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Abstract

Railway induced vibrations on short-to-medium span simply-supported (SS) bridges is addressed in this contribution. Such struc-
tures may experience high levels of vertical acceleration at the platform, leading to adverse consequences such as a premature
degradation of the ballast layer and passenger discomfort. In the present study, the evolution of the bridge dynamic response
when soil-structure interaction (SSI) is taken into account is investigated. To this end a coupled three-dimensional (3D) Boundary
Element-Finite Element model (BEM-FEM) formulated in the time domain is implemented to reproduce the soil and structural
behaviour, respectively. First, a set of soil-bridge systems of interest is defined, covering a wide range of lengths and natural fre-
quencies for the structures, and an interval of expectable elastic properties and damping levels for the soil. Then, different types of
analyses are performed on the soil-bridge systems extracting conclusions regarding the effect of including SSI in numerical models
for predicting the bridge behaviour under railway traffic. In particular natural frequencies and modal damping levels are identified,
and the structure amplification after the passage of a moving load in free vibration is investigated. Conclusions regarding how
resonance and cancellation conditions may be affected by soil properties are extracted. Finally, the dynamic response of a real
bridge, belonging to the Spanish railway network, is evaluated under the circulation of trains that induce second and third reso-
nances of the bridge fundamental mode. The effect of the soil flexibility, soil material damping and the bridge resonance order are
evaluated. Conclusions regarding the appropriateness of the results provided by common models which do not include SSI effects
are extracted.
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1. Introduction

The development of modern, efficient and operational trans-
port systems is essential for a sustainable economic develop-
ment. In this context the construction of new High-Speed rail-
way lines and upgrading of conventional lines for higher oper-
ating speeds, has become a trend in Asian and European coun-
tries in the last decades. Railway infrastructures and, in particu-
lar, railway bridges, are expected to exhibit an adequate perfor-
mance under these new traffic requirements guaranteeing traffic
safety, passengers comfort, structural integrity and acceptable
environmental conditions in terms of sound and vibration trans-
mitted amplitudes.

The level of vibrations induced on bridges due to the circula-
tion of railway convoys has become an issue of concern among
the scientific and engineering community, due to the periodic
nature of the vehicles axles and the operating speeds approach-
ing and exceeding 300 km/h in many lines. The periodic nature
of the axle transmitted forces may excite important transverse
vibration levels in the structures, particularly under resonant
conditions [1, 2]. Especially critical in this regard are short-
to-medium span bridges composed by SS decks with usually

∗Corresponding author. Tel.: +34 964387473; fax: +34 964728106
Email address: mrodrigo@uji.es (M.D. Martı́nez-Rodrigo)

associated low masses. This problem aggravates for low struc-
tural damping levels, typical in the aforementioned construc-
tions [1]. Figure 1 shows two examples of such structures, be-
longing to the Spanish railway network, with decks composed
by concrete slabs resting on series of pre-stressed concrete gird-
ers. Even though this typology is not common in High-Speed
lines of new construction, due to its poor dynamic performance
[3], these beam-type bridges do exist in former conventional
lines upgraded for High-Speed.

Resonance in railway bridges may lead to adverse conse-
quences such as ballast destabilization, passenger discomfort,
a general degradation of the track and a raise in the mainte-
nance costs of the line [1, 4]. For this reason, according to stan-
dards, the maximum deck acceleration must be checked at the
Serviceability Limit State for the prevention of track instability,
and regarded as a traffic safety requirement [5].

Resonance takes place when the excitation period of the
axles, i. e., the ratio between a characteristic, or many times
repeated, distance and the train speed is a multiple of one natu-
ral period of the structure. When this occurs, the free vibration
oscillations induced by every load accumulate, and the trans-
verse response of the bridge progressively increases, leading to
a substantial amplification if the number of axles is sufficient.
In short to medium span bridges with nowadays maximum train
speeds, the characteristic distance associated with detrimental
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Figure 1: Railway bridges in Spanish lines composed by simply-supported
bays of short-to-medium span

levels of transverse accelerations due to resonance usually cor-
responds to the length of the passengers’ coaches. Therefore,
the dynamic amplification of beams or bridges at resonance de-
pends both on the periodicity of the loads and on the amplitude
of the free vibrations left by every single load. Under ideal SS
conditions and in the absence of damping, the amplification of
the free vibrations left by every load depends on the ratio be-
tween the structural periods and the travelling time of the load.
As indicated in [6], depending on this ratio the beam may ex-
perience substantial levels of free vibrations (maximum free vi-
brations) or these may practically cancel (cancellation of free
vibrations).

If the limits on the bridge deck acceleration cannot be met
in an existing structure, strengthening measures may be applied
in order to modify its dynamic properties and, consequently, its
dynamic behaviour [7]. Passive control techniques could also
provide cost-effective solutions increasing the overall damping
levels of the structure and reducing the deck vibrational re-
sponse at resonance [8]. In either case of new or existing struc-
tures, it is essential to develop accurate numerical models, able
to realistically predict the vibration levels for the expected traf-

fic conditions in order to make the best decision in the design
stage or when a line is upgraded for higher operating speeds.
According to some authors [9], the choice of boundary condi-
tions for dynamic analyses appears to constitute a group of very
sensitive parameters which have a considerable influence on the
dynamic response of certain bridge types.

The phenomena of resonance and cancellation experienced
by beams or bridges under the circulation of moving loads has
been studied by several researchers [6, 10–17]. Nevertheless
in the previous works, soil-structure interaction is always dis-
regarded and classical boundary conditions are assumed for the
bridge deck. According to some authors, in certain soil en-
vironments an increase in the fundamental natural periods of
moderately flexible structures due to SSI may have a detrimen-
tal effect on the structural behaviour [18]. The work presented
herein arises in this context.

Only a few authors have investigated the dynamic response
of beams or bridges and, in particular, the conditions of res-
onance and cancellation phenomena taking into account the
wave propagation in the soil. Lu et al. [19] prove numer-
ically the occurrence of resonance and cancellation in a pe-
riodic viaduct subject to moving loads considering pile-soil-
structure interaction. Wu and Yang [20] apply a semi-analytical
approach to analyse ground vibrations induced by trains mov-
ing over elevated bridges. The authors use impedance func-
tions to represent the foundation-soil interaction and an elas-
tic half space model for the soil wave propagation problem.
In [21] and [22] the authors investigate ground vibrations in-
duced by High-Speed trains crossing continuous girder bridges
and rigid-frame viaducts, respectively. In both contributions the
ground response is calculated by applying reaction forces on a
3D FEM with artificial viscous boundaries. Takemiya and Bian
[23] investigate numerically the waves generated in the soil
near a Japanese Shinkansen multi-span viaduct. The authors
also present field tests measurements on the foundations and
in the ground far field, showing frequency contents related to
train axle distances and structure natural periods. In [9] Ülker-
Kaustell et al. present a qualitative analysis of the dynamic
SSI phenomenon on a portal frame railway bridge based on dy-
namic stiffness functions. The authors conclude that the contri-
bution of the coupled soil-bridge system to the modal damping
ratios is substantial, especially for the lower range of the soil
elastic modulus.

Most of the previous works focus on the level of vibrations
transmitted through the soil along the track, rather than on the
bridge behaviour itself. In the opinion of the authors of this
contribution, there is a need to investigate how soil properties,
in terms of flexibility and material damping, may affect the dy-
namic response of short SS bridges susceptible to experience
excessive accelerations at the deck level. If this kind of anal-
ysis is performed with generality, i. e., considering expectable
ranges of variation of structural and soil properties, interesting
conclusions could be extracted regarding the appropriateness of
the numerical models usually used by engineers when it comes
to assess the performance of new structures, or that of existing
structures subjected to more demanding operating conditions.
In this study the authors complete the investigation initiated
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in reference [24], extending the analysis to several soil types
with different levels of material damping, and particularizing
the conclusions extracted to the case of a real structure.

In what follows a comprehensive ensemble of soil-bridge
systems is defined covering typical lengths and structural ty-
pologies of short to medium span SS railway bridges, and a
wide range of variation of soil flexibilities and material damp-
ing values. A sensitivity analysis is conducted on this ensemble
and the evolution of the bridges natural frequencies and struc-
tural damping levels is evaluated with the properties of the soil.
The amplification of the bridge dynamic response in free vibra-
tion under a single moving load (SML) is then presented, and,
based on this analysis, conclusions regarding the evolution of
the resonant and cancellation phenomena induced by multiple
moving loads (MML) with soil properties is discussed. Finally,
the dynamic response of a real bridge belonging to the Span-
ish railway network is analysed under railway traffic. The evo-
lution of the structure response under different order resonant
conditions and under not resonant conditions with the flexibil-
ity and damping of the surrounding soil is evaluated. Finally
conclusions are extracted regarding the adequacy of numerical
models that disregard SSI effects.

2. Formulation and approach adopted

2.1. Approach of the investigation

The numerical model implemented for the investigation has
been previously presented in [24] and its main features are sum-
marized herein. It is a fully coupled 3D BEM-FEM model in-
tegrated in the time domain. The SSI problem is analysed by
domain decomposition in the soil and structure sub-domains,
represented with the BEM and the FEM, respectively. BEM-
FEM coupling is performed directly. A scheme showing the
main parts of the model is represented in Figure 2.

The main features of the BEM-FEM model are:

• A beam FEM is used to represent the deck flexural be-
haviour under moving loads, therefore assuming that the
maximum transverse response of the structure is mainly
governed by its longitudinal bending deformation. This
decission is justified by the facts that: (i) according to pre-
vious studies [6, 25], short to medium span SS railway
decks are expected to exhibit maximum vertical acceler-
ation levels at mid-span; (ii) in reinforced concrete slabs
or prestressed concrete girder decks, usual typologies for
the range of lengths under consideration, resonances of the
first torsion mode are usually not determinant in the as-
sessment of the Ultimate Limit State of vertical accelera-
tion [25]; (iii) the objetive of this investigation is to evalu-
ate SSI effects on the main resonant problem that railway
decks may experience under railway traffic.

• The beam bridges are idealised as Bernoulli-Euler (BE)
beams in a finite element context. The beam is discretized
using two node beam elements with tension, compression,
torsion (not excited considering the 2D nature of the ap-
plied loads), and bending capabilities. The choice of the

Figure 2: Schematic representation of the 3D BEM-FEM coupled model

Bernoulli-Euler theory is well suited for the analysis of
railway bridges in this study due to the slenderness ratios
of typical railway decks [1, 26]. Moreover, the frequency
range of interest in the study is low (under 30 Hz) and mis-
matches between Bernoulli-Euler and Timoshenko beams
are expected to be relevant above 50 Hz [27].

• The influence of the track and the ballast, which can also
affect the dynamic behaviour of the bridge [28–32], has
been taken into account only by means of the associated
dead masses. A detailed vehicle idealisation, that would
cause a reduction in the vibration levels of the bridge
[33, 34] at resonance and of the ground [35], is also disre-
garded, and a moving load model has been used during the
investigation. These simplifications, consistent with com-
mon design practices, have also been adopted in prior in-
vestigations of the resonance and cancellation phenomena
in railway bridges [6, 11, 16, 17], and it has been consid-
ered convenient in a first approach to the problem. Ad-
ditionally, as it will be shown in what follows, vehicle-
bridge interaction and SSI will both lead to a reduction of
the deck acceleration at resonance. On the authors opinion
it is essential to separate both effects in order to capture the
effects caused by the soil separately and be able to extract
conclusions in this regard.

• The railway excitation is introduced as a sequence of mov-
ing loads travelling at constant speed, therefore neglecting
vehicle-structure interaction effects. The gradual nature of
the wheel loads application process close to the abutments
due to the distributive effect of rails, sleepers and ballast
must be simulated in order to avoid unrealistic high fre-
quency modal contributions. To this end, a load distribu-
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tion function based on the Zimmerman-Timoshenko solu-
tion for an infinite beam on Winkler foundation, is applied
to the axle load modulus in the abutments proximities. De-
tails of the formulation may be found in [8].

• The beam end sections are connected through kinematic
constraints to two rigid plates representing the lower sur-
face of shallow foundations at the abutments. These plates
are coupled to the boundary elements simulating the in-
teraction with the soil. With this simple idealization, the
essence of the wave propagation problem is isolated from
the foundations geometry, and its influence is evaluated
considering only the bridge vibration response [36].

• Regarding the soil treatment, a homogeneous soil with
constant properties is admitted. The Green’s function for
an elastic half-space is used as the fundamental solution
for displacements and tractions in the BEM [37]. There-
fore, the boundary element discretisation is limited to the
interface between the soil and the plates. The soil is dis-
cretised using nine node rectangular quadratic boundary
elements.

• Coupling of the BEM and FEM equations is carried out
by imposing equilibrium and compatibility conditions at
the soil-structure interface. Both systems of equations are
assembled into a single system, together with the equilib-
rium and compatibility conditions [38].

The described model is implemented in the SSIFiBo toolbox
for MATLAB previously developed by coauthors of this contri-
bution Galvı́n and Romero [39–41]. The FEM module of the
toolbox does not include any pre-processor. Instead, a gateway
for commercial software allows importing directly the structure
model. Using this model, SSI effects on the transverse response
of beams traversed by moving loads at constant speeds are stud-
ied by means of the following complementary steps:

1. First (section 3.1), a preliminary analysis is presented
based on the frequency response function (FRF) of a soil-
bridge system under impulse excitation, with the aim of
anticipating the influence of the soil properties on the
bridges response in the frequency domain. This issue is
related with the relative values of the Rayleigh and beam
bending wavelengths.

2. Second (section 3.2), the variation of modal parame-
ters (fundamental frequency and modal damping) of the
bridges under study considering SSI is analysed. It should
be remarked that, as explained in section 2.3, the bridges
and soil properties have been selected covering a wide
range of realistic combinations in the design of short SS
railway bridges.

3. Third (section 3.3), the maximum response of the struc-
tures under the circulation of a single moving load in terms
of the uniform speed is presented, and the conditions for
maximum response and cancellation during the free vibra-
tion phase (once the load has left the structure) are shown.

General conclusions regarding the influence that soil prop-
erties may have on resonant speeds and associated ampli-
tudes are extracted from these results.

4. Finally (section 4), the dynamic response of a real SS rail-
way bridge belonging to the Spanish railway network is
analysed under the circulation of a train of moving loads
exciting two relevant resonant situations in the range of
speeds considered. The influence of the soil flexibility
and material damping is investigated when the bridge un-
dergoes resonances of different order and at non-resonant
conditions.

2.2. BEM-FEM mathematical formulation

The BEM is based on a time marching procedure to obtain
the time variation of the boundary unknowns; i. e., displace-
ments and tractions. The k − th component for displacements
and tractions over the boundary is approximated from the nodal
values j at each time step m, um j

k and pm j
k , using the space in-

terpolation functions φ j(r) and ψ j(r), for tractions and displace-
ments, respectively. After interpolating the boundary variables,
the integral representation of the displacement u at a point i on
the boundary becomes [40]:

ci
lkui

k(xi, t) =

n∑
m=1

Q∑
j=1

∫
Γ j

Unm
lk ψ

j dΓ

 pm j
k

−

∫
Γ j

Pnm
lk dτφ j dΓ

 um j
k


(1)

where Q is the total number of boundary nodes and Γ j repre-
sents the elements to which node j belongs. Time kernels Unm

lk
and Pnm

lk are respectively computed through the fundamental so-
lution for displacements and tractions due to a point load acting
at xi in the l direction. These kernels are analytically integrated
by parts using constant and linear piecewise time interpolation
functions for tractions and displacements [37], respectively. Eq.
(1) may be written in a more compact form as:

ci
lkuni

k =

n∑
m=1

Q∑
j=1

[
Gnmi j

lk pm j
k − Ĥnmi j

lk um j
k

]
(2)

Once the integral-free term ci
lk is included in the system matrix,

the integral representation for point i at time t = n∆t becomes:

Hnnun = Gnnpn +

n−1∑
m=1

[
Gnmpm −Hnmum]

(3)

where Hnmi j
lk collects for ci

lk when i = j and n = m.
The FEM equation at time step n is defined as [42]:

Mün + Cu̇n + Kun = f n (4)

where M, C y K are the mass, damping, and stiffness matrices,
respectively. un, u̇n y ün represent nodal displacement, velocity,
and acceleration vectors, respectively, and f n is the load vector
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including the effect of the constant moving load at each time-
step. Equation 4 is solved using an implicit time integration
GN22 Newmark method [42, 43]. An equivalent dynamic stiff-
ness matrix is defined:

Dun = f n + f n−1 (5)

Coupling of BEM and FEM equations (Eqs. (3) and (5)) is car-
ried out by imposing equilibrium and compatibility conditions
at the soil-structure interface. Both systems of equations are
assembled into a single global system, together with the equi-
librium and compatibility equations [44].

As the plate foundations have been defined as rigid bodies
in a first approach through kinematic constraints, the BEM Eq.
(3) is expressed in terms of the kinematic constraint matrix L
relating the displacements and tractions of the central point of
the plate, u0 and p0, respectively, with any other point for each
foundation:

HnnLun
0 = GnnLTpn

0 +

n−1∑
m=1

[
GnmLTpm

0 −HnmLum
0

]
(6)

where equilibrium of forces at the interface Γ is fulfilled inte-
grating nodal tractions according to the element shape function
matrix N:

f =

∫
Γ

NT pN dΓ = Tp (7)

The time step ∆t for the analysis is set sufficiently small to prop-
erly integrate the structure dynamic response and load excita-
tion. This may be expressed as:

∆t = min
(

2π
ω1kω

,
L

Vkv

)
(8)

where ω1 corresponds to the fundamental frequency of the
beam, L is the beam length, and V the load speed. Parame-
ters kω and kv define time discretizations for the structure fun-
damental period and the load passage time, respectively.

The chosen time step determines the spatial boundary ele-
ment discretization according to the stability parameter β =

cs∆t/∆l, where ∆l is the distance between two nodes of a
boundary element, and cs is the shear wave propagation veloc-
ity in the soil. In this work, a stability parameter β = 0.5 has
been considered.

The finite element representation is determined by the bridge
bending wavelength discretization. Minimum wavelength is de-
fined by the maximum frequency range and the phase bend-
ing wave propagation velocity in the fundamental mode cb1 =

4
√
ω2

1EIz/mb, where EIz is the beam cross-section bending stiff-
ness and mb is the beam mass per unit length. This work con-
siders 20 elements for the minimum wavelength.

2.3. Definition of an ensemble of soil-bridge systems
In this section the ensemble of soil-bridge systems investi-

gated in the sensitivity analysis included in section 3 is pre-
sented.

Bridge beam models of lengths ranging from 12.5 to 25 m in
increments of length of 2.5 m are considered, covering the typ-
ical span lengths susceptible to experience high deck vertical
accelerations under resonant conditions. The range of funda-
mental frequencies realistic for each span is selected from the
band prescribed by Eurocode 1 [5] for the application of simpli-
fied methods (see Figure 3). Therefore, the vast majority of ex-
isting and potential SS bridges fundamental frequencies are ex-
pected to fall within these limits. Three evenly-spaced sample
values between 0 % and 70 % of Eurocode 1 upper frequency
limit have been analysed. These frequencies are referred to as
f1,000, f1,035 and f1,070 in what follows. As can be extracted from
the studies presented in [33], the majority of railway bridges
for conventional and High-Speed lines fall within the selected
range.

In a first approach, a single value of mass per unit length is
assigned to each beam, in particular mb = L(m) · 1000 kg/m2.
The mass of the structure will affect the level of vertical accel-
eration at resonance, but it has not been selected as a parameter
for the sensitivity study as it does not govern the maximum free
vibration and cancellation conditions in the absence of SSI ef-
fects [6]. Structural damping is not assigned to the beams in
section 3 in order to isolate the effects of SSI on the modal
parameters of the bridges under study. Regarding the substruc-
ture, identical 5m × 5m foundation plates are considered in all
the cases to represent the soil-substructure interaction surface.

As per the soil properties, three homogeneous soil types are
defined with flexibilities covering the AASHTO classification
[45]. In particular shear (s) and dilatation (p) wave velocities
of cs = {150, 220, 365} m/s and cp = 2cs are considered, admit-
ting a Poisson’s ratio ν = 1/3 for the soil. Soil density has been
set equal to 1800 kg/m3 in all the cases. Soil material damping
levels of ζs = {0, 2.5, 5}% are considered for each shear wave
velocity. Therefore 180 BEM-FEM models are evaluated in the
following sections (18 bridges × 9 soil types plus 18 bridges
with infinitely rigid soil conditions).

3. Sensitivity analysis

3.1. SSI effect on the bridges behaviour in the frequency do-
main. Preliminary analysis

In order to get some insight regarding how SSI may affect the
bridges dynamic response depending on the frequency range, a
preliminary analysis is included in this subsection. First, beams
and soil wavelengths are computed and represented in order to
estimate the frequency range in which the interaction between
the structure and the soil could be appreciable. Second, the im-
pulse response of a particular beam is presented and the effect
of the soil flexibility and damping are shown in the frequency
domain.

Figure 4 represents the Rayleigh wavelength of the soil λR =

cR/ f and the beam bending wavelength λb = cb/ f in terms of
the frequency f . cR stands for the Rayleigh wave propagation
velocity in the soil, approximated as in [46], and cb for the beam
bending wave propagation velocity:
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Figure 3: Ensemble of soil-bridge systems under study. ◦ Frequency and span length of analysed bridges for particular soil properties (cs, ζs)

cR =
0.87 + 1.12ν

1 + ν
cs cb =

4
√
ω2EIz/mb (9)

Both wavelengths have been normalised with respect to the
beam wavelength in its fundamental mode for SS conditions
(λ1,ss = 2L).

In Figure 4 each graph corresponds to a set of bridges
with natural frequencies in the SS case corresponding to levels
f1,000, f1,035, f1,070 and f1,100 in the Eurocode frequency band.
f1,100 is considered only in this subsection for comparison pur-
poses, as it does not represent common structures of the typolo-
gies of interest. In each plot, different curves associated to the
same soil type (same gray colour traces) correspond to differ-
ent span lengths L = 12.5 m to L = 25 m. Moreover, in the
horizontal axis the frequency has been normalised by the fun-
damental frequency of the SS beam ( f / f1,ss). This normalisa-
tion allows to represent all the beams with a single curve given
that λb/λ1,ss = ( f 2/ f 2

1,ss)
0.25. Two frequency regions may be

distinguished for each soil-beam system: (i) a region where the
Rayleigh wavelength of the soil is higher than the beam bending
wavelength (low frequency range); and (ii) a region where the
Rayleigh wavelength of the soil is lower than the wavelength of
the beam. The cut-off frequency between both regions may be
easily obtained equating both wavelengths (λR = λb), entailing
that cR = cb.

Notice that the beam bending wavelength starts to exceed the
soil Rayleigh wavelength at a frequency that increases with the
soil stiffness and the beam fundamental period. It should be
therefore expected SSI to be more perceptible at low frequen-

cies on the bridge response in the case of more flexible soils
(lower values of cs) and of beams with higher fundamental fre-
quencies. Moreover, higher modal contributions of the beams
should be more affected by SSI effects than the response asso-
ciated to the fundamental mode.

As an example, Figure 5 shows the frequency response func-
tion at L/4 for a bridge span L = 15 m, considering four bridge
frequencies covering the complete Eurocode range for that par-
ticular length, and different soil conditions (wave propagation
velocities and damping ratios). The FRF is computed loading
the structure with an impulsive force acting on the same sec-
tion. The FRF shows peaks at the frequencies corresponding
to the first three bending modes of the bridge. The bridge fre-
quencies and the peaks amplitudes move toward lower values
as the soil becomes softer, and SSI effects become more im-
portant. Also, bridges with higher natural frequencies are most
affected by SSI. Moreover, it can be concluded from this anal-
ysis that the influence of the soil material damping is almost
imperceptible at the fundamental frequency of the structure and
it is much more noticeable in the frequency range above the
aforementioned cut-off frequency.

In the following sections modal properties of the bridge cat-
alogue under study are identified, and SSI effects on the con-
ditions for maximum free vibration and cancellation of the
bridges under a SML are evaluated.

3.2. Identification of modal parameters

In view of the results of the previous section and following
the approach in [24], a parameter κ = EIzπ

3/(KvL3) is defined
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Figure 4: Rayleigh wavelength (λR/λ1,ss) for different bridge spans (12.5 to 25 m) and soil properties:
cs = 150 m/s, cs = 220 m/s and cs = 365 m/s. Beam bending wavelength (λb/λ1,ss)

as the ratio of the flexural rigidity of the bridges to the vertical
stiffness of the soil-foundation supports under static loading,
Kv. In Figure 6 the values of κ for the soil-bridge systems under
study are represented (notice that soil material damping does
not affect this parameter). κ = 0 corresponds therefore to an
infinitely rigid soil.

The natural frequency and modal damping associated to the
fundamental mode are obtained from the beam response sub-
jected to an impulse load for the complete ensemble of bridges
under study (108 BEM-FEM models). The variation of these
two modal parameters in terms of κ for all the soil-bridge sys-
tems are included in Figures 7 and 8, respectively.

3.2.1. Effect of soil properties on identified natural frequencies
In Figure 7 the fundamental frequency variations, with re-

spect to infinitely rigid soil conditions, experienced by the
bridges are represented with circles. These results are calcu-
lated using the BEM-FEM model described in section 2.2. Fig-
ures in the same row correspond to the same soil shear-wave
velocity, while figures in the same column correspond to the
same value of soil material damping. In all the plots, the an-
alytical solution for the fundamental frequency variation of an
elastically supported (ES) Bernoulli-Euler beam with identical
elastic supports of Kv vertical stiffness has been represented in
thick black trace [6]. Finally, in each graph different frequency
bands are distinguished in shaded areas, and circle sizes are

proportional to the lengths of the bridges.

The vertical flexibility of the soil-foundations leads to a re-
duction in the fundamental frequency of the bridges under
study. This reduction is more evident in the case of bridges
with higher natural frequencies (and therefore, higher values of
κ). This is consistent with the results presented in section 3.1.
For each frequency group, bridges with longer spans are most
affected by soil conditions. This is due to the fact that longer
bridges present higher κ values [24].

From the analysis of the results presented it may be con-
cluded that: (i) the frequency variation experienced by the
structures when SSI is included follows the general trend shown
by the ES BE beam in terms of the static relative stiffness pa-
rameter κ. The frequency dependence of the soil-foundation
stiffness is not relevant, especially for low κ values and long
bridges; (ii) soil-bridge systems with similar κ values show
similar frequency variations, independently of the soil proper-
ties and the beam natural frequency in the absence of SSI; (iii)
for each soil type and frequency band, shorter bridges show a
slightly higher deviation with respect to the analytical solution
of the ES beam; (iv) these tendencies take place for different
soil material damping levels, and the influence of this param-
eter is almost negligible regarding the variation of the bridges
fundamental frequency. This issue was anticipated in section
3.1 for low frequency ranges.
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Figure 5: FRF of a bridge of L = 15 m and soil properties:
cs = 150 m/s, cs = 220 m/s and cs = 365 m/s. Bridge response in SS case.

Considering the following damping ratios: ζs = 0.000 (solid lines), ζs = 0.025 (dashed lines) and ζs = 0.050 (dotted lines)
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Figure 6: Dimensionless ratio κ for the soil-bridge systems under study

3.2.2. Effect of soil properties on identified modal dampings

In Figure 8 the values of structural damping in the fundamen-
tal mode identified from the bridges response for the ranges of

soil properties under consideration are represented with circles.

The structural damping ratio including SSI effects (ζ1) is
identified from the free damped response of the bridges through
Logarithmic decrement. As in Figure 7, different frequency
bands are distinguished in shaded areas, and circle sizes are pro-
portional to the bridges lengths. The modal damping measured
from the bridge response strongly depends on the value taken by
the relative flexibility κ. As the flexibility of the soil increases
(higher κ levels for the same structure), so does the identified
damping due to the wave radiation through the soil. Again,
for the same soil properties, structures with higher fundamental
frequencies in the absence of soil exhibit higher increments of
structural damping when SSI is considered. This is again con-
sistent with the analysis presented in section 3.1. On the other
hand, the influence of the soil material damping on the iden-
tified structural damping is minimal in the fundamental mode.
As it was exposed in the previous section, soil damping only
modifies the structural response during a short transient, due to
the relative wavelengths of the soil and the bridges. Therefore,
the influence of soil damping is expected to be significant only
at higher frequencies than the bridge fundamental one.
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3.3. Free vibration response under a SML

According to [6] the dynamic amplification of a SS or ES
beam at resonance caused by the circulation of MML is closely
related to the free vibrations that the same beam experiences
after the passage of each single load travelling at the same
speed. The load travelling at certain speeds, induces on the
beam a remarkably high response (maximum free vibrations)
and, at some other speeds, the oscillations when the load leaves
the beam are almost negligible (cancellation of free vibration).
These two phenomena are independent of the periodicity of the
loads, and take place for a single moving load. The aim of
this section is to evaluate how SSI affects these two conditions.
In [24] preliminary results were presented in this regard. Now
the response of the complete ensemble of soil-bridge systems
defined in section 2.3 is obtained in free vibration after the cir-
culation of a SML in a wide range of speeds.

Let us define a dimensionless speed KS S
1 referred to the

bridges fundamental frequency in the absence of soil,

KSS
1 =

ΩSS
1

ωSS
1

=
πV
ωSS

1 L
(10)

In Eq. (10), ωSS
1 is the fundamental circular frequency of the

bridge with SS boundary conditions, while ΩSS
1 = πV/L is used

to represent the forcing frequency of the SML.
The bridges under analysis are those indicated in Fig-

ure 3, considering soil shear wave velocities cs =

{150, 220, 365,∞} m/s. Structure and soil material damping is
neglected in this study. For each soil-bridge system, 70 evenly
spaced values of KS S

1 have been selected between 0.1 and 0.5.

As detailed in [6] this range suffices to cover the circulation
speeds expected in nowadays railway systems. In order to accu-
rately capture the variation of the cancellation conditions when
SSI is included, twenty additional speeds are computed within
the ranges [0.85, 1.15]KS S

1,ci, where KS S
1,ci represents the ith non-

dimensional cancellation speed of the first mode in the SS case.
For each circulation speed, the maximum vertical displacement
at the bridge mid-span section is computed, once the load has
left the structure. This result, divided by the static displace-
ment, leads to the dimensionless quantity R represented in Fig-
ure 9. As the response is obtained at mid-span and due to the
time-step used in the numerical integration, R basically corre-
sponds to the contribution of the fundamental mode of the beam
to the total response.

In Figure 9 all the curves obtained for the 72 soil-bridge sys-
tems under study (18 bridges × 4 soil types) are plotted simulta-
neously. The curves are distinguished using a colour code based
on the value of parameter κ. From the analysis performed, the
following can be concluded: (i) maximum free vibration and
cancellation conditions alternate with the increase of the load
speed, in the same way that happens in the absence of soil; (ii)
far from cancellation conditions, models without SSI always
predict a higher response than those including SSI; (iii) as κ
increases for softer soils and bridges with higher natural fre-
quencies, the amplification reduces between two cancellation
conditions; (iv) the cancellation speeds slightly decrease as the
relative stiffness κ increases. This variation is associated with
the descent of the structure fundamental frequency with the soil
flexibility.

An accurate prediction of the cancellation speeds is crucial,
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Figure 9: Non-dimensional free vibration amplitude as a function of the speed.

for instance, when planning an experimental test with the aim
of measuring structural parameters i. e., damping. In Fig-
ures 10(a) and 10(b) the reduction of the cancellation speeds
for the first and second cancellation conditions of the coupled
soil-bridge systems (V1,c1 and V1,c2) with respect to the corre-
sponding SS case cancellation speeds (V̄1,c1 and V̄1,c2) are ob-
tained and represented in terms of κ. The first sub-index (1)
is used to designate cancellations of the bridges fundamental
mode, and first cancellation (c1) refers to that happening at the
highest speed. In the same plots the reduction of the cancella-
tion speeds is also represented in thick trace for the analytical
ES BE beam [6]. The relative static stiffness parameter κ proves
to be again an important factor, also in the prediction of the can-

cellation speeds, especially for moderate κ values. Soil-bridge
models obtained from different combinations of span length,
bridge frequency and soil type, present similar values of the
V1,ci/V̄1,ci ratio for similar values of κ. The deviation with re-
spect to the analytical solution of the ES case is again slightly
higher for shorter bridges.

The cancellation speeds experience a noticeable variation
with the soil flexibility in the case of beams with the longest
spans, highest fundamental frequencies, and for the most flex-
ible soil of the AASHTO classification. The reduction experi-
enced by the 2nd cancellation speed shows an upper bound of
∼ 10%, a slightly higher value than that of the 1st cancellation
speed (∼ 7%) in the aforementioned cases, where the influence
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of SSI maximises.
Finally, in Figure 10(c) the reduction of the amplification

at the first maximum free vibration condition (R1,max) referred
to the same value for the case κ = 0 (which happens for
KS S

1 = 0.2576) is represented. As it may be observed, out of the
vicinity of each cancellation speed, SSI leads to a reduction of
the bridge maximum free vibration amplitude. This behaviour
differs from the one observed in the ES case, where the maxi-
mum level of free vibrations of the ES beam may be associated
to high or low values of the supports flexibility depending on
the non-dimensional speed, and a SS model of the beam does
not always lead to the most conservative response in terms of
structural vibration levels (details may be contrasted in [6]).

The reduction obtained for different soil-bridge systems is
similar for similar values of κ, for moderate κ values. This
reduction tends to increase as the soil becomes more flexible.
This effect is attributed to the radiation damping of the soil,
only present in the BEM-FEM models.

Knowing the conditions for maximum free vibration and can-
cellation of a soil-bridge system under a SML is relevant as if
the same system is subjected to periodic MML travelling at a
resonant speed, and this speed coincides with a cancellation
condition, the amplification will be minimal and the resonant
peak will become imperceptible. If, on the other hand, the res-
onant speed is close to a maximum free vibration condition,
important vibration levels should be expected.

4. Case study

In this section the dynamic performance of a real railway
bridge subjected to the action of trains travelling at different

speeds is analysed using the BEM-FEM model described in
section 2.1. The aim is to exemplify the tendencies in the struc-
tural response with the soil properties detected in the previous
sections and evaluate it under resonant and non-resonant con-
ditions. The bridge considered is similar to an existing struc-
ture, Guadiana bridge, that belongs to the Madrid-Alcázar de
San Juan-Jaén conventional railway line in Spain. The transfor-
mation of this line into a High-Speed one may eventually oc-
cur. The bridge consists of two identical SS bays crossing the
Guadiana River (see Figure 11). The bridge deck is composed
by two single track independent decks of 5.075 m width, ex-
hibiting a beam-type behaviour. Each deck consists of a 25 cm
thickness concrete slab resting over five pre-stressed concrete
beams with a 75 cm height rectangular cross-section (see Fig-
ure 12). Both decks carry a single ballasted track with an equal
eccentricity of 0.6375 m with respect to each deck longitudinal
axis. A beam model for each single track deck is considered in
a first approach. Additional details of the deck geometry may
be consulted in [8]. The values considered for the bridge fun-
damental frequency, length and mass per unit length are 10.065
Hz, 13 m and 9360 kg/m, respectively. A structure damping of
1.5% is assigned according to Eurocode [5].

The response of the bridge is analysed under the circulation
of the High-Speed load model HSLM-A3 from Eurocode [5].
This train is selected as it induces second and third resonances
of the bridge fundamental frequency at 362 km/h and at 242
km/h, respectively, with important transverse acceleration lev-
els. The theoretical resonant or critical speeds associated to the
characteristic distance dA3 of train HSLM-A3 for SS conditions
may be obtained as
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Figure 11: Railway bridge under study

Figure 12: Railway bridge cross section

VR2 =
dA3 f1

2
VR3 =

dA3 f1
3

(11)

In Figure 13(a) the maximum acceleration at mid-span of the
bridge deck is represented versus the travelling speed for differ-
ent soil flexibilities (cs = {150, 220, 365} m/s) and constant soil
material damping of 5.0 %. The bridge response for infinitely
rigid soil conditions (SS case) is included as well for compari-
son purposes. The second (R2) and third (R3) resonance peaks
are apparent and take place close to the theoretical speeds when
SSI is disregarded. In the same plot, the acceleration limit for
ballasted tracks of 3.5 m/s2 is indicated as a reference [5].

As the soil stiffness decreases (lower cs values), resonant
speeds shift to lower values. This is a consequence of the re-
duction experienced by the bridge fundamental frequency when
soil structure interaction effects are included. Close to reso-
nance, the bridge amplification is affected noticeably by the
flexibility of the soil, and reduces as the soil becomes more
flexible. For the softest soil considered, cs = 150 m/s, reso-
nant peaks are not perceptible in the structure response. The
aforementioned tendency takes place for both resonant orders,
although in a slightly higher proportion in the case of the sec-
ond resonance. In Figure 14(b) the acceleration time history
at mid-span at the second resonance (V=362 km/h) is repre-
sented for the four soil flexibilities considered in Figure 13(a).

It can be observed how the soil does not pay an important role
during the entrance of the train on the bridge (first second) and
how it drastically reduces the response of the structure as the
resonance regime builds up.

For non-resonant speeds (see Figure 13(a) between 275 and
325 km/h), the bridge amplification including SSI is very simi-
lar to that of the SS case. This becomes evident in Figure 14(a),
where the acceleration time-history at mid-span is plotted for
V=300 km/h. The curves for the different soil flexibilities al-
most overlap.

In Figure 13(b) the response of the bridge is represented in
terms of the train speed maintaining the soil shear wave velocity
constant and equal to 220 m/s, and for three levels of soil ma-
terial damping. Again, the response corresponding to infinitely
rigid soil conditions is included. The resonant peak amplitudes
reduce due to the wave radiation through the soil but the soil
material damping does not affect these amplitudes. These re-
sults are consistent with those presented in the previous sec-
tions. The peaks correspond to resonances of the fundamental
mode of the bridge and, as exposed in section 3.1, soil damp-
ing may be perceptible in the bridge response only at higher
frequencies.

12



150 250 350 450
0

2

4

6

8

10

12

14
R2

R3

3.5m/s2

cs = inf
cs = 365m/s
cs = 220m/s
cs = 150m/s

V (km/h)

a
m
a
x
@
L
/
2
(m
/
s2
)

a) ζs = 5.00%

150 250 350 450

R2

R3

3.5m/s2

cs = inf

ζs = 2.5%
ζs = 5.0%
ζs = 7.5%

V (km/h)

b) cs = 220m/s

Figure 13: Maximum acceleration at mid-span vs. travelling speed for different soil properties
HSLM-A3 train, L = 13 m, f1 = 10.065 Hz, m = 9360 kg/m, ζ0 = 1.49 %

1 3 5

−10

−5

0

5

10

t (s)

a
@
L
/
2
(m

/
s2
)

a) V = 300 km/h

1 3 5

t (s)

b) V = 362 km/h

Figure 14: Vertical acceleration time history
HSLM-A3 train, L = 13 m, f1 = 10.065 Hz, m = 9360 kg/m, ζ0 = 1.49 %.

SS, cs = 365 m/s, cs = 220 m/s, cs = 150 m/s

5. Conclusions

SSI effects on the dynamic response of SS bridges under
railway traffic are investigated in this contribution, using a
fully coupled 3D BEM-FEM model integrated in the time do-
main. FE Bernoulli-Euler beam models are used to represent
the bridges superstructures. FE infinitely rigid plates coupled
to an elastic single layer half-space boundary element model
represent the substructure-soil systems, using a simplistic ap-
proach. An ensemble of bridges is defined covering length
spans and typologies susceptible to experience an inadequate
performance in terms of deck transverse acceleration. Also,
different soil flexibilities and material dampings are consid-
ered covering the AASHTO classification for soils ranging from
considerably flexible soils to infinitely rigid support conditions.
Consequently, a cluster of 180 soil-bridge systems is defined
and analysed. From the sensitivity analysis performed, the fol-
lowing is concluded:

• SSI leads to a reduction of the bridges fundamental fre-
quency following the general trend of the ES BE beam in
terms of the static relative stiffness parameter κ. The fre-
quency dependence of the soil-foundation stiffness does
not play an important role in the bridge fundamental fre-
quency variation, especially for low κ values (stiff soils
and low frequency bridges) and long bridges. Soil-bridge
systems with similar κ values show comparable frequency
variations, regardless of the soil properties and the bridges
initial natural frequencies.

• The bridge modal damping associated to the first mode
strongly depends on the relative flexibility κ. As the flex-
ibility of the soil increases, so does the identified damp-
ing due to the wave radiation through the soil. For the
same soil properties, structures with higher fundamental
frequencies exhibit higher increments of structural damp-
ing when SSI is considered.
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• The influence of soil material damping on the identified
bridges natural frequencies and modal dampings in the
fundamental mode is negligible. A noticeable effect of this
magnitude should be expected for higher frequencies.

• Maximum free vibration and cancellation conditions alter-
nate as the speed increases in the free vibration response
of the bridges after the passage of a SML. Cancellation
speeds decrease with the flexibility of the soil, especially
for structures with high frequencies. Far from the cancella-
tion conditions, models not considering SSI always predict
a higher response than those including SSI.

Finally, the performance of a real structure is analysed un-
der the circulation of a train of moving loads in a wide range
of circulating speeds. The presented results show that (i) as the
soil stiffness decreases, resonant speeds shift to lower values;
(ii) close to resonance, the bridge amplification is affected no-
ticeably by the flexibility of the soil, and reduces as the soil
becomes more flexible; (iii) for non-resonant speeds, the effect
of the soil flexibility in minimal; (iv) soil material damping ef-
fect on the bridge response is not perceptible at resonant peaks
associated with the fundamental mode of the structure, regard-
less of the resonance order.

Incorporating soil-structure interaction in the analysis of new
or existing simply-supported bridges for design or retrofitting
purposes could be of great importance, due to the influence of
soil flexibility in the assessment of the Serviceability Limit Sate
of vertical acceleration. In-depth studies should be addressed
in forthcoming contributions aimed at establishing the practi-
cal importance of incorporating the soil model in the prediction
of the bridge peak response considering realistic sub-structure
geometries and experimentally measured properties of the soil.
Experimental validation studies of real structures under railway
traffic analysing the effects of considering or not SSI at reso-
nance and not resonance conditions should be conducted.
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[12] L. Frýba, A rough assessment of railway bridges for high speed trains,
Engineering Structures 23 (2001) 548–556.

[13] P. Museros, E. Alarcón, Influence of the second bending mode on the
response of high-speed bridges at resonance, Journal of Structural Engi-
neering 131 (3) (2005) 405–415.

[14] E. Savin, Dynamic amplification factor and response spectrum for the
evaluation of vibrations of beams under successive moving loads, Journal
of Sound and Vibration 248 (2) (2001) 267 – 288.

[15] J. Yau, Y. Yang, Vertical accelerations of simple beams due to successive
loads traveling at resonant speeds, Journal of Sound and Vibration 289
(2006) 210 – 228.

[16] C. Sudheesh-Kumar, C. Sujatha, K. Shankar, Vibration of simply sup-
ported beams under a single moving load: A detailed study of cancellation
phenomenon, International Journal of Mechanical Sciences 99 (2015) 40–
47.

[17] J.-R. Cho, K. Jung, K. Cho, J.-W. Kwark, Y. J. Kim, B.-S. Kim, De-
termination of the optimal span length to minimize resonance effects in
bridges on high-speed lines, Proceedings of the Institution of Mechanical
Engineers, Part F: Journal of Rail and Rapid Transit (2014) 1–10.

[18] G. Mylonakis, G. Gazetas, Seismic soil-structure interaction: beneficial
or detrimental?, Journal of Earthquake Engineering 04 (03) (2000) 277 –
301. doi:http://dx.doi.org/10.1142/S1363246900000175.
URL http://www.worldscientific.com/doi/abs/10.1142/

S1363246900000175

[19] J. Lu, X. Sha, J. Wu, Resonance and cancellation phenomena caused by
equidistant moving loading in a periodic structure - a pile-supported pe-
riodic viaduct, European Journal of Mechanics/A solids 59 (2016) 114–
123.

[20] Y. Wu, Y. Yang, A semi-analytical approach for analyzing ground vibra-
tions caused by trains moving over elevated bridges, Soil D 24 (2004)
949–962.

[21] Y. Cao, H. X. X. Li, A semi-analytical/fem model for predicting ground
vibrations induced by high-speed train through continuous girder bridge,
Journal of Mechanical Science and Technology 26 (8) (2012) 2485–2496.

[22] L. Sun, W. Xie, X. He, T. Hayashikawa, Prediction and mitigation anal-
ysis of ground vibrations caused by running high-speed trains on rigid-
frame viaducts, Earthquake Engineering and Engineering Vibration 15
(2016) 31–47.

[23] H. Takemiya, X. C. Bian, Shinkansen high-speed train induced ground vi-
brations in view of visduct-ground interaction, Soil Dynamics and Earth-
quake Engineering 27 (2007) 506–520.
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