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Abstract

The photovoltage V,. of high-performance solar cells such as GaAs and metal halide
perovskites, is affected by the exponential Urbach tail in the absorption spectrum, with
energy parameter Ey;. It has been observed that increasing Urbach energy decreases the
maximum photovoltage that can be achieved. Based on detailed balance and reciprocity
of absorption and emission, we present a calculation that shows that the voltage loss due
to the exponential tail in absorption obeys a universal relation AV, %4 = (kzT/q) In(1 —
Ey/kg T) for Ey; < kgT, independently of the bandgap.
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A calculation by detailed balance principle, first developed by Shockley and Queisser
(SQ),! provides the reference of the maximum performance that solar cells can achieve in
optimal conditions of operation.>* In this method it is assumed that kinetic coefficients
obtained in dark equilibrium can be applied in nonequilibrium conditions at high photon
irradiation.>® It is also assumed that recombination is given exclusively by the radiative
recombination, hence the light absorption characteristic of the solar cell material is an
essential feature to determine the corresponding performance.

The original detailed balance method! used a sharp absorption edge at the band gap
energy E; as the single parameter describing the semiconductor absorber. This type of
absorption provides the standard limit open-circuit voltage V,. as a function of the band
gap, as shown in Fig. 1.%7 The voltage deficit is the difference of the energy of the
generated electron-hole pair, to the energy at which it can be extracted at the contacts,
Eqs/q — V,c.® where q is the electron charge. The operational loss is the voltage deficit at
operation (maximum power) point.* It is shown in Fig. 1b and an updated version is
presented in Ref. 8.
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Fig. 1. a) The maximum photovoltage at one sun light intensity as a function of the
bandgap according to detailed balance radiative limit with sharp absorption coefficient.
The dashed line is V,. = E;/q. b) Experimental operational loss at maximum power
versus Eg;. The theoretical maximum loss (black circles) has been calculated in the SQ
detailed balance limit. Reproduced with permission from *.

While SQ is a useful benchmarking method, the photovoltaic outcome in real materials
is affected by the fact that the density of states (DOS) and absorption coefficient are not
an abruptly terminated step function. It is generally found by spectroscopy measurements
that the density of states at the band edges and the optical absorption coefficient show a
exponential shape termed the Urbach tail,”!? that is described by the following expression

a(E) = ayexp (E;:jg) (E < E,) (1)

a, is a material constant and Ey; is a tailing parameter, associated to structural and




thermal disorder.!’!? An alternative expression for the absorption coefficient in a direct
band gap semiconductor with an extent of disorder is a Gaussian distribution for the local
band gap.'*-!® More generally a distribution function describes accurately the absorption
edge.®!” Here we restrict our analysis to the implications of Eq. (1) for the gradual rise of
the absorption edge.

Recently the influence of the Urbach tail on the conversion efficiency has been amply
discussed for different photovoltaic technologies®!32° and particularly for the metal halide
perovskites.?!3 The effect of the Urbach tail impacts mainly the voltage since the
generation of current from the sub-bandgap levels is negligible. It is observed that the
voltage deficit increases with increasing Urbach energy for a variety of technologies, as
shown in Fig. 2! and in Ref. &, see also !*?2.

This work aims to establish the physical limit to open circuit voltage with a realistic
absorption model. We derive a general expression for evaluating the photovoltage loss in
the radiative limit due to the absorption in the Urbach tail. For small E;; < kT we obtain
a universal curve valid for all classes of materials that depends only on Ej;.
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Fig. 2. The voltage deficit vs Urbach energy. Open circles indicate ideal detailed-
balance limits without band tailing (Ey; = 0). Solid lines represent the Ej; range found in
the literature and the corresponding range of detailed-balance limits. Filled circles indicate
the performance of record-efficiency cells versus the lowest reported E;; values.
Reproduced with permission from.'® The square indicates the loss due to l/;,rcad'SQA and the
line indicates the points of measured V. deficit.
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Fig. 3. Calculation of the emission from the photovoltaic EQE shown (a, = 1) and the
blackbody radiation for a solar cell with an Urbach tail. The emission is given by the
product of the two lines BB and EQE. The emission in Shockley-Queisser model is the
blue area, while the additional emission due to the Urbach tail is the orange area.

Let us summarize the assumptions and the goals of our calculations. We apply the
detailed balance method of radiative recombination to derive the fundamental maximum
open circuit voltage in two cases. First, by standard Shockley-Queisser absorption model
(SQA) we mean here a photovoltaic external quantum efficiency EQEp, (E) = 1 for E >
E, and 0 otherwise. As shown below the emission in SQA model is the blue triangle in
Fig. 3. Second, we aim to derive the losses of V. that correspond to the sub-bandgap
Urbach tail, the exponentially decaying part of EQEpy below 2.0 eV in Fig. 3.

It must be remarked that there are different types of additional V. losses with respect
to SQA model:

(1) The Urbach tail can form part of the radiative recombination model. By reciprocity
of absorption and emission,® when adding the Urbach tail to SQA, we produce
emission of radiation below E; (the orange area in Fig. 3). This is the reason why
the V,. decreases with respect to SQA even when all recombination is radiative.

(2) There are other possible voltage losses, including nonradiative recombination
states as well as the subunity efficiency of photon out-coupling.

In this paper we deal only with the effect of (1). We want to find the expressions that

evaluate the excess loss of the radiative photovoltage introduced by the exponential tail
of the DOS. Therefore, the target of our calculation is the quantity

rad _ yrad rad,SQA
AVOC - Voc _I/OC

)

where

(i) V) 245Q4 s the detailed balance limit for the photovoltage in SQA model,



assuming a step function: EQEpy (E) = 1 for E = E; and 0 otherwise.

(11) V744 is the detailed balance limit for the photovoltage, assuming the Urbach

tail in addition to SQA model.

The distinction of radiative (1) and other limitations (2) is an important element for the
analysis of experiments: It must be separated the photovoltage loss due to radiative
Urbach tail, that is given by the expressions derived below, and additional nonidealities
in the particular device, that must be counted separately. Here we do not analyze the
different causes for V. loss indicated in (2). This is a complex question depending on
materials and technical details of devices. The loss of photovoltage beyond the radiative
limit value is well described by the formula that includes EQE, gp, the emissive quantum
yield®#*

Voo = V324 = "L In(EQEsp) 3)

kg 1s Boltzmann’s constant and T the absolute temperature. The quantity EQE;gp
decreases at increasing factors of voltage loss (nonradiative recombination, outcoupling,
etc.) and here we assume EQE, zp = 1.

We state the usual expressions of the detailed balance model that provide the physical
limits to V. in a photovoltaic device.

In the dark at equilibrium the solar cell receives the blackbody radiation photon flux®
2

E
bb — -
¢ph (E) - bn’ eE/kBT — 1

4
where b, = 2m/h3c? is a constant defined from Planck’s constant h and the speed of light

c. The spectral thermal emission ¢,;" relates to the incoming radiation and the
photovoltaic external quantum efficiency by the reciprocity expression?>2

et (E) = EQEpy (E)p5p (E)

)
At a certain applied voltage, V, Eq. (5) is extended as

Pt (E,V) = EQEpy (E)p)y (E)eV/ksT
(6)

The main parameter determining recombination in a solar cell is the reverse saturation
current j, of the diode model.?” According to detailed balance method' the optimal
performance of a solar cell is established by the radiative recombination current
parameter, jq rqq- It is given by the integral of the emission flux in equilibrium®

Joraa = q J, EQEpy(E)ppy (E)dE (7)

The radiative photovoltage is the open circuit voltage at 1 sun light intensity

(corresponding to a photocurrent ;™) when all the nonradiative recombination channels

are removed. It has the expression®



V;)rcad — kB;T]n (]L) (8)

q Jorad

The calculation of V;%? requires to first perform the integral in eq. (7) for the given
model.

We now present the standard calculation of SQA model (as already said we have
EQEpy(E) =1 for E > E; and 0 otherwise). The corresponding thermal emission is
shown in Fig. 3 in the blue area. As there is no emission below Eg, the very low energies
in Eq. (4) can be neglected as follows

bpi (E) = by E2e~E/keT

(€))
and the integral of the emission in Eq. (7) is
132, = qby [ EZe~FiksTaE =
Eg
= qbye Fa/*8T iy T(E,? + 2E kT + 2k5°T?) (10)
Therefore
Joraa = abre” "/ P ks TE,? (11)

Now we drop the SQA restriction of an abrupt absorption edge, and we use the Urbach
tail absorption in Eq. (1). In general, we can write

EQEpy(E) = a(E)IQEpy(E) (12)
in terms of the absorptivity a and the internal quantum efficiency. We assume perfect
charge collection and hence IQEp,; = 1. For the absorptivity we must establish an optical

model of the device. For example, for a solar cell of thickness d with antireflective coating
and back mirror, using the Beer-Lambert expression, we obtain

a=1-—e 2 (13)

We expect the tail absorption to be weak, therefore a = 2ad. We define ay = 2a4d
and we can write

EQEp,(E) = ag exp (E_Eg) (14)

Ey

The EQEpy is shown in Fig. 3. The area in orange in Fig. 3 is the additional emission
with respect to SQA.

We start the calculation of A V8¢ first assuming E; < kT (later the general result for
any Ey is discussed). This is a case of interest for high efficiency cells: Single-crystalline
GaAs, Si, GalnP and InP, polycrystalline CdTe, metal halide perovskite, and CIGS, all
have E; values below kgT.® In addition, the simplified expressions that are valid under
this restriction illustrate well the physics of the model.

Owing to the additional absorption modes present with respect to SQA (orange area in
Fig. 3), jorqa increases and V;2¢ decreases. From Eq. (7) we find
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Jorad = ]o,gad + qbnaoe Fg/Fu fo . Eze(l/EU l/kBT)EdE (15)

Calculating the integral and neglecting small terms as in Eq. (11) the result takes the
form

Qo .SQA

Joraa = 1+3—=—]J
ra kBT _1 0,rad
Ey
(16)
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Fig. 4. (a) Excess radiative current due to the Urbach tail emission. (b) Universal curve
for the radiative voltage deficit with respect to SQ value as a function of rescaled Urbach
tail energy. The dashed line is the linear approximation. In both curves a, = 1.

The excess current is plotted in Fig. 4a. Inserting the value in Eq. (16) into Eq. (8) we
obtain the expression for the voltage deficit in the radiative limit

avged = ypod —yraese _ KTy g G0
q kgT _ 1
Ey
(17)
For a small value of a, it is a linear dependence
qA Vet = —aoEy
(18)
If we take a, = 1 in Eq. (17) to estimate large losses, we get
AVed = LTln (1 - ki_UT>
(19)

The result is independent of E,. The temperature can be rescaled as shown in Fig. 4b.



Hence the different photovoltaic technologies should obey a single universal curve.

In Fig. 5a the voltage loss (thick line) is shown at room temperature. Eq. (19)
corresponds to the difference between filled and empty circles in Fig. 2. Note that the E};
values used in Fig. 2 are not necessarily the true Ey, for the record cells.'® For a quantitative
analysis both the voltage deficit and Ej; should be obtained for a unique cell.
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Fig. 5. The radiative voltage deficit A V24 = y7ad — Vorcad’SQA (with respect to SQ

value) as a function of Urbach tail energy for a, = 1. The thick blue line is the
approximation at Ey < kgT and the thin lines are the general expression at different
bandgap values. a) Small values of E;. b) general range of Ej;.

We now derive a general expression valid also when E;; > kgT. For a-Si, CZTS, and
organic solar cells, the E;; values are > 40 meV, with large impact on the voltage
efficiency.® In this case the low energy part of the Planck formula (4) cannot be neglected.
Eq. (15) is expressed as

Eg E2pE/Ey

. __ .SQ4A —E,/E _
Jorad = Jorad + qb”aoe of Ufo eE/ksT 1 dE
(20)
We obtain
e(1/kpT=1/Ey)Eg

kpTE,?

. _ .SQA
]O,Tad - ]O,rad 1+ Qg

I(Ey)

@2y

and the general expression of the additional voltage loss with respect to SQ is
e(1/kpT=1/Ey)Eg

kpTE,*

kyT
AVyaed = —%m 1+ a,

I(Ey)



(22)
where the integral is

Eg EZeE/EU
L(Ey) = —————dE
1( U) .fo eE/kBT— 1

(23)

The graphical representation of the expression, including large values of Ey, is
obtained by numerical integration and it is shown in Fig. 5b. At Ey > kgT the lines of
different E; values depart from the unified curve.

Some limitations of detailed balance need to be carefully analyzed. A tailing of the
DOS in the band gap introduces different possibilities of recombination events that affects
the reciprocity formula (5) used in the above derivation.?® The open circuit voltage under
illumination in Eq. (8) has been obtained by the usual extrapolation involving detailed
balance. It is assumed that the kinetic coefficients in equilibrium remain valid far from
equilibrium in conditions of intense photoluminescence, e.g., by passing from Eq. (4) to
Eq. (5).% It was explained by Cuevas that detailed balance between generation and
recombination in equilibrium does not always apply to non-equilibrium situations, since
the recombination parameter j, 44 may become a function of the concentration.?’

Additionally, the occupation of the bands may modify the rate of absorption and
recombination processes.”’ If a semiconductor works far from dark equilibrium but
achieves equilibrium with an ensemble of thermalized photons, the Eq. (4) needs to be
stated more generally as®

E?
¢SII;(E; Aw) = by e E—Aw/kgT _ |

(24)
This equation has been obtained by Lasher and Stern*® considering a population of

photons at nonzero chemical potential Au,*!? in equilibrium with the electrons and holes

in a semiconductor with a splitting of Fermi levels Au. Eq. (24) was extended by Wiirfel*?

for the external radiative emission from a semiconductor surface, leading to
2

E
BE (. 80) = br(B) —im—

1
(25)
At open circuit conditions Au = qV,, . For Au < E; we obtain from Eq. (25) the results
in Eq. (6) and (8). If the DOS below the band gap is negligible (SQA model) the sub
bandgap occupation need not be considered in detailed balance calculations. But in our
analysis of jj,qq involving the Urbach tail in Eq. (20) we clearly integrate the sub-
bandgap radiation modes. Hence, we pass through the singularity of Eq. (24) at E = Ap.
This is due to the infinite occupation of the lowest available state in the Bose-Einstein
distribution, and to the fact that energy levels are full below the electron Fermi level, and
vice versa for the holes, so that absorption is not possible at E < Au. These facts, that
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become more significant when the Fermi levels approach the band edges at high
irradiation levels (leading to lasing at Au > E;), were first discussed by Parrott**
introducing an occupation factor of the type

E —Au
4kpT

a'EAR) = tanh(

)a(E)

(26)
that makes the absorption coefficient vanish at E = Ay, see the recent discussion by Wong

et al.? Therefore one obtains

tanh (E4;BATu)

e(E_AH)/kBT -1

doit(E, M) = bra(E)E?

27)
To analyze the modifications introduced by Eq. (26) in the Urbach tail absorption we
can use the following form of EQEpy,

EQEpy (E,Ap) = (E_Eg)t h(E_A“)
QEpy(E,Au) = ag exp E, an 4kyT

(28)

The emitted radiation is the product of Egs. (24) and (28). The radiative recombination

current parameter and voltage have the same expression as (21) and (22) respectively, but
the integral is defined as

Bg  E2eF/Eu E —Au
L(Ey, Ap) = j Y 1tanh( )dE
Au

AkpT
(29)

Fig. 6 shows the change of the standard expressions when considering the effect of the
finite chemical potential of light and electrons and holes. It is observed that the modified
expressions change the dependence near E = Ay, and of course they create a cut-off to
the exponential tails when going to lower energies. Fig. 7 shows the calculation of the
effect of the occupancy of the DOS. The blue lines are the calculations shown before
without the effect of the filling of states, only amplified by the voltage factor as in Eq. (6).
The coloured lines are obtained from Eq. (22) with the integral (29). At low values of Ey;
the EQEpy, decreases sharply and the occupancy of deep states makes no effect, so that
the universal formula (17) continues to hold true. When Ej; increases the DOS goes deeper
into the gap. The occupancy suppresses the radiative effect of the deep states, and the
radiative voltage loss decreases. The more disordered solar cell materials will have an
advantage in this respect, since the occupancy removes part of the V. losses caused by
the Urbach tail.
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of the chemical potential Au. Calculation by Eq. (22), the blue dashed line is for
I = I,(Ey)e?*/¥8T and the colored lines are for I, (Ey, Ap).

In conclusion, we have discussed the maximum theoretical open-circuit voltage that
can be obtained in a solar cell using a detailed balance method. We showed that a simple
integration of the product EQEpy, times the blackbody radiation provides a universal
formula of the voltage loss due to the Urbach tail in the radiative recombination limit,
with respect to the Shockley-Queisser, abrupt absorption, model. A more general analysis
based on a numerical integration describes the voltage loss for large values of the Urbach
tail energy. The effect of the electrons and holes occupying the states of the semiconductor
reduces the voltage losses when the exponential tail goes deep into the energy gap.
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