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A Banach algebra A is Arens-regular when all its continuous functionals are weakly
almost periodic, in symbols when A* = WADP(A). To identify the opposite behaviour,
Granirer called a Banach algebra extremely non-Arens regular (enAr, for short)
when the quotient A* /WAP(A) contains a closed subspace that has A* as a quotient.
In this paper we propose a simplification and a quantification of this concept. We
say that a Banach algebra A is r-enAr, with » > 1, when there is an isomorphism
with distortion r of A* into A*/WADP(A). When r = 1, we obtain an isometric
isomorphism and we say that A is isometrically enAr. We then identify sufficient
conditions for the predual U, of a von Neumann algebra U to be r-enAr or
isometrically enAr. With the aid of these conditions, the following algebras are
shown to be r-enAr:

(i) the weighted semigroup algebra of any weakly cancellative discrete semigroup,
when the weight is diagonally bounded with diagonal bound ¢ > r. When the
weight is multiplicative, i.e., when ¢ = 1, the algebra is isometrically enAr,

(ii) the weighted group algebra of any non-discrete locally compact infinite group
and for any weight,

(iii) the weighted measure algebra of any locally compact infinite group, when the
weight is diagonally bounded with diagonal bound ¢ > r. When the weight is
multiplicative, i.e., when ¢ = 1, the algebra is isometrically enAr.

The Fourier algebra A(G) of a locally compact infinite group G is shown to be
isometrically enAr provided that (1) the local weight of G is greater or equal than
its compact covering number, or (2) G is countable and contains an infinite amenable
subgroup.
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1. Introduction

In [1], Richard Arens showed how to extend the product of a Banach algebra A to its second dual A**.
He in fact observed that there are two symmetric and identically natural ways of performing this extension.
Each of these paths however leads to a different multiplication on A**. With one of these multiplications,
left translations are weak*-weak*-continuous but right multiplications may fail to be so. With the other
multiplication, the situation is reversed.

There is a subspace of A* on which both multiplications coincide, the space WAP(A) of weakly almost
periodic functionals elements. This follows from an important property of weakly almost periodic functionals:
Grothendieck’s double limit criterion. According to this criterion, f € WAP(A) if and only if for every pair
of bounded nets (aa)aca, and (bg)gea,,

lim lién flaabg) = lién lim f(aabg),

whenever both limits exist.

So, when A* = WAP(A), i.e., when the quotient A*/WADP(A) is trivial, there is only one Arens product,
which is separately weak*-weak*-continuous. In such a situation, the algebra A is said to be Arens regular.
Otherwise, the algebra A is said to be non-Arens regular or Arens irreqular. C*-algebras constitute the
paradigmatic example of Arens regular Banach algebras. If A is a C*-algebra, its universal representation
identifies A with a norm-closed algebra of operators on a Hilbert space. By the Sherman-Takeda theorem,
A*™ may be identified with the closure of the universal representation of A in the weak operator topology,
and both Arens products coincide with the multiplication of operators, see [4].

Most of the algebras of functions arising in harmonic analysis turned out to be non-Arens regular, even
dramatically so. Not only WADP(A) is often different from A* but the quotient A*/WAP(A) tends to be
as large as A*. A name for this situation was coined by Granirer in [18] when he called a Banach algebra
A extremely non-Arens regular (enAr, for short) if A*/WAP(A) contains a closed subspace that has A* as
a quotient. The group algebra L!(G) of an infinite locally compact group G is an important example of a
Banach algebra that is enAr, see [12]. Extreme non-Arens regularity of the Fourier algebra A(G) is more
subtle. First, the question of whether A(G) is non-Arens regular is still not completely settled. It is known
that A(G) is not Arens regular if G contains an infinite amenable subgroup or if G is not discrete. The first
assertion was obtained by Forrest in [17, Proposition 3.7], improving upon results of Lau and Wong [27,
Proposition 5.3], and the second assertion was proved by Forrest [17, Corollary 3.2]. If G is far enough from
being discrete, then A(G) is even enAr. For this to happen, it is enough that the minimal cardinal of an
open base at the identity, x(G), is larger than x(G), the minimal number of compact sets required to cover
G. This was proved by Granirer [18] when x(G) = w and by Hu [21] in the general case.

We refer to our recent paper [13], or the expository papers [14] and [15], for a wider background, and
an extended list of references on Arens irregularity. In our paper [13] we devised a general method for
proving when a Banach algebra is enAr. This method showed how the two main properties that trigger non-
Arens regularity in the group algebra L'(G) and the Fourier algebra A(G) -non-compactness and bounded
approximate identity in L'(G), non-discreteness and amenability in A(G)- are actually particular cases of a
single one, the existence of £!-bases with a certain multiplicative triangle-like structure in a bounded subset
of the algebra.

In the present paper we consider preduals of von Neumann algebras. In this special case, one may take
advantage of the additional structure available and require the above £'-bases to be orthogonal. With that
requirement, it is possible to construct bounded linear isomorphisms of A* into the quotient A*/WAP(A)
in such a way that their distortion is controlled. When the above mentioned triangles lie in the unit sphere
of A, and this can be achieved in many cases, these isomorphisms become isometries.
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The availability of these constructions has led us to propose a new version of extreme non-Arens regularity
by requiring an isomorphic (or an isometric) copy of A* into the quotient A*/WAP(A). This definition seems
to be more natural and still holds in most of the known classes of enAr algebras.

We remark that, to the best of our knowledge, isometries of A* into the quotient A*/WAP(A) have only
been obtained before in the particular case of A = L1(G), [12], with quite a different approach.

In particular, isomorphisms or isometries of A* into A* /WAP(A) could not be obtained from our previous
paper [13], as it is not possible to deduce (to the best of our ability) Theorem 3.12 below from Theorem 3.9
of [13]. The strategy using lower and upper triangles (see Section 3) is indeed used in both theorems, as it is
the natural method with this problem and has been used in the past by many authors, as mentioned in [13].
But the proofs of these two theorems are in essence different. In the general case treated in [13], £!(n)-bases
are used to find a closed subspace of A*/WAP(A) having A* as a quotient via a Hahh-Banach argument,
but we have no control on how to embed A* into A*/WAP(A), while in Theorem 3.12 the isomorphisms,
or isometries, are defined concretely using the orthogonal projections in the von Neumann algebras.

We remark in closing that there is no reason for Banach algebras that happen to be the predual of von
Neumann algebras to be enAr. They can even be Arens regular as is the case with the semigroup algebra
¢! with pointwise product as already observed by Arens in [1], or with many weighted semigroup algebras
1(S,w), see Remark 4.8.

2. Outline of the paper

As stated above, Granirer defined a Banach algebra A to be enAr when the quotient A*/WAP(A)
contains a closed linear subspace which has A* as a continuous linear image. We start by modifying this
definition.

Definition 2.1. We say that a Banach algebra A is r-enAr, where » > 1, when there is a linear isomorphism
of A* in the quotient A*/WAP(A) with distortion r, i.e., when there is a linear isomorphism &£: A* —
A*/WAP(A) with

lEfe= =r.
When r = 1, the map ||E71||€ is a linear isometry and we say that A is isometrically enAr.

In Section 3, a combination of the strategy used in the general theorem of [13] with the concept of
orthogonal family sets, natural conditions under which the predual of a von Neumann algebra is r-enAr for
some 7 > 1. This is Theorem 3.12. The following two sections apply Theorem 3.12 to the Banach algebras in
harmonic analysis which are non-Arens regular. We extend the main theorem in [12] to the weighted group
algebra and prove that the weighted group algebra L'(G,w) is isometrically enAr for any non-discrete
locally compact group G and for any weight function on G. If the weight function w is diagonally bounded
with bound ¢, then the weighted semigroup algebra ¢1(.S,w) for any infinite, discrete, weakly cancellative
semigroup S is r-enAr with » < ¢. When the weight function w is diagonally bounded on G, the same is also
true for the weighted measure algebra M (G,w) for any infinite locally compact group G. Both weighted
algebras (1(S,w) and M(G,w) are isometrically enAr when the weight is multiplicative.

In our last section we show that the conditions of Theorem 3.12 are met when A(G) contains either a TT-
net (a net converging to a topologically invariant mean in A(G)**) or a bai-sequence (a sequence converging
to a right identity in A(G)**, see section 3.2 for the definitions). This implies that A(G) is isometrically
enAr when G satisfies the condition x(G) > k(G) or when G is a second countable group containing a
non-compact amenable open subgroup. This strengthens the corresponding results in [13], [18] and [21].
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3. Triangles and weakly almost periodic functionals

In this section we put forward the main tools developed in this paper. We begin with a number of
definitions designed to set the ground for the somewhat subtle combinatorial arguments needed in our
subsequent results. These definitions were introduced in Section 3 of [13], we reproduce them here for the
benefit of the reader.

By a directed set, it is always meant a set A together with a preorder < with the additional property
that every pair of elements has an upper bound. We will use a single letter, A usually, to denote a directed
set, the existence of < is implicitly assumed.

Definition 3.1. Let (A, <) be a directed set and let Ay, As be two cofinal subsets of A. If I/ is a subset of
A1 x Ay, we say that

(i) U is wertically cofinal, when for every o € Ay, there exists S(a) € A such that («, 8) € U for every

B € Ay, B = Ba).
(ii) U is horizontally cofinal, when for every 3 € Ag, there exists a(f) € Ay such that («, 8) € U for every
a €M, arxaf).

Definition 3.2. Let ¢ and X be two sets. We say that

(i) X is indezed by U, when there exists a surjective map x : U — X. When U C A x A, for some other set
A, we say that X is double-indexed by U and write X = {z4p : (o, 8) € U}, where 2,5 = z(a, ).

(ii) If X is double-indexed by U, we say it is vertically injective if xop = xo p implies 8 = ' for every
(o, B) € U. If zop = xorp implies o = o' for every («, 5) € U, we say that X is horizontally injective.

Definition 3.3. Let A be a Banach algebra, (A, <) be a directed set and A, Ao be two cofinal subsets of A.
Consider two subsets, A and B, of A indexed, respectively, by A; and Ao, i.e.,

A={an:a€ A} and B={b,: a€ As}.
(i) The sets
Tip = {aabs: (@, 8) € At x Ay, a < B} and
Thp = {aabs: (o, B) € A1 x Ao, B < a}

are called, respectively, the upper and lower triangles defined by A and B.
(ii) A set X C A is said to approzimate segments in T 5, if there exists a vertically cofinal set U in A x Ay
so that X is double-indexed as X = {zq5: (o, 8) € U}, and for each o € Ay,

lim ||zag — anbsgll = 0.
ﬁtﬁ(a)\l 8 sl

Note that, by considering an appropriate subset of X we can assume that («, 8) € U implies 8 > a.
(iii) A set X C A is said to approzimate segments in T}4 g, if there exists a horizontally cofinal set U in
A1 x Ag so that X is double-indexed as X = {zqp: (o, 8) € U}, and for each 8 € Ay,

li aB — aqbg|| = 0.
atlg(lﬁ)ﬂxﬂ aabpl|

As before, we can assume here that («, 5) € U implies o >~ .
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Definition 3.4. Let U be a von Neumann algebra with predual U,, and let a € U, be a positive normal
functional. The support projection of a is the smallest projection S(a) € U such that (a, S(a)) = (a,I) = ||al|.

Definition 3.5. Let U be a von Neumann algebra and let A C U}. We say that A is an orthogonal ¢ (n)-set
with bound M and constant K > 0 if

(i) |A]=n,
(ii) S(a)S(a’) =0 whenever a,a’ € A, a # o’ and
(iii) K < ||a|]| < M for every a € A.

Remarks 3.6.

(i) If one considers the action of U on U, given by (Fa,H) = {(a, FH) for every F,H € U and every
a € U, then for every a € TV, S(a)a = a.
This follows from applying the Cauchy Schwarz inequality (see e.g. [24, 4.3.1]), to a € U, S(a) — T
and an arbitrary @ € U:

[{a, (S(a) = D)Q)* < {a, (S(a) — 1)?) - (a,QQ").

Since |[(S(a)a—a, Q)|> = |{(a, (S(a)—1)Q)|?, and, by definition of S(a), (a, (S(a)—1)?) = 0, the equality
S(a)a = a follows.
(ii) If S(a) and S(b) are orthogonal, then (a,S(b)) = 0. This is a consequence of the preceding item

(a,S(1)) = (S(a)a, S(b)) = (a, 5(a)S(b)) = 0.

(iii) We have chosen the term orthogonal ¢ (n)-set because these sets are equivalent to the unit £*-basis, i.e.,
the closed vector space they span is isomorphic to £*(n). To see this let ai,...,a; € Aand z1,...,2; € C.

Taking into account that szzl %S(ak)u < 1, we have that
U

Y

n
E kO
k=1

<szak,zz—k5(ak)>‘
k=1 = |l
- ZZ%E—;(S(%‘),GQ

k=1 j=1

n

= > Izl (S(ar), ax)

k=1

n n
= lzellall = Kl
k=1

k=1

and this shows that A is equivalent to the unit ¢!-basis.
8.1. Auziliary lemmas

The following definition and its consequence, recorded in [12], will prove convenient to exploit Defini-
tion 3.5.

Definition 3.7. Let £ and E- be Banach spaces, 7: E; — Es be a bounded linear map, F' be a closed
subspace of Fs, and let ¢ > 0. We say that T is c-preserved by F' when the following property holds

I T¢— ol >cllé]l, forall ¢ € F and € € Ey. (%)
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The proof of next lemma is similar to that of [12, Lemma 2.2].

Lemma 3.8. Let T: E1 — FE5 be a bounded linear isomorphism of the Banach spaces Eq into Es and let D,

F be closed linear subspaces of Ey with D C F. Denote by Q: Es — Es/D the quotient map. If, for some

¢ >0, T is c-preserved by F, then the map Q o T: E1 — E3/D is a linear isomorphism with distortion at
171

most ——.

3.2. Weak almost periodicity

We materialize here the facts about weak almost periodicity mentioned in the introduction. If A is a
Banach algebra, the left and right actions of a € A on f € A* are defined, respectively, by:

<a'f7b>:<f7ba>7 <fa7b>:<faab>7 for everybe.A.
In the following definitions we use the symbol A; to denote the unit ball of the Banach space A.

Definition 3.9. Let A be a Banach algebra. A functional f € A* is said to be weakly almost periodic if the
left orbit A; - f ={a- f: a € A1} is relatively weakly compact.

Theorem 3.10 (/28]). Let A be a Banach algebra and f € A*. The following are equivalent:

(i) f is weakly almost periodic.
(ii) The right orbit fA; = {fa: a € A1} is relatively weakly compact.
(iii) (Grothendieck’s double limit criterion)

lim li[gn flaabp) = lién lim f(anbp)
for every pair of bounded nets (aq)a and (bg)a in A for which both limits exist.

One more lemma is needed before we state our main theorem. It is an easy corollary of the strong
convergence of the sum of orthogonal projections on a Hilbert space, and might be well-known. We include
the proof for completeness.

Lemma 3.11. Let {P¢}¢<, be a family of orthogonal projections on a Hilbert space H and v = (z¢)e<n €
€2°(n). Then 3 ., zePe converges strongly to a bounded operator Py on H. Moreover, || Py| = |[v||cc-

Proof. Note first that, for every finite subset F' of n, Pr = deF P is a projection and, thus, ||Pr| = 1.
Then, for any finite subset F' of 7 and any vector w in the Hilbert space H, we have

1D zePewl® = (Y zePew, Y zePew) = ) |2f* (Pew, Pew)
= = = =

< VI Y (Pew, Pew) < VIS Prlllwl® = [|vI1Z llw]|*:
{EF

(3.1)

Let now n<% denote the set of all finite subsets of n, direct it by set inclusion, and consider for each

w € H the net in H given by (Z&F nggw)F o
en<w
Since the net of projections (Pp)pey,<« is convergent (see for instance [24, Proposition 2.5.6]), there exists

for each € > 0, Fy € n<“ such that ||Pmw — Pr,w| < € for every Fy, Fy € n<%, with Fy, F5 2O F,. We have
then that
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2

Y ozPw— Y zPew| = Y |xlPel® < VIR Y IIPewl?

£em D EEFAF, EEFAF,
2
= Z Pew — Z P:w| =|Pr,w— Prw|| <e
fem EEF,

whenever Fy, Fb € <%, F| D Fy, Fy D Fy.
The net (de F zinw) 3 is accordingly a Cauchy net in H. We denote by P,w its limit in H. Then
Fen<w

it is clear from (3.1) that w — Pyw defines a bounded operator P, on H with |Py|| = ||V]jeo- O

In our previous paper [13], we dealt with Banach algebras that contain ¢!(n)-bases that approximate
segments in triangles. For such an ¢!(n)-base X, contained in the Banach algebra A, we constructed an
isomorphism £°°(n) — <X>*/WAT(A)|<X>.
of Granirer, as soon as the density character of A is not larger than 7.

This led to the extreme non-Arens regularity of A, in the sense

In our next Theorem we assume that A is a subalgebra of the predual of a von Neumann algebra. Under
this condition, we are able to find an isomorphism ¢*°(n) — A* /WAP(A). This will lead us to show that, in
such a situation, there is an isomorphic, and in many cases a linear isometry, copy of A* in A*/WAP(A).
The term tr(A) that appears in its statement makes reference to the true cardinality of the directed set
A, tr(A) = mingep {a € A: € < a}, see [10]. As explained in [13, Page 1845], this concept is needed to
delimitate pathological situations that will not be pertinent to our applications.

Theorem 3.12. Let A be a Banach algebra and suppose that A is a subalgebra of the predual B, of a von
Neumann algebra 0. Let 1 be an infinite cardinal number and suppose that A contains two bounded subsets
A and B indexed by a directed set (A, =) with tr (A) = n. Suppose also that A contains two other disjoint
sets X1 and Xo with the following properties

(i) X1 and Xo approzimate segments in T4 g and T' 5, respectively.
(i) X1 U X5 is an orthogonal £*(n)-set (as a subset of V) with constant K and bound M, i.e., with
K <|z|| < M for every x € X1 U X>.
(iii) X1 is vertically injective and Xo is horizontally injective.

Then there is a linear isomorphism €: (>(n) — A*/WAP(A) with distortion at most 2%,
In particular, |E7Y||E is a linear isometry when K = M.

Proof. Put A= {a,: a € A} and B = {bg: § € A}. Let

X1 ={zap: (o, p) €Uh} and Xy = {zap: (o, B) € Us}

be the sets which approximate 177 5 and Tf4 B, respectively, where U; and Uz are vertically and horizontally
cofinal in A x A, respectively.

Introduce on A x A an equivalence relation by the rule (a, 5) ~ (¢/, ') if and only if 43 = z4/5:. Note
that, by vertical/horizontal injectivity, (o, 8) ~ (o/,’) implies 8 = 3’ when 8 > «a and implies a = o’
when a > . We shall denote the equivalence class of (a, ) € A x A by [a, 5]. Restrict this equivalence
relation to U; and Us. Denote the quotient spaces

Z/{l/N and UQ/N,
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respectively, by Ry and Ry. By [10, Lemma, p. 61], we can partition the set A into n-many cofinal subsets

A¢, with the cardinality of each A¢ equals 7. Then, for an element v = (z¢) € (>°(n), we consider the

£<n
sum

oz | D S@ap)— Y. S(wap)

£<n [, Bl€ERy [, B]€ Ry
BEA§ aEAg

Since X7 U X5 is an orthogonal set, and x5 # xo/g when [a, 8] # [/, 8], all the projections appearing
in this sum are pairwise orthogonal. So by Lemma 3.11, the above sum converges strongly to an element of
3. We label this element as P, .

We now define 7: £°(n) — A* by

T(v)=Py|,, foreach vel*(n).
Recalling Lemma 3.1 it is obvious, that for every v € £°°(n),

IT()l

A < Pelly = [1V]loo- (3-2)
It is easy to check in fact that 7 is an isomorphism. (When A = U, T is even an isometry.)
Next we prove that T is 4--preserved by WAP(A). We consider v = (2¢)¢<y € £°(n) and ¢ € WAP(A)

and let € > 0 be fixed as well. Let now £ < n be fixed. Since A and B are bounded and ¢ € WAP(A), we
can assume, after taking suitable subnets on the cofinal set Ag, that the following equality holds

lim lién (¢, anbg) = li/rgn lim (¢, aabg) -

Mark these iterated limits by L, put L, = limg (¢, anbg) and Mg = lim, (@, anbg). Then lim, L, =
limg Mg = L, and so for a fixed € > 0, we may choose o and fp in A¢ such that

|L — Lq,| <e/4 and |L— Mg,| <e/4. (3.3)
For these fixed ag and Sy, there are 8; and oy in A¢ such that

|p(aaobp) — Lay| <e/4  forall B> py, (3.4)
|p(anbp,) — Mg,| < e/4 for all a > as. (3.5)

Putting together (3.3)—(3.5), we obtain ag, a1, So, 1 € Ag, such that
[{(@, aa,bg) — (@, anbs,)| <& forall 8> 1 and a = ay. (3.6)
Since
lim ||aabs — Zags ||, =1im [laabsy — apo [l =0
and A¢ is cofinal, we can find aq, B2 € A¢ with ag, 81 < B2 and By, an < g such that
laagbs, — Tagp, |l , <€ and [aa,bsy — Taspll, <€, (3.7)

and so
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l@aobs, — aasbp, |l < 2M + 2e. (3.8)
Recalling that (see (ii) of Remarks 3.6)
(S(zap), warpr) =0
whenever [a, §] # [/, 8] and taking into account that
(S(xap), Tap) = |zasl| = K for every a, B €A,
we see that

|<T(V)’x040,52 - $a250>| = |Z§| (<S($a052), -73040,82> + <S(IO¢250)) $a2@0>) 2 2K|Z§‘ (39)

Using (3.2) and (3.9), it follows that

<T(V) -, aaobﬁQ — Qay b50> = <T(V)7 Aoy bﬁz — Qay b50> - <¢, aaobﬁfz — Qo bBo>

= <T(V)’ (aaobﬁz - aazbﬁo) - (:Eoéo[b - ‘razﬂo»

+ <T(V)7 TagBs — xa2ﬁ0> - <¢, aaob52 - aa2bﬁo>

(), Gagbs, = a0ss)

> <T(V)’ LogBs — x0250>

- <T(V)7aa2bﬁo - $a2ﬁ0>
> 2K |z¢| = 2¢ || T(v)|
> 2K 2| — 2¢ vl — .

- ‘<¢7 Aaobp, — a, b50>

A — €

Next, we use (3.8) to obtain

1

[T(v) = ¢ll4- = (2K |z¢| — 2e||v[|x —€) (3.10)
A ||aaob52 _aazbﬁonﬂ ¢ o
1
> — —€).
> ot (K e 2 vl )

Since £ < n and € > 0 were chosen arbitrarily, we conclude that

K
2 Ve < 17(v) = 9l

L. forevery vel>(n), § € WAP(A).
The map 7T is therefore a linear isomorphism that is %—preserved by WAP(A).

If @ is the quotient map of A* into A*/WAP(A), then Lemma 3.8 shows that £ = Q o T is the sought
after isomorphism with distortion at most %

If K = M, then ||E7Y|€ becomes clearly an isometry. O

The conditions of Theorem 3.12 imply clearly that A is non-Arens regular. If, in addition d(A) = 7, then
A is even r-enAr with » < M /K. This follows from the following well-known fact (see, e.g. [21]). Recall that
the density character of a normed space A, denoted by d(A), is the cardinality of the smallest norm-dense
subset of A.
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Lemma 3.13. If A is a normed space with density character d(A) = n, then there is a linear isometry of A*
into £°°(n).

Proof. If {z, : @ < n} is a norm-dense subset in the unit ball of A, the required isometry Z : A* — £>°(n)
is defined by:

I(’l/}) = Uy,
where vy, in £°°(n) is given by vy () = (¥, 24). O

Corollary 3.14. Let A be as in Theorem 3.12 and suppose that d(A) =n. Then A is r-enAr with r < % In
particular, A is isometrically enAr when K = M.

The presence of a bai or of a TI-net is usually the reason behind the non-Arens regularity of a given
Banach algebra. A weaker form of these nets is in fact enough to deduce non-Arens regularity. Here are the
necessary definitions.

Definition 3.15. In a Banach algebra A, a net {a: a € A}, with |as| = 1 for every o € A, is a weak bounded
approzimate identity (weak bai for short) if

lim ||aqag — ag|| = lim ||agas —agl| =0 for each S € A.
Definition 3.16. Let U be a von Neuman algebra. A net {aq }aca of normal states of U is a weak TI-net if
lim [|aqap — ao|| = lim|jagay — aql| =0 for each S € A.

If we require that lim, ||aqa — aq|| = lim, [|aaq — aq|| = 0 for every normal state a of U, and not only for
members of the net itself, then we obtain the familiar concept of a TI-net. Here TI stands for topological
invariance, the term was introduced by Chou [6]. They also appeared in the work by Lau, see for example
[26].

A separable Banach algebra satisfying the conditions of the following theorem was proved to be enAr in
the sense of Granirer in [13, Theorems 4.2 and 4.4]. When A is in addition a subalgebra of the predual of a
von Neumann algebra, Theorem 3.12 implies as we see next that A is isometrically enAr.

Theorem 3.17. Let A be a Banach algebra and suppose that A is a subalgebra of the predual U, of a von
Neumann algebra 0. Let n be an infinite cardinal number and suppose that A contains either a weak bai or
a weak TI-net {a}aeca of true cardinality n such that {as: o € A} is an orthogonal *(n)-set. Then

(i) there is an isometry £: £°(n) — A*/WAP(A),
(ii) in particular, A is non-Arens regular,
(iii) A is isometrically enAr, if in addition d(A) <.
Proof. Take A1, Ao C A with A; N Ay = @ in such a way that both A; and As are cofinal for <. Put then

A={an: €A1} and B={as: a € As}.

If {an} is a weak bai, define the elements z,p by

an, if (a,8) €EAXAL, B>«
Tap =
T as, it () eAax A, ax B
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If {a} is a weak TI-net, define the elements x5 by

ag, if (,B)eAXA, f>a
Tap =
T \aa, if (@,8) €Asx A, ax B

In each case, let
X1 ={zap: (,8) € A X A1, B> a} and Xo ={zap: (o, f) € Ag X A, a > B}
So here X; C A and X5 C B are double-indexed by
Uy ={(a, ) eAx A :8>=a} and Us={(a,8) € Aa x A: > (3},

respectively. The sets U; and Uy are clearly vertically cofinal and horizontally cofinal, respectively.
In the first situation, for every a € A, the approximate identity property yields

Bher/{ll [€ap — aaas| = ﬂlg{ll laa — aqasll = lién llaa — acagll = 0.
B B-a

Similarly, for each 5 € A,

I [[zas —aaagll = lim [las — asag|| = lim [las — aaagll =0
a-f a-f

In the second situation, the weak TI-net property yields

Ehgr/{ll lzapg — anag|| = ;161{11 lag — aqag| = lién llag — aqagl| =0 for every o € A,
Bra B

lim ||xag — aagl| = lim ||aq — agag|| = lim |jaq — aqagl| =0 for every J € A.
a€ly a€hg «

a3 a3

Hence, in each case, X; approximates segments of T 5 and Xy approximates segments of le4 B

It is clear that X7 is vertically injective and X5 is horizontally injective. Since by assumption, the norm
of each z4p is one and X; U X5 is an orthogonal ¢! (n)-set, Theorem 3.12 provides a linear isometry of £°°(n)
into A*/WAP(A). In particular, A is non-Arens regular.

This isometry together with the condition n > d(A) implies, by Lemma 3.13, that there is an isometry
of A* into A*/WADP(A). A is therefore isometrically enAr. O

4. Extreme non-Arens regularity of the weighted convolution algebras

We apply in this section Theorem 3.12 to the weighted semigroup algebra of an infinite discrete weakly
cancellative semigroup, the weighted group algebra and the weighted measure algebra of an infinite locally
compact group. In each case, the algebra is r-enAr, where r is at most equal to the diagonal bound of the
weight. When the weight is multiplicative, these algebras are all isometrically enAr. When G is non-discrete,
the weighted group algebra is isometrically enAr for any weight.

Some Definitions 4.1. We first introduce some terminology concerning weighted convolution algebras, for a
more detailed discussion we refer the reader to [8].
Let S be a semigroup with a topology.
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(i) A weight on S is a continuous function w : S — (0, 00) which is submultiplicative, that is, with

w(st) < w(s)w(t) for every s,t€S.

If S is a group with identity e, we shall assume in addition that w(e) = 1.

(ii) Following [3] and [7], we let  be the continuous function on S x S given by

w(st)

Note that 0 < Q(s,t) <1 for every s, t € S.

(iif) The weight function is called diagonally bounded on S if there exists ¢ > 0 such that

w(s)w(t) < cw(st) whenever s,t€S.

In other words, the weight function is diagonally bounded if Q(s,t) > % for every s, t € S.
When S is a group, it is usual to define the weight w as diagonally bounded by ¢ > 0 when

supw(s)w(s™!) <c.
ses

It is easy to check that the two definitions are the same in this case.

(iv) Let G be a locally compact group. For a function space F(G) contained in L*°(G), the corresponding

weighted space is defined, following [19] and [8] as
FGw)={f:S=C:wfecTFG),}

with the norm given by || f|lw = [|[w™" f||s, for any f € F(G,w™).
If F(G) is contained in L'(G), then the weighted space for w is defined as

FGw)={f:5=>C:wfeFG)}

and the norm given by || f|lw = [[wf]|1, for any f € F(G,w).
The space L™ (G,w™!) can then be identified with the Banach dual space of L'(G,w) via the pairing

<f¢>= /f(x)mdx
G

for each f € L'(G,w) and ¢ € L>®°(G,w™ ). When w > 1, L'(G,w) is called Beurling algebra and is
studied for instance in [8].

In the same vein, M (G, w) will denote the space of all complex-valued measures regular Borel measures
on G such that

sl = / w(s)dly|(s)

G

is finite. (M (G, w), ||it]|) can be identified with the Banach dual space of Co(G, w™1) as defined above.

(v) When S is a discrete semigroup, we shall consider the semigroup algebra ¢!(S), its Banach dual space

£%°(S) of all bounded functions on S, and their corresponding weighted spaces £(.S, w) and £>°(S,w™1)
which are defined exactly as done above in the group case.
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Remark 4.2. Let WAP(G) be the space of weakly almost periodic functions on a locally compact group (or
on a discrete semigroup) G. The literature contains a number of different definitions for the weighted space
WAP(G,w™t) of WAP(G). The latest is in [8], where the space WAP(G,w™1) is defined as a subspace of
L*®(G,w™1), as in 4.1 (iv) above. With this definition, using the fact that L°°(G)/WAP(G) contains an
isometric copy of L*(G) (proved in [12, Theorem B] for the non-discrete case, and [5, Theorem 4.3] or [16,
Theorem 3.3] for the discrete case), it is very quick to show that the quotient L>(G,w™1)/WAP(G,w™1)
contains an isometric copy of L>(G,w™?!) for any infinite locally compact group G. However, this does not
show that L'(G,w) is enAr, for WAP(G,w™1) can be different from WA®P(L'(G,w)). They can actually
be very different. If w is the weight on Z given by w(n) = (1 + |n|)¥, with o > 0, it is shown in [8,
Example 9.1] that ¢*(Z,w) is Arens regular, i.e., WAP((}(Z,w)) = £>(Z,w™!). Since, as mentioned above,
the quotient ¢°°(Z,w 1) /WAP(Z,w™1) is at least as large as £°°(Z,w™!), we conclude that WAP(Z,w™1!)
is much smaller that WAP(¢*(Z,w)) in this case.

A more suitable definition for the weighted almost periodic functions in the context of Arens regularity
was given by Baker and Rejali in [3]. We will not need this definition of the space of functions WA®P(G, w™1)
in this paper. Theorem 3.12 deals directly with the space of functionals WAP(L!(G,w)). We will not go
any further with this matter at the moment, but we hope to return to it in forthcoming work.

4.1. Weighted semigroup algebras

We start with the weighted semigroup algebra of an infinite, discrete, weakly cancellative semigroup. We
see here that, whenever the weight is diagonally bounded by some ¢ > 0, Theorem 3.12 applies and shows
that £*(S,w) is r-enAr, where r < c¢. When w is multiplicative, £1(S, w) is therefore isometrically enAr. This
latter fact was proved also in [16], in [5, Theorem 4.5] and [12, Theorem 6.4] when w = 1.

Recall first that a semigroup S is called weakly cancellative if the sets

st={ucS:su=t} and ts'={ucS:us=t}
are finite for every s,t € S. We shall use the notations

s'B={teS:ste B} and A 'B= U s7'B,
s€A

where s € S and A, B C S. The sets Bs~! and BA™! are defined similarly.

Theorem 4.3. Let S be a weakly cancellative, infinite, discrete semigroup, and let w be a weight on S that
is diagonally bounded with bound c. Then the weighted semigroup algebra £*(S,w) is r-enAr, where r < c.
In particular, (*(S,w) is isometrically enAr when ¢ = 1.

Proof. Let the weight w on S be diagonally bounded by ¢ > 0 so that

w(st)

<1

ol

for every s, t € S.

Let A denote the initial ordinal with cardinal n := |S| and note that tr(A) = 7. Let as well {Sa.},_,, be
an increasing cover of S made of subsets with |S,| < « for every « < 7, and collect by induction a faithfully
indexed set X = {s, : @ < n} such that

(Sasa) N (Spsp) = (saSa) N (sgSs) =@  for every o < f < 1. (4.1)
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This is possible since S is weakly cancellative, and so, for every a, 8 < n,
|(Sﬁ_15’asa) U (saSaSﬁ_l)\ < max{a, } < 7.
Note that for each a < 7, there exists G(a) <, B(«) > a such that
SaSp € Sgsg for every [ > f(a). (4.2)
Similarly, for each 8 < n, there exists a(3) < n, a(8) > B such that
SaS3 € $q54 for every a > a(B). (4.3)

Split A into two cofinal subsets A; and As, let

= Ose o€ Ay and B = Osa o€ Ay
w(sa) w(Sa)

and note that

Now, for each a < 7, define

and for each § < 1, define

Then put

X1 ={zap:a<n BeA,>af)} and
Xo={zap: v € Ay, B € Ay, > B(a)},

that is, X; and X5 are double-indexed by the vertically and horizontally cofinal sets

{{a, ) eAX A :B>a(B)} and {(a,B) € Ay x A:a > B(a)},

respectively. Using properties (4.1), (4.2) and (4.3), we see that X; and X5 are disjoint and are, respec-
tively, vertically and horizontally injective (and hence have cardinality 7). Since S(ds/w(s)) = w(s)lysy €
0>°(S,w=1) for each s € S, and % <||zapllw < 1 for every zq45 € X1 U Xy, we see that X; U Xs is an orthog-
onal £*(n)-set with bound 1 and constant K = 1/c in the sense of Definition 3.5. Since X; approximates
segments in T4, and X approximates segments in T 5, we see that all conditions of Theorem 3.12 are
met so that the desired result that ¢*(S,w) is r-enAr with r < c.

When ¢ = 1, £*(S,w) is clearly isometrically enAr. O
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4.2. Weighted group algebras

We start with the weighted analogue of [30, Theorem 2]. With the same proof, this result is valid for any
weight function w on G.

Lemma 4.4. Let G be a locally compact group. Then for any weight w on G, we have WAP(LY(G,w)) C
UC(G,w™1).

Theorem 4.5. Let G be an infinite, non-discrete, locally compact group and F(w) be any closed sub-
space of CB(G,w™1t). Then there exists a linear isometric copy of L>°(G,w™') in the quotient space
L(G,w™Y) ) F(w).

Proof. By [12, Theorem 6.3], there is a linear isometry of L>°(G) into L>°(G) which is 1-preserved by €B(G).
Since L*°(@G) and CB(G) are linearly isometric to their weighted analogues, this gives a linear isometry of
L (G,w™t) into L*°(G,w™!) which is 1-preserved by €B(G,w™!). Lemma 3.8 provides then the desired
linear isometry L>(G,w™!) into L>®(G,w™1)/F(w). O

This leads immediately to the isometric enArity of L'(G,w) for any weight w on G’ when G is infinite
and non-discrete.

Corollary 4.6. Let G be an infinite, non-discrete, locally compact group and w be any weight on G. Then
the weighted group algebra L*(G,w) is isometrically enAr for any weight function w on G.

Proof. Since Lemma 4.4 shows that
WAP(LY(G,w)) CUCG,w™t) C CB(G,w™ 1),
Theorem 4.5 provides the required isometry
L®(G,w™ ) = L®(G,w™ ) /WAP(LY (G, w)). DO
Here are our corollaries.
Corollary 4.7. Let G be an infinite locally compact group.
(i) If G is not discrete, then the weighted group algebra L'(G,w) is isometrically enAr for any weight w
on G.
(ii) If G is an infinite discrete group, then the weighted group algebra ¢*(G,w) is r-enAr, where r < c, for

any weight w on G that is diagonally bounded with bound c.

Remark 4.8. As mentioned earlier, with the weight given on Z by w(n) = (1 + |n|)*, a > 0, the weighted
group algebra ¢1(Z, w) is even Arens regular. So when w is not diagonally bounded, Corollary 4.7 fails badly.

4.3. Weighted measure algebras

Let G be an infinite locally compact group. Next theorem deals with M (G, w), where w is diagonally
bounded. As in Remark 4.8, the theorem fails when w is not diagonally bounded.
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Theorem 4.9. Let G be an infinite locally compact group G and w be a diagonally bounded weight on G with
bound ¢ > 0. Then the weighted measure algebra M(G,w) is r-enAr with r < c. In particular, M(G,w) is
isometrically enAr when w is multiplicative.

Proof. For n = |G|, let A, B, X; and X3 be as in the proof of Theorem 4.3. Regarding these as subsets of
M(G,w) and regarding the elements S(ds/w(s)) = w(s)1(s} as projections in M (G, w)*, all the conditions
for Theorem 3.12 to apply are satisfied. Therefore, we have a linear isomorphism of £°°(n) in the quotient
M(G,w)*/WAP(M (G, w)) with distortion at most c.

Since by [23, Theorem 5.5], |G| is the density of M(G), Corollary 4.7 yields the theorem. 0O

5. The Fourier algebra

We summarize first the basic facts on the Fourier algebra that will be needed in the remainder of this
section. For more details, the reader is directed to [11] or Chapter 2 of [25].
The Fourier algebra is the collection of all functions h on G of the form h = f x g with f, g € L?(G) and

g(s) = g(s™1). The norm of A(G) is given by

|1l = inf{[| fllzllgllz - h = f g, f. g€ L*(G)}.

We may remark that, when G is abelian, A(G) identifies with L*(G) via the Fourier transform. The results
stated in Section 4 for the group algebra show therefore that the Fourier algebra A(G) is isometrically enAr
when G is Abelian. Non-Arens regularity of A(G) has however turned out to be more resistant and a
complete solution to the regularity problem for the Fourier algebra is not known yet.

The Banach dual of A(G) is isometrically isomorphic to the group von Neumann algebra VN (G), which
is the closure in the weak operator topology of the linear span of {\(x) : # € G} in B(L?*(G)), where X is the
left regular representation of G on L?(G). This linear isometry identifies each T € V N(G) with an element
o € A(G)* such that

or (f+g) =Ty, f),

where §(s) = g(s~!) and the bracket refers to the L?(G) inner product.
Under this identification, normal sates of V.N(G) correspond to the set

P1(G) = {¢ € A(G): ¢ is positive definite and ||¢| = ¢(e) = 1}.
So here, a TI-net is a net {¢,: a € A} in P;(G) with the property
lim [pap = @all = lim [lppa = @al =0 for every o € P1(G).
We apply, in this section, Theorem 3.12 to show that

(1) for every locally compact group G, there is a linear isometry from £*°(x(G)) into VN (G)/WAP(A(G)),
and

(2) the existence in G of an open, non-compact, amenable subgroup implies that there is a linear isometry
from > into VN(G)/WAP(A(Q)).

Since the density character of A(G) is max{k(G), x(G)}, (1) shows automatically that the Fourier algebra
A(Q) is isometrically enAr for those groups with x(G) > #(G). This implies Hu’s theorem [21] to the effect
that in this situation, A(G) is enAr in the sense of Granirer. See also [22] for further results on quotients
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of VN(G). The interesting application of (2) is when G is discrete (otherwise, (2) is an easy consequence
of (1) even without assuming that G has an amenable subgroup). So when G is a countable discrete group
with an infinite amenable subgroup (such as the free group F, with r generators, where r > 2), statement
(2) implies that A(G) is isometrically enAr.

Our approach is based on the following two lemmas:

Lemma 5.1 (Theorem 2.4 of [6]). Let {an}nen be a sequence of normal states of a von Neumann algebra 0
such that limy, ||a, — a|| = 2 for each normal state a € V... Then there exist positive integers ny < ng < - -
and a sequence of normal states {b;};en such that

(i) limj [lan, — b]| =0 and
(ii) The sequence {b;}jen is an orthogonal £ -set.

Lemma 5.2. Let G be a locally compact group and let Q be a projection in VN(G). Take h € L*(G), with
Qh # 0 and define ¢ = MQ}L € L?(G) and ¢ = ¢ x ¢. Then 1 € A(G)NP1(G) and S(¥) < Q.

Proof. It is clear that ¢ € A(G) NP1 (G). To prove that S(y) < @, we only have to recall that S(t) is the
smallest projection in VN(G) with (1, S(v)) = ||#|| and observe that:

0:Q) a0y v miery = (@0:0)
1

[@nl

(

=1=q¢(e)=¢ll. o

(L2(G),L2(G))

(QQh, Qh)

(L2(G),L2(q))

Next we proceed to check that the Fourier algebra of a non-discrete locally compact group contains
TI-nets which are orthogonal £!(x(G))-sets.

Theorem 5.3. If G is a non-discrete locally compact group, then A(G) contains a TI-net of true cardinality
X(G) that is an orthogonal £*(x(G))-set.

Proof. If G is metrizable, this was shown by Chou in [6]. The proof there consists in observing that every
TI-sequence in P;(G) satisfies the conditions of Lemma 5.1 (this is [6, Lemma 3.2]) and, hence, has a
subsequence that can be approximated by another TI-sequence which is also an orthogonal ¢'-set. TI-
sequences that are orthogonal ¢'-sets can therefore be found as long as TI-sequences are available, which is
the case in non-discrete groups, see [29, Proposition 3| or [13, Lemma 5.2].

We now assume that G is not metrizable. Let n = x(G) and {U,: @ < n} be a base of symmetric
neighbourhoods of the identity e. For each o < 0, let V,, be a neighbourhood of e with V* C U, and put
B={Vy: a<n}.

We consider the family of compact subgroups {N,: @ < n} given by the Kakutani-Kodaira theorem for
the base B (see [20, Proposition 4.3 and its proof]). Recall, in particular, that No11 C N, NV, for every
a < 7. Consider then the projections

Py: L*(G) — L*(G/Nay1)
given by P,(f) = An,+1 * f, where L?(G/N,+1) stands for the functions of L?*(G) that are constant on

the cosets of N,41 and Ay, 41 stands for the regular representation of N,y;. This is an increasing net of
projections. Putting Q, = P,+1 — P,, we obtain an orthogonal net of projections {Q,: a < n}.
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Since Ngt1 \ Not2 # @ and N,’s are closed, we may pick for each @ < 7, a symmetric compact
neighbourhood W, C V, of e such that Nyy1 \ Not2W, # &, and so Ng 1 W, \ Not2W, has non-empty
interior in G. Define hq, := 1y, ,w,. Put

1 —~
o = A L 1 aha d o = Pa * Pq-
¢ ||QahaH2Q and Yo = ¢a * @

Note that P,i1hq = ha, and so Quha = hq — Pyhg for each a < 1. We claim that hy # Pyhg so that Qg hq
is not zero for each o < 1. Let x = pw be any point in Ny11 Wy \ Nor2W, with p € Nyyq and w € W,,.
Then h,(z) = 0, while

Poho(x) = Pyho(w)

— / o (£~ w) AN, (1) = A1 (WWaNasa A Nast) # 0,

Nat1

where the latter value is non-zero because the interior in N, 41 of the set wW,Nyy2 N Ny41 is non-empty
since it contains N, .o.

Hence P,h, and h, differ on the set Noy1Wy \ NotoW,, which is of positive measure in G (having
non-empty interior). We conclude that Pyh, # h, for each a < 7, as wanted.

Lemma 5.2 then implies that S(1)) < Qq, showing that {1, : a < n} is an orthogonal ¢!(n)-set.

Since the support of Quhe = ho — AN, ., * hq is clearly contained in N, W, which is in turn contained

a+1
in V2, we see that

supp(ta) = supp (¢5a * 5;) CV!ICU, foreach o<,

and [29, Proposition 3] proves that {¢,: @ < n} is a TI-net as well. Since this net is directed with the
natural order of the ordinal 7, its true cardinality isn. O

An easy argument (see Theorem 4 of [29]) shows that accumulation points in VN(G)* of TT-net in A(G)
are topologically invariant means on VN(G). Theorem 5.3 therefore yields an easier and shorter proof to
Hu’s theorem on the number of topologically invariant means on the von Neumann algebra VN(G) when
G is not metrizable.

Corollary 5.4 (Theorem 3.3 of [6] for metrizable G and Theorem 5.9 of [20] for nonmetrizable G). Let G be
a nondiscrete locally compact group. Then the number of topologically invariant means on the von Neumann
algebra VN (QG) is 22X

Proof. Let {¢, : @ < n} be the orthogonal TI-net constructed in Theorem 5.3, where n = x(G). Let 7
have the discrete topology and consider the map I : n — B, where B is the unit ball in VN(G)*, given by
I(a) = 9, for @ < 7. Extend this map to I: Bn — B, where 1 is the Stone-Cech compactification of 77. The
TI-net being orthogonal implies immediately that the map I is injective. For if 2 and y are distinct in 6,
pick two disjoint subsets X and Y in n with € X and y € Y (the closure is in ). If S =3 . S(¢a),
then (I(z),S) = 1 while (I(y),S) = 0. The map I being injective yields the claim since the cardinality of
Bnis 22", O

Theorem 5.3 will be applied in Corollary 5.6 to prove that A(G) is isometrically enAr when x(G) > k(G).
If G is discrete, and so x(G) < k(G), this approach cannot be followed. But when G is in addition amenable,
TI-nets can be replaced, to the same effect, by weak bounded approximate identities.
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Following [11], let P(G) be the space of continuous positive definite functions on G and B(G) be its the
linear span. The space B(G) is a Banach algebra, called the Fourier-Stieltjes algebra, and if C*(G) is the
group C*-algebra of G, then B(G) is its Banach dual.

Theorem 5.5. If G is a locally compact group that contains a o-compact, non-compact open amenable sub-
group H, then A(G) has an orthogonal weak bai.

Proof. Tt is a well-known theorem of Leptin that A(H) contains a sequential bai {v,},cN, see, e.g., [25,
Theorem 2.7.2]. It is then clear that, in the o(B(H),C*(H))-topology, lim, v, = 1 where 1 denotes the
constant 1-function.

Since H is not compact, the regular representation of H is disjoint from the trivial one-dimensional
representation. It then follows from [2, Corollaire 3.13] (or [25, Proposition 2.8.9]) that, for any u € A(H),

Hl - u”B(H) =1+ ||u||A(H)'

Let now u € A(H) be an arbitrary positive definite function with |lull4z)y = 1 (i.e., an arbitrary normal
state u of VN(H) = A(H)*). Given € > 0 there is then T, € C*(H) with ||T-|| < 1 such that

(1 —wu,T)| >2—e.
As a consequence, there is n. € N such that, for n > n.,

(v, —u, T2)| > 2 —e.
It follows that

- UHA(H) =2. (51)

lim ||y,
n
Lemma 5.1 now provides an orthogonal /*-sequence {u;};cn and a subsequence {vy, }jen of {vn}nen such
that

1i§n anj - U’jHA(H) =0. (5.2)

We next consider the restriction and extension maps, R: A(G) — A(H) and ®: A(H) — A(G), the latter
one defined by ®(u)(s) = u(s) if s € H and ®(u)(s) = 0 if s ¢ H. The adjoint R*: VN(H) — VN(G) of
R is then a multiplicative linear isometry (see [9, Proposition 7.3.5], this is considerably easier when H is
open) and || ®(u)||ac) = |lullaca), see [25, Proposition 2.4.1].

The sought after orthogonal weak bai will be the sequence (®(u;));en as we check next.

Let {S(u;)}jen be the family of orthogonal projections corresponding to sequence {u;},cn, and consider,
for each j € N, the operator in VN(G) given by R*(S(u;)).

Since normal states of V. N(G) correspond precisely to positive definite functions of A(G) and these are
clearly preserved by R, R* must preserve self-adjointness. This, together with the multiplicative character
of R*, implies that the operators R*(S(u;)) are projections. Finally, since

(@(uy), B*(S(uy))) = (uj, S(uy)) =1 = u;(e) = ®(u;)(e)

for each j € N, we deduce according to Definition 3.4, that S(®(u;)) < R*(S(u;)) for each j € N. Thus
(®(u;))jen is orthogonal in the sense of Definition 3.5.
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That (®(u;))jen is a weak bai follows from the bai property of the sequence (v, ) en, the approximation
property (5.2) and the following inequality, valid for every j,k € N:

(@ (u;)P(ur) — P(ur)ll 46y = lwjur — urll 4,

< Hujuk - vnjukHA(H) + HUTLjuk - ukHA(H)' O

Corollary 5.6. Let G be a locally compact group. A(G) is isometrically enAr if G satisfies any of the following
conditions:

(i) x(G) = K(G), or

(ii) G is second countable and contains a non-compact open amenable subgroup.

Proof. (i) To obtain the linear isometry of VN (G) into VN(G)/WAP(A(G)), simply combine Theorems 3.17
and 5.3 and the fact that, under the hypothesis of (1), d(A(G)) = x(G).
(ii) We only have to put together Theorems 5.5 and 3.17. O

Final remarks. We believe the techniques of the present paper can be applied to many other instances.
Obvious candidates are Fourier-Stieltjes algebras and weighted Fourier algebras.

It is natural to wonder how much the concept of extreme Arens regularity introduced in Definition 2.1
strengthens the original one by Granirer. We have been unable to produce an example of a Banach algebra
that is extremely non-Arens regular in the sense of Granirer’s and is not in our sense. Another question we
could not answer is whether the weighted group algebra ¢! (G, w) is isometrically enAr for weights diagonally
bounded by ¢ > 1, even if G is the additive group Z of integers. The memoir [8], which provides a rich list
of examples of weighted (semi)group algebras, might be a good starting point to deal with these questions.
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