
ar
X

iv
:1

10
4.

56
25

v2
  [

m
at

h.
D

G
]  

12
 A

pr
 2

01
2

VOLUME GROWTH OF SUBMANIFOLDS AND THE CHEEGER
ISOPERIMETRIC CONSTANT

VICENT GIMENO# AND VICENTE PALMER#

ABSTRACT. We obtain an estimate of the Cheeger isoperimetric constant in terms of the
volume growth for a properly immersed submanifold in a Riemannian manifold which
possesses at least one pole and sectional curvature boundedfrom above .

1. INTRODUCTION

The Cheeger isoperimetric constantI∞(M) (see [5]) of a non-compact Riemannian
manifold of dimensionn ≥ 2 is defined as:

(1.1) I∞(M) := inf
Ω

{

Vol(∂Ω)

Vol(Ω)

}

whereΩ ranges over open submanifolds ofM possessing compact closure and smooth
boundary,Vol(∂Ω) denotes the(n − 1)-dimensional volume of the boundary∂Ω, and
Vol(Ω) denotes then-dimensional volume ofΩ, (concerning this definition, see also [3]
and [4]).

This paper focuses on obtaining sharp upper and lower boundsfor the Cheeger isoperi-
metric constantI∞(P ) of a complete submanifoldP with controlled mean curvature and
properly immersed in an ambient manifoldN with sectional curvatures bounded from
above and which possess at least one pole.

As a consequence of these upper and lower bounds, and as a preliminary view of our
main theorems (Theorems 3.2 and 3.3 in section§.3), we present the following results,
which constitute a particular case of them when a complete, non-compact and minimal
submanifold properly immersed in a Cartan-Hadamard manifold is considered. In con-
trast, if we focus on compact and minimal submanifolds of a Riemannian manifold satis-
fying other geometric restrictions, we refer to the work [12], where certain isoperimetric
inequalities involving these submanifolds have been proven.

Theorem A. LetPm be a complete non-compact and minimal submanifold properlyim-
mersed in a Cartan-Hadamard manifoldN with sectional curvatures bounded from above

asKN ≤ b ≤ 0, and suppose thatSupt>0(
Vol(P∩BN

t )

Vol(Bm,b
t )

) < ∞, whereBN
t is the geodesic

t-ball in the ambient manifoldN andBm,b
t denotes the geodesict-ball in the real space

form of constant sectional curvatureKm(b).
Then

(1.2) I∞(P ) ≤ (m− 1)
√
−b .

Theorem B. LetPm be a complete non-compact and minimal submanifold properlyim-
mersed in a Cartan-Hadamard manifoldN with sectional curvatures bounded from above
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2 V. GIMENO AND V. PALMER

asKN ≤ b ≤ 0. Then

(1.3) I∞(P ) ≥ (m− 1)
√
−b .

The lower bounds forI∞(P ) in Theorem B come from direct application of the diver-
gence theorem to the Laplacian of the extrinsic distance defined on the submanifold using
the distance in the ambient manifold, following the arguments of Proposition 3 in [21] and
of Theorem 6.4 in [4].

On the other hand, the upper bounds in Theorem A were obtainedby assuming that the
(extrinsic) volume growth of the submanifold is bounded from above by a finite quantity.
As we shall see in the corollaries, when the submanifold is a minimal immersion in the
Euclidean space or when we are dealing with minimal surfacesin the Euclidean or the Hy-
perbolic space, this crucial fact relates Cheeger’s constant I∞(P ) with the total extrinsic
curvature of the submanifold

∫

P
‖BP ‖mdσ, in the sense that the finiteness of this total

extrinsic curvature implies the upper bounds for Cheeger’sconstant, using the results in
[1], [6] and [8].

These lower and upper bounds ofI∞(P ) given in Theorems 3.2 and 3.3 come from
comparisons for the Laplacian of the extrinsic distance defined on the submanifold, and
the techniques used to obtain these comparisons are based onthe Hessian analysis of this
restricted distance function. When the extrinsic curvature of the submanifold is bounded
(from above or from below), this analysis focuses on the relation, given in [10], between the
Hessian of this function and these (extrinsic) curvature bounds, thus providing comparison
results for the Hessian and the Laplacian of the distance function in the submanifold.

The model used in these comparisons is constructed from the corresponding values for
these operators computed for the intrinsic distance of a rotationally symmetric space whose
sectional curvatures bound the corresponding curvatures of the ambient manifold.

We shall see that the Cheeger constantI∞(P ) is bounded by the limit of some isoperi-
metric quotient determined by the geodesicr-balls in these model spaces, which involves
the mean curvature of the submanifold.

1.1. Outline of the paper. In section§.2 we present the basic definitions and facts con-
cerning the extrinsic distance restricted to a submanifold, and about the rotationally sym-
metric spaces used as a model for comparison. We also presentthe basic results regard-
ing the Hessian comparison theory of restricted distance function that will be used. This
section finishes with the description of the isoperimetric context where the results hold.
Section§.3 is devoted to the statement and proof of the two main Theorems 3.2 and 3.3
and three corollaries are stated and proven in the final section §.4.

2. PRELIMINAIRES

2.1. The extrinsic distance. We assume throughout the paper thatPm is a complete,
non-compact, properly immersed,m-dimensional submanifold in a complete Riemannian
manifoldNn which possesses at least one poleo ∈ N . Recall that a pole is a pointo such
that the exponential map

expo : ToN
n → Nn

is a diffeomorphism. For everyx ∈ Nn \ {o} we definer(x) = ro(x) = distN (o, x), and
this distance is realized by the length of a unique geodesic fromo to x, which is theradial
geodesic fromo. We also denote byr the restrictionr|P : P → R+ ∪ {0}. This restriction
is called theextrinsic distance functionfrom o in Pm. The gradients ofr in N andP are
denoted by∇N r and∇P r, respectively. Let us remark that∇P r(x) is just the tangential
component inP of ∇N r(x), for all x ∈ S. Then we have the following basic relation:

(2.1) ∇Nr = ∇P r + (∇N r)⊥

where(∇N r)⊥(x) = ∇⊥r(x) is perpendicular toTxP for all x ∈ P .
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Definition 2.1. Given a connected and complete submanifoldPm properly immersed in a
manifoldNn with a poleo ∈ N , we denote theextrinsic metric ballsof radiust > 0 and
centero ∈ N byDt(o). They are defined as the intersection

BN
t (o) ∩ P = {x ∈ P : r(x) < t}

whereBN
t (o) denotes the open geodesic ball of radiust centered at the poleo in Nn.

Remark a. The extrinsic domainsDt(o) are precompact sets (because in the definition
above it was assumed that the submanifoldP is properly immersed), with smooth boundary
∂Dt(o). The assumption on the smoothness of∂Dt(o) makes no restriction. Indeed, the
distance functionr is smooth inN \ {o} sinceN is assumed to possess a poleo ∈ N .
Hence the restrictionr|P is smooth inP and consequently the radiit that produce smooth
boundaries∂Dt(o) are dense inR by Sard’s theorem and the Regular Level Set Theorem.

We now present the curvature restrictions which constitutethe geometric framework of
our study.

Definition 2.2. Let o be a point in a Riemannian manifoldN and letx ∈ N − {o}. The
sectional curvatureKN (σx) of the two-planeσx ∈ TxN is then called ao-radial sectional
curvatureof N at x if σx contains the tangent vector to a minimal geodesic fromo to x.
We denote these curvatures byKo,N(σx).

In order to control the mean curvaturesHP (x) of Pm at distancer from o in Nn we
introduce the following definition:

Definition 2.3. Theo-radial mean curvature function forP in N is defined in terms of the
inner product ofHP with theN -gradient of the distance functionr(x) as follows:

C(x) = −〈∇Nr(x), HP (x)〉 for all x ∈ P .

2.2. Model Spaces.The model spacesMm
w are rotationally symmetric spaces which serve

as comparison controllers for the radial sectional curvatures of the ambient spaceNn.

Definition 2.4 (see [11], [10]). A w−modelMm
w is a smooth warped product with base

B1 = [ 0, R[ ⊂ R (where 0 < R ≤ ∞ ), fiber Fm−1 = Sm−1
1 (i.e., the unit(m −

1)−sphere with standard metric), and warping functionw : [ 0, R[→ R+ ∪ {0} with
w(0) = 0, w′(0) = 1, andw(r) > 0 for all r > 0 . The pointow = π−1(0), whereπ
denotes the projection ontoB1, is called thecenter pointof the model space. IfR = ∞,
thenow is a pole ofMm

w .

Remark b. The simply connected space formsKm(b) of constant curvatureb can be
constructed asw−modelsKn(b) = Mn

wb
with any given point as the center point using the

warping functions

(2.2) wb(r) =











1√
b
sin(

√
b r) if b > 0

r if b = 0
1√
−b

sinh(
√
−b r) if b < 0 .

Note that forb > 0 the functionwb(r) admits a smooth extension tor = π/
√
b. For b ≤ 0

any center point is a pole.

Remark c. The sectional curvatures of the model spacesKow,Mw
in the radial directions

from the center point are determined by the radial functionKow,Mw
(σx) = Kw(r) = −w′′(r)

w(r)
,

(see [10], [11] [18]). Moreover, the mean curvature of the distance sphere of radiusr from
the center point is

(2.3) ηw(r) =
w′(r)

w(r)
=

d

dr
ln(w(r)) .
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Hence, the sectional curvature ofK
n(b) is given by−w′′

b (r)

wb(r)
= b and the mean cur-

vature of the geodesicr−sphereSwb
r = Sb,n−1

r in the real space formKn(b), ‘pointed
inward’ is (see [19]):

ηwb
= hb(t) =







√
b cot

√
bt if b > 0

1/t if b = 0√
−b coth

√
−bt if b < 0 .

In particular, in [16] we introduced, for any given warping functionw(r) , the isoperi-
metric quotient functionqw(r) for the correspondingw−model spaceMm

w as follows:

(2.4) qw(r) =
Vol(Bw

r )

Vol(Sw
r )

=

∫ r

0 wm−1(t) dt

wm−1(r)
.

whereBw
r andSw

r denotes the metricr−ball and the metricr−sphere inMm
w respectively.

2.3. Hessian comparison analysis of the extrinsic distance.This subsection offers a
corollary of the Hessian comparison Theorem A in [10], whichconcerns the bounds for
the Laplacian of a radial function defined on the submanifold(see [13] and [20] for detailed
computations, see also [14]).

Theorem 2.5. LetNn be a manifold with a poleo and letMm
w denote aw−model with

centerow. LetPm be a properly immersed submanifold inN . Then we have the following
dual Laplacian inequalities for modified distance functionsf ◦ r : P −→ R:

Suppose that everyo-radial sectional curvature atx ∈ N − {o} is bounded by the
ow-radial sectional curvatures inMm

w as follows:

(2.5) K(σ(x)) = Ko,N(σx) ≤ −w′′(r)

w(r)
.

Then we have for every smooth functionf(r) with f ′(r) ≤ 0 for all r, (respectively
f ′(r) ≥ 0 for all r):

(2.6)
∆P (f ◦ r) ≤ (≥) ( f ′′(r) − f ′(r)ηw(r) ) ‖∇P r‖2

+mf ′(r)
(

ηw(r) + 〈∇N r, HP 〉
)

,

whereHP denotes the mean curvature vector ofP in N .

2.4. The Isoperimetric Comparison space.We are going to define a new kind of model

spaces,Mm
W . The limit lim

r→∞
W ′(r)

W (r)
of the quotient determined by its warping function

(this quotient is given in terms of the mean curvature of the geodesic spheres inMm
W and

the bounds on the mean curvature of the submanifoldP ) will serve as estimate for the
isoperimetric constantI∞(P ).

Definition 2.6 ( [17]). Given the smooth functionsw : R+ −→ R+ andh : R+ −→ R

with w(0) = 0, w′(0) = 1 and−∞ < h(0) < ∞, the isoperimetric comparison space
Mm

W is theW−model space with base intervalB = [ 0, R ] and warping functionW (r)
defined by the following differential equation:

(2.7)
W ′(r)

W (r)
= ηw(r) − m

m− 1
h(r) .

and the following boundary condition:

(2.8) W ′(0) = 1 .
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By using equation (2.8), it is straightforward to see thatW (r) = 0 only at r = 0, so
Mm

W has a well-defined poleoW at r = 0. Moreover,W (r) > 0 for all r > 0.

Note that whenh(r) = 0 for all r, thenW (r) = w(r) for all r, soMm
W becomes a

model space with warping functionw, Mm
w .

Definition 2.7. The model spaceMm
W is w−balanced from above(with respect to the

intermediary model spaceMm
w ) iff the following holds for allr ∈ [ 0, R ]:

(2.9)
ηw(r) ≥ 0

η′W (r) ≤ 0 ∀r .

Note thatη′W (r) ≤ 0 ∀r is equivalent to the condition

(2.10) − (m− 1)(η2w(r) +Kw(r)) ≤ mh′(r) .

Definition 2.8. The model spaceMm
W is w−balanced from below(with respect to the

intermediary model spaceMm
w ) iff the following holds for allr ∈ [ 0, R ]:

(2.11) qW (r) (ηw(r) − h(r)) ≥ 1/m .

Examples . The following is a list of examples of isoperimetric comparison spaces and
balance.

(1) Given the functionswb(r) and h(r) = C ≥
√
−b, ∀r > 0, let us consider

K
m(b) = Mm

wb
as an intermediary model space with constant sectional curvature

b < 0. Then, it is straightforward to check that the model spaceMm
W defined from

wb andh as in Definition 2.6 iswb−balanced from above, and is notwb−balanced
from below.

(2) LetMm
w be a model space, withw(r) = er

2

+ r− 1. Let us now considerh(r) =
0 ∀r > 0. In this case, ash(r) = 0, thenW (r) = w(r), so the isoperimetric
comparison spaceMm

W agrees with its corresponding intermediary model space
Mm

w . Moreover, (see[16]),

qw(r)ηw(r) ≥
1

m
.

soMm
w isw-balanced from below.

However, it is easy to see thatηw(r) =
2rer

2

+1
er

2+r−1
is an increasing function from

a given valuer0 > 0 and, hence, does not satisfy second inequality in (2.9) and is
therefore notw-balanced from above.

(3) LetKm(b) = Mm
wb

, (b ≤ 0), be the Euclidean or Hyperbolic space, with warp-
ing functionwb(r). Let us considerh(r) = 0 ∀r. In this context, these spaces
are isoperimetric spaces with themselves as intermediary spaces, and satisfy both
balance conditions given in definitions 2.7 and 2.8 (see[16]).

2.5. Comparison Constellations.We now present the precise settings where our main
results take place, and introduce the notion ofcomparison constellations.

Definition 2.9. LetNn denote a Riemannian manifold with a poleo and distance function
r = r(x) = distN (o, x). LetPm denote a complete and properly immersed submanifold
in Nn. Suppose the following conditions are satisfied for allx ∈ Pm with r(x) ∈ [ 0, R] :

(a) Theo-radial sectional curvatures ofN are bounded from above by theow-radial sec-
tional curvatures of thew−model spaceMm

w :

K(σx) ≤ −w′′(r(x))

w(r(x))
.



6 V. GIMENO AND V. PALMER

(b) Theo-radial mean curvature ofP is bounded from above by a smooth radial function,
(thebounding function) h : R+ −→ R, (h(0) ∈]−∞,∞[):

C(x) ≤ h(r(x)) .

Let Mm
W denote theW -model with the specific warping functionW : π(Mm

W ) → R+

constructed in Definition 2.6 viaw, andh. Then the triple{Nn, Pm,Mm
W } is called an

isoperimetric comparison constellationon the interval[ 0, R] .

Examples . Minimal and non-minimal settings will now be described.

(1) Minimal submanifolds immersed in an ambient Cartan-Hadamard manifold: let
P be a minimal submanifold of a Cartan-Hadamard manifoldN , with sectional
curvatures bounded above byb ≤ 0. Let us consider the functionh(r) = 0 ∀r ≥ 0
as the bounding function for theo-radial mean curvature ofP and the functions
wb(r) with b ≤ 0 as the warping functionw(r).

It is straigthforward to see that, under these restrictions, W = wb and, hence,
Mm

W = K
m(b), so {Nn, Pm, Km(b)} is an isoperimetric comparison constella-

tion on the interval[ 0, R] , for all R > 0. Here the model spaceMm
W = Mm

wb
=

K
m(b) iswb-balanced from above and from below.

(2) Non-minimal submanifolds immersed in an ambient Cartan-Hadamard manifold.
Let us consider again a Cartan-Hadamard manifoldN , with sectional curvatures
bounded above bya ≤ 0. LetPm be a properly immersed submanifold inN such
that

C(x) ≤ ha,b(r(x)) .

where, by fixinga < b < 0, we defineha,b(r) =
m−1
m

(ηwa
(r) − ηwb

(r)) ∀r > 0.
Then, it is straightforward to check thatW = wb and, hence,Mm

W = K
m(b),

so {Nn, Pm,Mm
W } is an isoperimetric comparison constellationon the interval

[ 0, R] , for all R > 0. Moreover the model spaceMm
W = Mm

wb
= K

m(b) is
wa-balanced from above and from below.

3. MAIN RESULTS

Before stating our main theorems, we find the upper bounds forthe isoperimetric quo-
tient defined as the volume of the extrinsic sphere divided bythe volume of the extrinsic
ball, in the setting given by the comparison constellations.

Theorem 3.1. (see[13], [19], [15]) Consider an isoperimetric comparison constellation
{Nn, Pm,Mm

W }. Assume that the isoperimetric comparison spaceMm
W is w-balanced

from below. Then

(3.1)
Vol(∂Dt)

Vol(Dt)
≥ Vol(SW

t )

Vol(BW
t )

.

Furthermore, the functionf(t) = Vol(Dt)

Vol(BW
t )

is monotone non-decreasing int.

Moreover, if equality holds in (3.1) for some fixed radiust0 > 0, thenDt0 is a cone in
the ambient spaceNn.

The following is the upper bound for the Cheeger constant of asubmanifoldP :

Theorem 3.2. Consider an isoperimetric comparison constellation{Nn, Pm,Mm
W }. As-

sume that the isoperimetric comparison spaceMm
W is w-balanced from below. Assume,

moreover, that

(1) Supt>0(
Vol(Dt)

Vol(BW
t )

) < ∞.

(2) The limitlimt→∞
Vol(SW

t )

Vol(BW
t )

exists
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Then

(3.2) I∞(P ) ≤ lim
r→∞

Vol(SW
t )

Vol(BW
t )

.

In particular, letPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0, and suppose thatSupt>0(

Vol(Dt)

Vol(Bm,b
t )

) < ∞.

Then

(3.3) I∞(P ) ≤ (m− 1)
√
−b .

Proof. Let us define

(3.4) F (t) :=
Vol(Dt)

′

Vol(Dt)
− Vol(SW

t )

Vol(BW
t )

=

[

ln

(

Vol(Dt)

Vol(BW
t )

)]′

By the co-area formula and applying Theorem 3.1 it is easy to see thatF (t) is a non-
negative function. Moreover,Vol(Dt)

Vol(BW
t )

is non-decreasing (see [15]).
Integrating betweent0 > 0 andt > t0:

Vol(Dt)

Vol(BW
t )

=
Vol(Dt0)

Vol(BW
t0
)
e
∫

t

t0
F (s) ds

But on the other hand, from hypothesis (2) and the fact thatVol(Dt)

Vol(BW
t )

is non-decreasing, we

know thatlimt→∞
Vol(Dt)

Vol(BW
t )

= supt
Vol(Dt)

Vol(BW
t )

< ∞. Then, sinceF (t)) ≥ 0 ∀t > 0:

∫ ∞

t0

F (s)ds < ∞

and hence there is a monotone increasing sequence{ti}∞i=0 tending to infinity, such that:

(3.5) lim
i→∞

F (ti) = 0

Let us consider now the exhaustion{Dti}∞i=1 of P by these extrinsic balls.
By using equation (1.1), we have that,

(3.6) I∞(P ) ≤ Vol(∂Dti)

Vol(Dti)
≤ (Vol(Dti))

′

Vol(Dti)
∀ri

On the other hand, sincelimi→∞ F (ti) = 0, then

(3.7) lim
i→∞

(Vol(Dti))
′

Vol(Dti))
= lim

i→∞

Vol(SW
ti
)

Vol(BW
ti
)

and therefore

(3.8) I∞(P ) ≤ lim
i→∞

Vol(SW
ti
)

Vol(BW
ti
)

Inequality (3.3) follows inmediately taking into account that, as was shown in the
examples above, whenP is minimal in a Cartan-Hadamard manifold, then considering
h(r) = 0 ∀r and consideringw(r) = wb(r), we have that{Nn, Pm,Km(b)} is a com-
parison constellation, withKm(b) wb-balanced from below.
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As by hypothesis,Supt>0(
Vol(Dt)

Vol(Bb,m
t )

) < ∞ and we have that,

(3.9)

lim
t→∞

Vol(SW
t )

Vol(BW
t )

= lim
t→∞

Vol(S0,m−1
t )

Vol(B0,m
t )

= 0 if b = 0

lim
t→∞

Vol(SW
t )

Vol(BW
t )

= lim
t→∞

Vol(Sb,m−1
t )

Vol(Bb,m
t )

= (m− 1)
√
−b if b < 0

we now apply inequality (3.2). �

Now, we have the following result, which is a direct extension to Yau’s classical result
(see [21]) on minimal submanifolds, using the same techniques as in [4]:

Theorem 3.3. Consider an isoperimetric comparison constellation{Nn, Pm,Mm
W }. As-

sume that the isoperimetric comparison spaceMm
W is w-balanced from above. Assume,

moreover, that the limitlimr→∞
W ′(r)
W (r) exists.

Then

(3.10) I∞(P ) ≥ (m− 1) lim
r→∞

W ′(r)

W (r)
.

In particular, letPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0.

Then

(3.11) I∞(P ) ≥ (m− 1)
√
−b .

Proof. From equation (2.7) in definition 2.6 of the isoperimetric comparison space, we
have:

(3.12) (m− 1)
W ′(r)

W (r)
+ ηw(r) = m (ηw(r) − h(r))

On the other hand, from Theorem 2.5:

(3.13)

∆P r ≥
(

m− ‖∇P r‖2
)

ηw(r) +m〈∇Nr, HP 〉 ≥
(m− 1)ηw(r) +m〈∇Nr, HP 〉 ≥
(m− 1)ηw(r) −mh(r) =

m (ηw(r)− h(r)) − ηw(r)

Then, applying (3.12)

(3.14) △P r ≥ (m− 1)
W ′(r)

W (r)

Now, if we consider a domainΩ ⊆ P , which is precompact and with smooth closure,
we have, given its outward unitary normal vector field,ν:

〈ν,∇P r〉 ≤ 1

hence by applying divergence Theorem, and taking into account thatW
′(r)

W (r) is non-increasing

(3.15)

Vol(∂Ω) ≥
∫

∂Ω

〈ν,∇P r〉dµ

=

∫

Ω

∆P rdσ ≥
∫

Ω

W ′(r)

W (r)
dσ ≥ (m− 1) lim

r→∞
W ′(r)

W (r)
Vol(Ω)

As
Vol(∂Ω)

Vol(Ω)
≥ (m− 1) lim

r→∞
W ′(r)

W (r)
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for any domainΩ, we have the result.
Inequality (3.11) follows inmediately taking into accountthat, as in the proof of Theo-

rem 3.2 and in the examples above, whenP is minimal in a Cartan-Hadamard manifold,
then we have that{Nn, Pm,Km(b)} is a comparison constellation (h(r) = 0 ∀r and
w(r) = wb(r)), with the isoperimetric comparison space used as a modelMm

W = K
m(b)

wb-balanced from above. Moreover,limr→∞
W ′(r)
W (r) =

√
−b. �

4. APPLICATIONS: CHEEGER CONSTANT OF MINIMAL SUBMANIFOLDS OF

CARTAN-HADAMARD MANIFOLDS

4.1. Isoperimetric results and Chern-Osserman Inequality. This subsection provides
two results which describe how minimality and the control onthe total extrinsic curvature
of the submanifold implies, among other topological consequences, having finite volume
growth. The first (Theorem 4.1) is due to M.T. Anderson, and the second (Theorem 4.2)
was proved in the Euclidean setting by S.S. Chern and R. Osserman, with an extension to
the Hyperbolic setting due to Q. Chen. These results will be used to prove Corollaries 4.4
and 4.5 in the next Subsection§4.2.

Theorem 4.1. (see[1]). Let Pm be an oriented, connected and complete minimal sub-
manifold immersed in the Euclidean spaceR

n. Let us suppose that
∫

P
‖BP ‖mdσ < ∞,

whereBP is the second fundamental form ofP . Then

(1) P has finite topological type.
(2) Supt>0(

Vol(∂Dt)

Vol(S0,m−1

t )
) < ∞ .

(3) −χ(P ) =
∫

P
Φdσ + limt→∞

Vol(∂Dt)

Vol(S0,m−1

t )
.

whereχ(P ) is the Euler characteristic ofP andΦ is the Gauss-Bonnet-Chern form onP ,
andSb,m−1

t denotes the geodesict-sphere inKm(b).

Remark d. Note that, on applying inequality (3.1) in Theorem 3.1 to thesubmanifoldP
the theorem above, we conclude that, under the assumptions of Theorem 4.1, we have the
following bound for the volume growth

(4.1) Supt>0(
Vol(Dt)

Vol(B0,m
t )

) ≤ Supt>0(
Vol(∂Dt)

Vol(S0,m−1
t )

) < ∞ .

whereBb,m
t denotes the geodesict-ball inK

m(b).

On the other hand, we have that Chern-Osserman Inequality issatisfied by complete and
minimal surfaces in a simply connected real space form with constant sectional curvature
b ≤ 0, Kn(b). Namely

Theorem 4.2. (see[1], [6] and [8]. For an alternative proof, see[9]). Let P 2 be an
complete minimal surface immersed in a simply connected real space form with constant
sectional curvatureb ≤ 0, Kn(b). Let us suppose that

∫

P
‖BP ‖2dσ < ∞. Then

(1) P has finite topological type.
(2) Supt>0(

Vol(Dt)

Vol(Bb,2
t )

) < ∞ .

(3) −χ(P ) ≤
∫
P

‖BP ‖2

4π − Supt>0
Vol(Dt)

Vol(Bb,2
t )

.

whereχ(P ) is the Euler characteristic ofP .
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4.2. The Corollaries. In this subsection, we are going to state and prove the following
results, which are direct consequences of the main theoremsin Section§.3 and Theorems
4.1 and 4.2 in Subsection§4.1.

The first Corollary 4.3 is a direct application of Theorems 3.2 and 3.3.

Corollary 4.3. LetPm be a complete and minimal submanifold properly immersed in a
Cartan-Hadamard manifoldN with sectional curvatures bounded from above asKN ≤
b ≤ 0. Let us suppose thatSupt>0(

Vol(Dt)

Vol(Bb,m
t )

) < ∞
Then

(4.2) I∞(P ) = (m− 1)
√
−b .

Proof. This is a direct consequence of inequalities (3.3) and (3.11) in Theorem 3.2 and
Theorem 3.3. �

The second and the third corollaries 4.4 and 4.5 are based on Theorems 4.1 and 4.2.
When we consider minimal submanifolds inRn, we have the following result:

Corollary 4.4. LetPm be a complete and minimal submanifold properly immersed inR
n,

with finite total extrinsic curvature
∫

P
‖BP ‖mdσ < ∞.

Then

(4.3) I∞(P ) = 0 .

Proof. In this case, takingh(r) = 0 ∀r andw0(r) = r, we have that{Rn, Pm,Rm} is a
comparison constellation bounded from above, withR

m w0-balanced from below. Hence,
we apply Theorem 3.1 to obtain

(4.4)
Vol(Dt)

Vol(B0,m
t )

≤ Vol(∂Dt)

Vol(S0,m−1
t )

for all t > 0 .

Therefore, as the total extrinsic curvature ofP is finite, by applying Theorem 4.1, in-
equality (4.4) and Remark d, we have

Supt>0(
Vol(Dt)

Vol(B0,m
t )

) < ∞

Finally,

lim
t→∞

Vol(S0,m−1
t )

Vol(B0,m
t )

= lim
t→∞

m

t
= 0

Hence, applying Theorem 3.2,I∞(P ) ≤ 0, soI∞(P ) = 0. �

Corollary 4.4 can be extended to complete and minimal surfaces (properly) immersed
in the Hyperbolic space, with finite total extrinsic curvature:

Corollary 4.5. LetP 2 be a complete and minimal surface immersed inK
n(b) with finite

total extrinsic curvature
∫

P
‖BP ‖2dσ < ∞.

Then

(4.5) I∞(P ) =
√
−b .

Proof. As the total extrinsic curvature ofP is finite, by applying Theorem 4.2 we have:

Supt>0(
Vol(Dt)

Vol(Bb,2
t )

) < ∞

Then, apply Corollary 4.3 withm = 2. �



CHEEGER ISOPERIMETRIC CONSTANT 11

REFERENCES

[1] M. T. Anderson,The compactification of a minimal submanifold in Euclidean space by the Gauss
map, I.H.E.S. Preprint, 1984

[2] I. Chavel,Eigenvalues in Riemannian Geometry, Academic Press (1984).
[3] I. Chavel, Isoperimetric inequalities. Differential geometric and analytic perspectives, Cambridge

Tracts in Mathematics,145. Cambridge University Press (2001).
[4] I. Chavel, Riemannian geometry: A modern introduction, Cambridge Tracts in Mathematics,108.

Cambridge University Press (1993).
[5] J. Cheeger,A Lower Bound for the Smallest Eigenvalue of the Laplacian, Problems in analysis, (Pa-

pers dedicated to Salomon Bochner, 1969), pp 195-199, N.J. 1970.
[6] Q. Chen,On the volume growth and the topology of complete minimal submanifolds of a Euclidean

spaceJ. Math. Sci. Univ. Tokyo 2 (1995), 657-669.
[7] Q. Chen,On the area growth of minimal surfaces inHn, Geometriae Dedicata,75 (1999), 263–273.
[8] Q. Chen Qing and Y. Cheng,Chern-osserman inequality for minimal surfaces inH

n, Proc. Amer.
Math Soc., Vol. 128,8, (1999), 2445-2450.

[9] V. Gimeno and V. Palmer,Extrinsic isoperimetry and compactification of minimal surfaces in Eu-
clidean and Hyperbolic spaces, Preprint accepted for publication in Israel Jour. Math, (2010),
arXiv:1011.5380v1.

[10] R. Greene and S. WuFunction theory on manifolds which posses a pole, Lecture Notes in Math.,
699, (1979), Springer Verlag, Berlin.

[11] A. Grigor’yan,Analytic and geometric background of recurrence and non-explosion of the Brownian
motion on Riemannian manifolds, Bull. Amer. Math. Soc.36 (1999), 135–249.

[12] D. Hoffman and J. Spruck,Sobolev and Isoperimetric Inequalities for Riemannian Submanifolds,
Comm. of Pure and App. Mathematics,27 (1974), 715-727.

[13] A. Hurtado, S. Markvorsen and V. Palmer,Torsional rigidity of submanifolds with controlled geome-
try, Math. Ann.344(2009), 511–542.

[14] L.P. Jorge and D. Koutroufiotis,An estimate for the curvature of bounded submanifolds, Amer. Jour-
nal of Math.,103, n. 4 (1981), 711-725.

[15] S. Markvorsen and V. Palmer,The relative volume growth of minimal submanifolds, Archiv der Math-
ematik,79 (2002), 507–514.

[16] S. Markvorsen and V. Palmer,Torsional rigidity of minimal submanifolds, Proc. London Math. Soc.
93 (2006), 253–272.

[17] S. Markvorsen and V. Palmer,Extrinsic isoperimetric analysis on submanifolds with curvatures
bounded from below, J. Geom. Anal.20 (2010) 388–421.

[18] B. O’Neill, Semi-Riemannian Geometry; With Applications to Relativity, Academic Press (1983).
[19] V. Palmer,Isoperimetric Inequalities for extrinsic balls in minimalsubmanifolds and their applica-

tions, J. London Math. Soc. (2)60 (1999), 607-616.
[20] V. Palmer,On deciding whether a submanifold is parabolic of hyperbolic using its mean curvatureSi-

mon Stevin Transactions on Geometry, vol 1. 131-159, Simon Stevin Institute for Geometry, Tilburg,
The netherlands, 2010.

[21] S.T. Yau,Isoperimetric constants and the first eigenvalue of a compact Riemannian manifold, Annales
Scientifiques de L’E.N.S.,8, num. 4, (1975), 487-507.
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