kig_q . ki_4(R)
il I i (R)
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and {f(r) }{2_; is an increasing sequence of functions. Moreover, i (r) < h(0) = i1x(0)/ (—
and

(3.23) _ﬁfc(R) _ ki_1(0) OR wmfl(s)% ds
. ﬁk(o) N ﬁk O) wmfl (R)
L1 LT )ge(e)ds  —gh(R)
- 111(0) wmfl (R) )\1 iil (O) J

The functions hj are therefore bounded from above and thence they converge pointwise
to a function he. Following the lines of the proof of lemma above and taking into account

that Iy (r) = _ablf;{(?])z) Qk(r) and that _ﬁi;((g){) converges to ¢.,(R) by (3.23), we can conclude
that hie is a C2-function satisfying that /e (R) = 0 and
(3.24) W, (r) = —pheo(r) — (m — 1) (r)hl ().

This concludes the proof of Lemma 3.8. g

a(R) - .
—iR) s 2 radial

C2-function on BY satisfying that hoo(R) = 0. Moreover, Al = —Ji hoo by (3.24), where

To finish the proof of Theorem 3.6 we observe that, heo(r) = limy .

: k-1(BR)
=1
# k EI;IO .Ak(Bfg)
Again, Barta’s inequalities give us the result. g

Example. It is not very hard to compute explicitly the functions i (given recursively by
(1.3)) for some values of k in $?"*1(b) and H>"+1(b) to give upper and lower bounds for
the first eigenvalue of a geodesic ball in terms of its radius (the expressions are not so nice
as k increases but one can use the help of a computer). To illustrate this, let us show some
estimates in §° (1) (in the 3-dimensional sphere the exact value is known [FH]).

For S°(1), we know that w(r) = sin(r) and the functions #(r) for the geodesic R-ball
can be computed using (3.1). By this way, we obtain that

i (0) = §(5 +3csc(R)? — 3R cot(R)(2 + csc(R)?)),

(0) — 1}@(*1 —12R? — 14R cot(R) — (5 + 19R cot(R)) csc(R)>
+6(1 +3R? — 2R cot(R)) csc(R)* + 6R? csc(R)®),

iy (R) = —3% csc(R)*(12R — 8sin(2R) 4+ sin(4R)),

ih(R) = 20148 esc(R)7((—1 + 288R?) cos(R) + 3(9 — 32R?) cos(3R)

—27cos(5R) + cos(7R) — 8R(33sin(R) + 5sin(3R))),

and the first eigenvalue satisfies
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We can compute recursively the following functions 7 (the expressions become more
and more involved). For k = 2 and k = 5 we show in table 1 the estimates of A1 (B§")
obtained for different radius of the geodesic ball using (3.5) and (3.9):

R= /8 /4 371/8 /2 5m/8 371/4 771/8
A > 2ii1(0)/12(0) | 99.015 | 23.336 | 9.2838 | 4.323 | 1.993 | 0.7408 0.1257
A <2 ft’l (R) /ﬁ’2 (R) 218.1651 | 48.2328 | 17.199 | 6.8572 | 2.6182 | 0.8152 0.12672
A > 51i4(0)/15(0) | 126.021 | 29.1441 | 11.2221 | 4.98633 | 2.1696 | 0.762655 | 0.12601996
A <5 ﬁi(R) /ﬁ’S (R) 128.718 | 29.6307 | 11.339 | 5.00926 | 2.1719 | 0.762702 | 0.12601997

TABLE 1. Upper and lower estimates of A1 (B3") in $°(1) for various val-
ues of R and for k =2 and k = 5.

For a greater value of k we obtain better estimates. Anyway, our theorem asserts that in
the limit (k — oo) we obtain the exact value of the first eigenvalue.

4. EXTRINSIC AND INTRINSIC EIGENVALUE COMPARISON THEOREMS

In this section we now state and prove the comparison theorems for the first eigenvalue
of extrinsic balls of submanifolds that we alluded to in the introduction, but here in the
more general contexts of the comparison constellations. We divide this section into three
parts.

In the first we use Theorem 3.6 to get upper and lower bounds for the first Dirichlet
eigenvalues of the extrinsic balls of a submanifold.

In the second subsection we present the comparison between the first Dirichlet eigenval-
ues of the extrinsic balls and the geodesic balls with the same radius in the spaces used as
a model and described in Subsection 4.1, but now the strategy is based on the description
of the first Dirichlet eigenvalue of a domain in a Riemannian manifold given by McDonald
and Myers in [McMe]. With this method it is furthermore possible to describe the equality
case and obtain a rigidity result in one of the two settings studied.

The third subsection is devoted to an investigation of the intrinsic case, namely to apply
the results obtained in Subsections 4.1 and 4.2 to the intrinsic geodesic balls of a manifold
with sectional curvatures bounded from above or from below by the corresponding sec-
tional curvatures of rotationally symmetric model spaces. In both of these (intrinsic) cases
we also obtain the corresponding rigidity results.

4.1. Extrinsic comparison. First strategy.

Theorem 4.1. Let {N",P™, cn 2 h} denote a comparison constellation bounded from below in the
sense of Definition 2.11. Assume that My, = C! o is w-balanced from below. Let D be a smooth
precompact extrinsic R-ball in P™ with center at a point p € P C N which also serves as a pole in

N.

Then we have the following inequalities:

k.Akfl(BZ\(]R)) Vol(Bg\fR))
(4.1) M(Dr) < M(Blly)) = lim < ’
1(Dr 1\Ps(R) k —o00 Ak(BIS/\(]R)) -Al(Bg\éR))

where BZE]R) is the geodesic ball in M.
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Proof. Let go(s) be the eigenfunction of A4 (B:\(/R)) obtained in Theorem 3.6 and given by

i (s)
goo(s) = lim —K =
k—o0 u}(fv (0)
If we compose g« with the stretching function defined by (2.6), we obtain a function § :
[0,R] — R as
i (s(r)) fi(r)
3(r) = lim & = lim 27,
8 = lIm =Wy = M 7(0)
where f; are the functions introduced in Lemma 3.2.

Now let r denote the smooth distance to the pole p on N. We define the radial function
v:Dgr — Rbyv(q) = §(r(q)). Using Theorem 2.13 and the fact that

!
~/ r) = llm fk(r)
g(r) = lim 2763
since f,ﬁ < 0 for all k and the convergence is uniform, we have that
APo=AP(gor) = (§"(r) = § (N ()IIVr|I> + mg (r) (0 (r) + (VN7, Hp))

Again by the uniform convergence proved in Lemma 3.7,
~//

§'(r) = §(Nnu(r) = khlilo i (1) }kzlsgr)fk(r)

<0,

20,

by virtue of Lemma 3.2.

Then, if we interchange the limits and the derivatives and use Lemma 3.2,

APy = Ap(gor) > (@(r) — & (N1(1)g(r)2 + mg () (1 (r) — h(r))
= lim —kfia(r) — lim —k fi1(0) fra(r)

k—eo  fi(0) k= fk(0)  fi—1(0)
= —M(Blr)) §or=—M(Bl)v.

Therefore,
sup{—Alv/v} < Al(BZ{R)).
Dr
Since vj3p, = 0, Barta’s inequalities give us the result. O

Theorem 4.2. Let {N",P™,Clt, ,} denote a comparison constellation bounded from above. As-

sume that My, = CI', , is w-balanced from below. Let D be a smooth precompact extrinsic R-ball

in P™, with center at a point p € P which also serves as a pole in N. Then we have

(4.2) M (DR) = M(BY),
Suppose moreover that
(4.3) (m—1)- inf n,(r) =m- sup h(r)
7E[O,R] TG[O,R}
Then
. 2
(4.4) MBYY > (m—1)- ( inf 1110(1*)) —m- | sup h(r) ,
4 I’G[O,R] VE[O,R]

where BY (p) is the pole centered geodesic ball in the model space M.
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Proof. The proof follows the line of the proof of Theorem 4.1. Let g0 (r) be the eigenfunction
of A1(BY) obtained in Theorem 3.6 and given by

In this case the stretching function is the identity, so we transplant g to D composing
it with the smooth distance to the pole p on N. We obtain the radial function v : D — R
given by v(g) = g (r(q)). As before, it is easy to check that

Ao = AP (geoor) < g5(r) = 8o (M) (1) +mgls (1) (1w (r) — h(r))
—/\1 (B}%v) o0 O = —Al(BY{V) 0.

Therefore,
igf{—APv/v} > A1(BY),
R

and since v|yp, = 0, Barta’s inequalities again give us the first inequality.

To prove inequality (4.4), we follow the argument in Theorem 2 in [CL] - see also the
proof of Lemma 2.3 in [BM] — and use the variational Rayleigh formulation of the first
Dirichlet eigenvalue of the pole-centered geodesic ball BY (7). Given a smooth function
f € CP(BR(P)), let us consider the vector field X = VM u(r), where u(r) is any smooth
radial function. Following the lines of [CL] and computing div(f? X), we then have for any
e > 0 (a parameter that we shall fix later):

(@5) Lo WOV f o> [ f2 (eaMip(r) ' (1)) do

R

We consider p(r) = r. The vector field X = VMW yi(r) is not necessarily smooth, but we
may then approximate it by the smooth field X = VMir*,1 < a < 2, in the punctured ball
BY (p) — B}Y (p) and recover the same conclusion as below following the argument in [BM,
p. 286-288] by letting « — 1 and 6 — 0. It is straightforward to see, using the definition of
isoperimetric comparison space, Definition 2.7, that

MMy = (m — 1)y (r) = (m = 1w (r) — mh(r)
(4.6) > (m—1) inf 5,(r) —m sup h(r)
re[0R] re[0,R]

Using this inequality in equation (4.5) with y(r) = r, we obtain the following inequality,
where Lg := (m — 1) inf,co g 770 (r) — m sup, o g h(r) and Q(¢) := eLg — e2:

M 1240 > 2 _ 2
4.7) ./B}QV|V wf | dU//B,‘QVf (eLR e)d(r
2
Since Q(¢) attains its maximum at gy = LT with Q(gg) = %, we finally obtain the

R
desired Poincaré inequality for all f € C3 (B (p)):

- L3
4.8 / VMW f |12do > —R/ 2do
@8) [ IV e > 58 [ 5
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which gives the Rayleigh quotient inequality for the first eigenvalue of BY' (p):

LZ
(4.9) A (BY) > TR

0

4.2. Extrinsic comparison. Second strategy. We present an alternative proof of the first
inequality in (4.1) from Theorem 4.1 using Theorem 1.1 and previous results from [HMP2]:

Theorem 4.3 (Second proof of the first inequality of (4.1)). Let {N", P™,Cl" e i} denote a com-

parison constellation bounded from below in the sense of Definition 2.11. Assume that My, = Ci/ o

is w-balanced from below. Let Dy be a smoothly precompact extrinsic R-ball in P™, with center at a
point p € P which also serves as a pole in N.

Then,
(4.10) M(Dr) < A1 (BY))
where BZE]R) is the geodesic ball in M.

Proof. We here show how to obtain inequality A (Dg) < Aq (BZ{R)) using the description of

the first Dirichlet eigenvalue of a smooth precompact domain D in a Riemannian manifold
given by P. McDonald and R. Meyers in [McMe]. When D = Dg, we have

. " A (D
@ o =sup{r> 0 o (3) 2% < o}

On the other hand, we have, under the assumptions of the theorem, the following
inequalities concerning the mean exit time moment spectrum of the extrinsic balls, see
[HMP2]:

A, (Dg) . A”(BZE/R))

Vol(9Dg) = Vol(@By))

(4.12) foralln € N

And moreover, the following inequalities concerning its volume, see [HMP1]:

Vol(aDg) _ Vol(9B[[y))

(4.13) Vol(Dr) ~ Vol(Blj,)

Vol(Dg) < Vol(BYg))

Then, using inequality (4.12) the set

Hy:={n>0: lim sup

n—oo

A )

n -An

is included in the set

(ﬁ)n AH(B:{R)) Vol(dDg)
2

I[(n+1) VOl(aBSV(VR))
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so we have
. 7\" An(DRr)
pu— > . ~ 7. T a4\
M(Dr) = sup(y >0 - Jim sup (3)" iy < eo)
Ay (BY)
L " “n(Pgry) Vol(aDg)
(4.14) <sup{y >0 : lim sup (E) T(n+1) Vol(@BW,) il
s(R)
VOl(aDR) w
= ———=~M(B{r))
Vol (9B )R
Inequalities (4.13) give the desired inequality. O

In the same vein we also present the corresponding alternative proof of the eigenvalue
comparison inequality (4.2) from Theorem 4.2 again using Theorem 1.1 and [HMP2]:

Theorem 4.4 (Second proof of inequality (4.2)). Let {N",P™,C', , } denote a comparison con-
stellation bounded from above. Assume that Myy, = C', , is w-balanced from below. Let DR be a

smooth precompact extrinsic R-ball in P™, with center at a point p € P which also serves as a pole
in N. Then we have

(4.15) A(Dg) = M(BY),
where BY (P) is the pole centered geodesic ball in the model space M.

If My, is strictly balanced (in the sense that inequality (2.10) is an strict inequality for all radius
r) equality in (4.15) for some fixed radius Rq implies that Dy, is a geodesic cone in N. If P is mini-
mal and N = H" (D) is the hyperbolic space, we then have that P is a totally geodesic submanifold
in H"(b).

Proof. As in the above theorem, we can again obtain inequality A1(Dg) > Aq(BY) using
the description (4.11) of the first Dirichlet eigenvalue given in [McMe] restricted to the ex-
trinsic balls. Under the assumptions of the theorem we now have the following inequalities
concerning the mean exit time moment spectrum of the extrinsic balls, see [HMP2]:

An(DR) < An(BJVQV)

(4.16) Vol(dDg) ~ Vol(9BW)

foralln € N

And the corresponding inequalities concerning the relative volumes, see [HMP1]:

Vol(9Dg) Vol(9BY)
(4.17) Vol(Dg) = Vol(BY)
Vol(Dg) > Vol(BY)

Then, using inequality (4.16) the set

n A, (BY) Vol(dDg)

T(n+1) Vol(9BY) o}

Hy:={n>0: lim sup (g)

n—oo

is included in the set

L T n nAn(DR)
Hl.—{1720.nlgrolosup<2) 7F(n+1)<00} ,

so we have
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. n An D
A1(DRr) =sup{y >0 : Jl_r)rgosup (g) 1"(n(+R1§ < oo}
. n A”(B;NR ) Vol(aD
(4.18) >sup{n >0: nh_r)r;o sup (g) e +(1)) V()]EBBVI;; < oo}
R
= 2R, (B
Vol(aBY) 1(Bx)

Then we have inequality A1 (Dg) > A1(BY) using now inequalities (4.17).

This alternative proof allows us to discuss the equality case as in the paper [HMP2]: If
My, is strictly balanced, (in the sense that inequality (2.10) is an strict inequality for all ra-
dius r), equality A (Dg,) = A (BKVO) for some fixed radius Ry implies the equality between
the volumes Vol(Dg,) = Vol(BK\g), which implies in itself that V'r = VNr and Dy, is a
geodesic cone in N swept out by the radial geodesics from the center p of the ball. If P is

minimal and N = H"(b) is the hyperbolic space, we then have that P is a totally geodesic
submanifold in H" (b). O

4.3. Intrinsic comparison. We finally consider the intrinsic consequences of Theorems 4.1
and 4.2 assuming that P = N”". In this case, the extrinsic distance to the pole p becomes
the intrinsic distance in N, so, for all r the extrinsic domains D, become the geodesic balls
BN of the ambient manifold N. Then, for all x € P

VPr(x) = Vr(x),
Hp(x) = 0.
As a consequence, | V7| = 1, s0 g(r(x)) = 1and C(x) = h(r(x)) = 0, the stretching

function becomes the identity s(r) = r, W(s(r)) = w(r), and the isoperimetric comparison
space C}}} o 18 reduced to the auxiliary model space M.

As a corollary of the proofs of the theorems above we therefore have:

Theorem 4.5. Let BY be a geodesic ball of a complete Riemannian manifold N™ with a pole p
and suppose that the p-radial sectional curvatures of N" are bounded from below by the py,-radial
sectional curvatures of a w-model space M},. Then

(4.19) A (BR) < A1(BR),
where BY is the py-centered geodesic ball in My,. If M, is strictly balanced, then equality in (4.19)

for some fixed radius Rg implies that BII%]O and BR are isometric.

Theorem 4.6. Let BY be a geodesic ball of a complete Riemannian manifold N™ with a pole p
and suppose that the p-radial sectional curvatures of N" are bounded from above by the py,-radial
sectional curvatures of a w-model space M\, Then

(4.20) M (BR) = M(BR),
where BY is the geodesic ball in My,. If M} is strictly balanced, then equality in (4.20) for some

fixed radius Ry implies that Bﬁ]o and By are isometric.

Remark 4.7. The equality statements — now in both theorems — come from the fact that
equality for some fixed radius Ry in inequalities (4.19) and (4.20), leads via arguments in
Theorems 4.3 and 4.4 to the equality among the volumes of the geodesic balls Bﬁ’o and By .
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We conclude that they are therefore isometric using a direct application of Bishop’s volume
comparison theorem, as found e.g. in Corollary 3.2, Chapter IV in [S].
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