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Abstract. We introduce the notion of the Gromov-Hausdorff fuzzy distance between two non-Archi-

medean fuzzy metric spaces (in the sense of Kramosil and Michalek). Basic properties involving

convergence and the fuzzy version of the completeness theorem are presented. We show that the topo-

logical properties induced by the classic Gromov-Hausdorff distance on metric spaces can be deduced

from our approach.

1. Introduction

In his celebrated paper [14], Gromov introduced the so-called Gromov-Hausdorff convergence as a

procedure to study the convergence of metric spaces. Not longer after Gromov published his paper,

this subject became a useful tool of much wider applicability. Among other interesting applications,

this convergence can be exploited to understand how geometric constraints on metric spaces give

rise to topological constraints. For example, it was used [3] to show the existence of a solution to

an abstract Steiner (i.e., minimal connection) problem, even in some ambient spaces which are not

locally compact (such is the case, for instance, for a Hilbert space). Adopting this strategy, devised

by Gromov [15], one can also tackle the higher-dimensional geodesic problem, i.e., the Plateau problem

(see [2]). The interesting reader might consult the survey [24] on the Gromov-Hausdorff convergence

of compact metric spaces. Further interesting applications are presented in the papers [4, 7, 10, 23].

Our main goal in this paper is to introduce and to discuss an appropriate notion of Gromov-Hausdorff

convergence for compact non-Archimedean fuzzy metric spaces (in the sense of Kramosil and Michalek

[19]). We aim at fitting this concept into the schema of a Hausdorff fuzzy metric as defined in [26].

Among other things, we shall give a fuzzy version of Gromov’s theorem on completeness. It is worth

noting that our results on non-Archimedean compact fuzzy metric spaces permit us to obtain the

corresponding ones for metric spaces by means of the standard fuzzy metric space (X,Md, ·) associated

to a metric space (X, d). Taking into account the relevance of the Gromov-Hausdorff convergence in

general topology, geometry, functional analysis, etc...., one might hope that a deeper understanding of
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the Gromov-Hausdorff convergence for (compact) fuzzy metric spaces will help to establish stronger

results in applications.

The paper is organized as follows. Section 2 is devoted to present the basic notions and facts that

will be of use later. We shall focus special attention on the concept of a Hausdorff fuzzy metric. In

Section 3 we present our approach to Gromov-Hausdorff fuzzy distance for non-Archimedean fuzzy

metric spaces. Section 4 is devoted to basic properties involving Gromov-Hausdorff fuzzy convergence.

We present the completeness theorem and the relationship with the case of metric spaces is analyzed.

The conclusions are laid in the last section.

2. Preliminaries and Basic Facts

We begin by reminding the reader some notions on fuzzy metric spaces used in this paper. Following

[30], by a continuous t-norm it is understood a binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] which satisfies

the following conditions: (i) ∗ is associative and commutative, (ii) ∗ is continuous, (iii) a ∗ 1 = a for

every a ∈ [0, 1], and (iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, with a, b, c, d ∈ [0, 1].

It is a well-known fact, and easy to check, that for each continuous t-norm ∗ one has ∗ ≤ ∧, where ∧
is the continuous t-norm given by a ∧ b = min{a, b}.

Definition 2.1. ([19]) A fuzzy metric (in the sense of Kramosil and Michalek) on a set X is a pair

(M, ∗) such that M is a fuzzy set in X × X × [0,∞) and ∗ is a continuous t-norm satisfying for all

x, y, z ∈ X and t, s > 0:

(i) M(x, y, 0) = 0;

(ii) M(x, y, t) = 1 for all t > 0 if and only if x = y;

(iii) M(x, y, t) = M(y, x, t);

(iv) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s); and

(v) M(x, y, ·) : [0,∞)→ [0, 1] is a left continuous function.

By a fuzzy metric space (in the sense of Kramosil and Michalek) we mean a triple (X,M, ∗) such that

X is a set and (M, ∗) is a fuzzy metric on X. Recall that every fuzzy metric (M, ∗) on X induces

a topology τM on X, which has as a base the family of open sets of the form {BM (x, ε, t) : x ∈ X,
ε ∈ (0, 1), t > 0}, where BM (x, ε, t) = {y ∈ X : M(x, y, t) > 1− ε} for all x ∈ X, ε ∈ (0, 1) and t > 0

(the subscript M will be omitted if no confusion arises).

If in Definition 2.1 the triangular inequality (iv) is replaced by

M(x, z,max{t, s}) ≥M(x, y, t) ∗M(y, z, s) (NA)

for all x, y, z ∈ X and all t, s > 0, then (X,M, ∗) is called a non-Archimedean fuzzy metric space

(see [18]). It is an easy matter to show that condition (NA) implies condition (iv), that is, every

non-Archimedean fuzzy metric space is itself a fuzzy metric space. Non-Archimedean fuzzy metric

spaces appear related to some coincidence point theorems in fuzzy normed spaces and also in fixed

point theorems on fuzzy metric spaces (see for instance [1, 22]). It is routine to verify that condition

(NA) is equivalent to the two following conditions: (NA1) M(x, z, t) ≥ M(x, y, t) ∗M(y, z, t), and

(NA2) M(x, y, ) is nondecreasing for all x, y ∈ X.

One major fact related to non-Archimedean fuzzy metrics is the following essentially well-known

construction:
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Construction 2.2. (Compare [8, 11]) Let (X, d) be a metric space. Define a fuzzy set Md in X ×
X × [0,∞) by

Md(x, y, t) =


t

t+ d(x, y)
for all x, y ∈ X and t > 0;

0 for all x, y ∈ X and t = 0.

Then (Md,∧) is a fuzzy metric on X, and thus (Md, ∗) is a fuzzy metric on X for all continuous t-

norm ∗, the so-called fuzzy metric induced by (X, d), or the standard fuzzy metric induced by (X, d).

Moreover, it is easy to show that if the t-norm ∗ coincides with the usual product a · b of two real

numbers a, b ∈ [0, 1], then (Md, ·) is non-Archimedean (this fact itself is a particular case of a more

general result stated in [20, Example 4.2.3]).

An important consequence of the previous construction is that the topology induced by a non-

Archimedean fuzzy metric can fail to be non-Archimedean (in the usual sense). The reason is ap-

parent: the topology τd induced by a metric d coincides with the topology τMd
induced by Md (see

[8]). This fact justifies that a non-Archimedean fuzzy metric is called strong for several authors (see

[13, 28] for a brief discussion of this technical point).

We now turn to another concept which is relevant to Gromov-Hausdorff fuzzy convergence: the Haus-

dorff fuzzy metric.

The definition of the Hausdorff probabilistic metric of a probabilistic metric space ([5, 31, 32, 34]) was

well adapted for dealing with fuzzy metric spaces by Rodŕıguez-López et al. [26]. Their approach is

the following. Let A be a (nonempty) subset of a fuzzy metric space (X,M, ∗). For x ∈ X and t > 0,

let M(x,A, t) = sup{M(x, a, t) : a ∈ A} (see [35, Definition 2.4]). Now, for each couple A and B of

nonempty subsets of X, define

H−M (A,B, 0) = H+
M (A,B, 0) = 0 ;

and, for t > 0,

H+
M (A,B, t) = sup

0<s<t
inf
a∈A

M(a,B, s) ;

H−M (A,B, t) = sup
0<s<t

inf
b∈B

M(A, b, s) .

Let

HM (A,B, t) = min{H+
M (A,B, t), H−M (A,B, t)}

for all t ≥ 0. Then HM (A,B, t) is a fuzzy metric on the set C0(X) of all the nonempty closed subsets of

X, called the Hausdorff fuzzy metric of (X,M, ∗). In general, it is not possible to define the Hausdorff

fuzzy metric in a more simplified way as

HM (A,B, t) = min{ inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)} for all t ≥ 0

(see, for instance, [26, Example 4]). However, this simplification is possible in the case of compact

subsets. First we need a lemma that follows from an easy adaptation of the proof of Proposition 1 in

[25]. It is important to notice that, fixed x, y ∈ X, the function M(x, y, ) has only countably many

points of discontinuity: indeed, the function M(x, y, ) is nondecreasing, i.e., a monotone function.

Throughout what follows, we shall freely use this fact without explicit mention.
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Lemma 2.3. Let (X,M, ∗) be a fuzzy metric space. If a sequence {(xn, yn, tn)}n∈N in X×X×[0,+∞)

converges to (x, y, t) and limnM(xn, yn, tn) exists, then the following assertions hold:

(a) M(x, y, t) ≤ limnM(xn, yn, tn);

(b) M(x, y, t) = limnM(xn, yn, tn), in the case that t is a point of continuity of M(x, y, ).

The following result was presented (without proof) in [21].

Proposition 2.4. Let (X,M, ∗) be a fuzzy metric space. If A and B are nonempty compact subsets

of X, then, for each t > 0, the following equalities hold:

(a) H+
M (A,B, t) = infa∈AM(a,B, t);

(b) H−M (A,B, t) = infb∈BM(A, b, t).

Proof. (a) Since M(x, y, ) is nondecreasing for all x, y ∈ X, we have

H+
M (A,B, t) ≤ inf

a∈A
M(a,B, t) .

Suppose now that H+
M (A,B, t) � infa∈AM(a,B, t). Choose a real number l such that

H+
M (A,B, t) � l � inf

a∈A
M(a,B, t) .

By the definition of H+
M (A,B, t), there exists a sequence {an}n∈N of elements of A and an increas-

ing sequence of positive real numbers {sn}n∈N converging to t such that M(an, B, sn) � l. Thus,

M(an, b, sn) � l for every b ∈ B.

Since both [0, 1] and A are compact, we may assume (and we do) that {an}n∈N converges to an element

a0 ∈ A and that limnM(an, b, sn) exists for every b ∈ B. Then, by Lemma 2.3 (a), we have

M(a0, b, t) ≤ lim
n
M(an, b, sn) ≤ l

for all b ∈ B so that M(a0, B, t) ≤ l � infa∈AM(a,B, t), a contradiction. Thus, the equality (a) holds.

The proof of (b) runs along similar lines. �

Corollary 2.5. Let (X,M, ∗) be a fuzzy metric space. If A and B are (nonempty) compact subsets

of X, then

HM (A,B, t) = min{ inf
a∈A

M(a,B, t), inf
b∈B

M(A, b, t)}

for all t ≥ 0.

We close this section with a straightforward (and probably well-known) but useful result.

Proposition 2.6. Let {fi}i∈I be a family of left-continuous nondecreasing functions from an interval

I into the reals. If sup{fi(x) : i ∈ I} exists for all x ∈ I, then the function f defined as

f(x) = sup{fi(x) : i ∈ I}, x ∈ I ,

is left-continuous on I.
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3. The non-Archimedean Hausdorff-Gromov fuzzy distance

In this section we define and study a distance between non-Archimedean fuzzy metric spaces, using

the notion of Hausdorff fuzzy metric as constructed by Rodŕıguez-López et al. [26] and as discussed

in the previous section. Although we deal mainly with non-Archimedean fuzzy metrics, most proofs

are so constructed that they apply to more general situations.

Our definition is in the spirit to that of Gromov’s approach [14]: if (X, d1) and (Y, d2) are two nonempty

compact metric spaces, then the Gromov-Hausdorff distance dGH(X,Y ) is defined as the infimum of

all ε > 0 such that there exist a compact metric space Z and isometric embeddings f : X ↪→ Z and

g : Y ↪→ Z such that dH(f(X), g(Y )) < ε where dH stands for the Hausdorff distance.

Recall that given two fuzzy metric spaces (X,MX , ∗) and (Y,MY , ◦), a function f : X → Y is called

a fuzzy isometry [12] if MX(x, y, t) = MY (f(x), f(y), t) for every x, y ∈ X and every t > 0. Two fuzzy

metric spaces (X,MX , ∗) and (Y,MY , ◦) are said to be isometric if there exists an isometry from X

onto Y .

Definition 3.1. The non-Archimedean Hausdorff-Gromov fuzzy distance between two non-Archimedean

fuzzy metric spaces (X,MX , ∗) and (Y,MY , ∗), denoted by MGH , is defined as

MGH(X,Y, 0) = 0,

and, for all t > 0, as

MGH(X,Y, t) = sup{HMZ
(f(X), g(Y ), t)}

where the supremum is taken over all non-Archimedean fuzzy metric spaces (Z,MZ , ∗) and all fuzzy

isometries embeddings f : X ↪→ Z and g : Y ↪→ Z.

As in the case of metric spaces, in order to see how the non-Archimedean Hausdorff-Gromov fuzzy

distance works in practice, we shall introduce an alternative formulation based upon the notion of

admissible fuzzy metric: given two fuzzy metric spaces (X,MX , ∗) and (Y,MY , ∗), a fuzzy metric

M on the disjoint union X t Y is said to be admissible if restricts to the given metric on X and

Y , respectively. The two following lemmas provide two useful ways of constructing admissible non-

Archimedean fuzzy metrics.

Lemma 3.2. Let (X,MX , ∗), (Y,MY , ∗) and (Z,MZ , ∗) be three non-Archimedean fuzzy metric spaces.

If f : X ↪→ Z and g : Y ↪→ Z are two fuzzy isometries, then, for every δ ∈ (0, 1), (Mδ, ∗) is an

admissible non-Archimedean fuzzy metric on X tY where Mδ is the function on (X tY )× (X tY )×
[0,+∞) defined as

Mδ(x, y, 0) = 0, for each x, y ∈ X t Y,

and, for each t > 0,

Mδ(x, y, t) = MX(x, y, t) if x, y ∈ X,
Mδ(x, y, t) = MY (x, y, t) if x, y ∈ Y ,
Mδ(x, y, t) = Mδ(y, x, t) = MZ(f(x), g(y), t) ∗ δ if x ∈ X and y ∈ Y .
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Proof. Conditions (i)-(ii)-(iii) and (v) in Definition 2.1 are straightforward. Thus, we only need to

show condition (NA), that is,

Mδ(x, z,max{t, s}) ≥Mδ(x, y, t) ∗Mδ(y, z, s)

for all x, y, z ∈ X t Y and all t, s > 0. Notice that (NA) is clear if x, y, z belong either to X or to Y .

Therefore, since the roles of X and Y can be interchanged, to establish condition (NA) it suffices to

consider two cases:

Case 1. x, z ∈ X and y ∈ Y . Then we have

Mδ(x, z,max{t, s}) = MX(x, z,max{t, s}) = MZ(f(x), f(z),max{t, s})

≥MZ(f(x), g(y), t) ∗MZ(g(y), f(z), s)

≥MZ(f(x), g(y), t) ∗ δ ∗MZ(g(y), f(z), s) ∗ δ

= Mδ(x, y, t) ∗Mδ(y, z, s),

which shows condition (NA) in Case 1.

Case 2. x, y ∈ X and z ∈ Y . In this situation we have

Mδ(x, z,max{t, s}) = MZ(f(x), g(z),max{t, s}) ∗ δ

≥MZ(f(x), f(y), t) ∗MZ(f(y), g(z), s) ∗ δ

= MX(x, y, t) ∗MZ(f(y), g(z), s) ∗ δ

= Mδ(x, y, t) ∗Mδ(y, z, s),

and the proof of Case 2 is complete. Thus, (Mδ, ∗) is an admissible non-Archimedean fuzzy metric on

X t Y . This finishes the proof. �

Notice that the previous lemma fails to be true for δ = 1.

Lemma 3.3. Let (X,MX , ∗), (Y,MY , ∗) and (Z,MZ , ∗) be three non-Archimedean fuzzy metric spaces

and let M1 and M2 be two admissible fuzzy metrics on X t Y and Y t Z, respectively. If, for every

δ ∈ (0, 1), we define

Mδ(x, y, 0) = 0 for every x, y ∈ X t Y t Z,

and, for all t > 0,

Mδ(x, z, t) = M1(x, z, t) if x, z ∈ X t Y,
Mδ(x, z, t) = M2(x, z, t) if x, z ∈ Y t Z,
Mδ(x, z, t) = Mδ(z, x, t) = supy∈Y {M1(x, y, t) ∗M2(y, z, t)} ∗ δ if (x, z) ∈ X × Z.

then, (Mδ, ∗) is an admissible non-Archimedean fuzzy metric on X t Y t Z.

Proof. By definition ofMδ we only need to check that it is a non-Archimedean fuzzy metric. Notice that

Conditions (i), (ii) and (iii) in Definition 2.1 are straightforward, and that Condition (v) follows easily

from Proposition 2.6. We shall prove Conditions (NA1) and (NA2). For this purpose, we first consider

Condition (NA2), that is, we shall prove that Mδ(x, y, ) is nondecreasing for all x, y ∈ X t Y t Z.

By the definition of Mδ, we only need to address the case x ∈ X and z ∈ Z. In this situation, if t > s,

then we have
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Mδ(x, z, t) ≥M1(x, y, t) ∗M2(y, z, t) ∗ δ ≥M1(x, y, s) ∗M2(y, z, s) ∗ δ,

for all y ∈ Y so that

Mδ(x, z, t) ≥ sup
y∈Y
{M1(x, y, s) ∗M2(y, z, s)} ∗ δ = Mδ(x, z, s) .

We now move on to Condition (NA1), i.e., the inequality

Mδ(x, y, t) ≥Mδ(x, z, t) ∗Mδ(z, y, t)

for all x, y, z ∈ X t Y t Z and all t > 0.

For, if one analyses the definition of Mδ, it is apparent that it suffices to take up the following two

cases:

Case 1. x, z ∈ X and y ∈ Z.

If Mδ(z, y, t) = 0, the result is trivial. Assume now that Mδ(z, y, t) > 0 and, for each 0 < ε <

Mδ(z, y, t), choose y0 ∈ Y such that

M1(z, y0, t) ∗M2(y0, y, t) ∗ δ ≥Mδ(z, y, t)− ε.

Then,

Mδ(x, y, t) ≥M1(x, y0, t) ∗M2(y0, y, t) ∗ δ

≥M1(x, z, t) ∗M1(z, y0, t) ∗M2(y0, y, t) ∗ δ

≥Mδ(x, z, t) ∗ (Mδ(z, y, t)− ε),

and the continuity of the t-norm gives the desired result.

Case 2. x, y ∈ X and z ∈ Z.

Assume with no loss of generality that min{Mδ(x, z, t),Mδ(y, z, t)} > 0 and, for each ε > 0 with

ε < min{Mδ(x, z, t),Mδ(y, z, t)}, choose y0, y1 ∈ Y such that

M1(y, y1, t) ∗M2(y1, z, t) ∗ δ ≥Mδ(y, z, t)− ε,

and

M1(x, y0, t) ∗M2(y0, z, t) ∗ δ ≥Mδ(x, z, t)− ε.

Then,

Mδ(x, y, t) = M1(x, y, t) ≥M1(x, y1, t) ∗M1(y, y1, t)

≥M1(x, y0, t) ∗M1(y0, y1, t) ∗M1(y, y1, t)

= M1(x, y0, t) ∗M2(y0, y1, t) ∗M1(y, y1, t)

≥M1(x, y0, t) ∗M2(y0, z, t) ∗M2(z, y1, t) ∗M1(y, y1, t)

≥M1(x, y0, t) ∗M2(y0, z, t) ∗ δ ∗M2(z, y1, t) ∗M1(y, y1, t) ∗ δ

≥ (Mδ(x, z, t)− ε) ∗ (Mδ(y, z, t)− ε)

and the continuity of the t-norm yields the desired conclusion. �

The following theorem provides an alternative definition for a non-Archimedean Hausdorff-Gromov

distance.
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Theorem 3.4. Given two non-Archimedean fuzzy metric spaces (X,MX , ∗) and (Y,MY , ∗), then

MGH(X,Y, t) = sup{HM (X,Y, t) : M ∈ A(X t Y )} (t ≥ 0)

where A(X t Y ) stands for the set of all admissible non-Archimedean fuzzy metrics on X t Y .

Proof. Clearly,

sup{HM (X,Y, t) : M ∈ A(X t Y )} ≤MGH(X,Y, t)

since a smaller class of fuzzy metric spaces (Z,MZ , ∗) and of isometric embeddings are considered.

On the other hand, for a non-Archimedean fuzzy metric space (Z,MZ , ∗) and embeddings f : X ↪→ Z

and g : Y ↪→ Z, we have, for all δ ∈ (0, 1), an admissible non-Archimedean fuzzy metric (Mδ, ∗) on

X t Y defined as in Lemma 3.2. We claim that HMδ
(X,Y, t) = HMZ

(f(X), g(Y ), t) ∗ δ for all t > 0.

Indeed, given t > 0, since g is an isometry, the equality

Mδ(x, Y, s) = supy∈Y {MZ(f(x), g(y), s) ∗ δ}

= supg(y)∈g(Y ){MZ(f(x), g(y), s)} ∗ δ = MZ(f(x), g(Y ), s) ∗ δ
holds for every x ∈ X and every 0 < s < t. Therefore, as f is also an isometry, we have

inf
x∈X
{Mδ(x, Y, s)} = inf

f(x)∈f(X)
{MZ(f(x), g(Y ), s)} ∗ δ (0 < s < t) .

We have just showed that H+
Mδ

(X,Y, t) = H+
MZ

(f(X), g(Y ), t) ∗ δ for all t > 0. In a similar way, we

can prove H−Mδ
(X,Y, t) = H−MZ

(f(X), g(Y ), t) ∗ δ and, by the definition of the Hausdorff fuzzy metric,

we obtain HMδ
(X,Y, t) = HMZ

(f(X), f(Y ), t) ∗ δ for all t > 0.

If we now take a sequence δn converging to 1, then the sequenceHMδn
(X,Y, t) converges toHMZ

(f(X), g(Y ), t),

for each t > 0. Since (Z,MZ , ∗) is an arbitrary non-Archimedean fuzzy metric space, we obtain

sup{HM (X,Y, t) : M ∈ A(X t Y )} ≥MGH(X,Y, t)

which completes the proof. �

Our next aim is to study properties involving the Hausdorff-Gromov fuzzy distance.

Theorem 3.5. If (X,MX , ∗) and (Y,MY , ∗) are two non-Archimedean fuzzy metric spaces, then the

following assertions hold:

(i) MGH(X,Y, t) = MGH(Y,X, t), for all t ≥ 0;

(ii) MGH(X,Y, ) : [0,+∞)→ [0, 1] is left-continuous.

Proof. (i) is clear. To see (ii), notice that, by Theorem 3.4, MGH(X,Y, ·) is the supremum of a family

of nondecreasing left-continuous functions. Thus, Proposition 2.6 applies. �

Theorem 3.6. Let (X,MX , ∗), (Y,MY , ∗) and (Z,MZ , ∗) be three non-Archimedean fuzzy metric

spaces. Then,

MGH(X,Z,max{t, s}) ≥MGH(X,Y, t) ∗MGH(Y,Z, s) for all t, s > 0.

Proof. MGH as a function of t is nondecreasing. Thus, in order to prove the theorem, it suffices to

show

MGH(X,Z, t) ≥MGH(X,Y, t) ∗MGH(Y,Z, t) for all t > 0.
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Now fix t > 0. We can clearly assume that both MGH(X,Y, t) and MGH(Y,Z, t) are different from

zero. Take 0 < δ1 < MGH(X,Y, t) and 0 < δ2 < MGH(Y,Z, t). Then there exist admissible non-

Archimedean fuzzy metrics (M1, ∗) and (M2, ∗) on X t Y and on Y t Z, respectively, such that

HM1(X,Y, t) > δ1, HM2(Y, Z, t) > δ2.

Taking account of the definition of the Hausdorff fuzzy metric (HM1 , ∗),

HM1(X,Y, t) = min{ sup
0<s<t

inf
x∈X

M1(x, Y, s), sup
0<s<t

inf
y∈Y

M1(X, y, s)},

given x ∈ X we can find yx and 0 < s0 < t such that M1(x, yx, s0) > δ1. Now, by definition of

HM2(Y, Z, t), we can choose zx ∈ Z and 0 < s1 < t with M2(yx, zx, s1) > δ2.

For each δ ∈ (0, 1) consider the admissible non-Archimedean fuzzy metric (Mδ, ∗) on X tZ as defined

in Lemma 3.3. If s > max{s0, s1}, the definition of (Mδ, ∗) applies in order to obtain

Mδ(x, zx, s) ≥M1(x, yx, s) ∗M2(yx, zx, s) ∗ δ

≥M1(x, yx, s0) ∗M2(yx, zx, s1) ∗ δ > δ1 ∗ δ2 ∗ δ .

We have just showed:

Mδ(x, Z, s) ≥ δ1 ∗ δ2 ∗ δ, for all x ∈ X, all δ ∈ (0, 1) and all s > max{s0, s1}.

Thus, infx∈XMδ(x, Z, s) ≥ δ1 ∗ δ2 ∗ δ. In a similar way, there exists s? such that the inequality

infz∈ZMδ(X, z, s) ≥ δ1 ∗ δ2 ∗ δ holds for all s > s?. Thus,

HMδ
(X,Z, t) ≥ δ1 ∗ δ2 ∗ δ, for all δ ∈ (0, 1).

Then, by definition of the non-Archimedean Gromov-Hausdorff fuzzy distance,

MGH(X,Z, t) ≥ δ1 ∗ δ2 ∗ δ

for every δ ∈ (0, 1), what implies, by the continuity of the t-norm, that

MGH(X,Z, t) ≥ δ1 ∗ δ2

for every 0 < δ1 < MGH(X,Y, t) and 0 < δ2 < MGH(Y,Z, t). Invoking again the continuity of the

t-norm, we have

MGH(X,Z, t) ≥MGH(X,Y, t) ∗MGH(Y,Z, t) for all t > 0

which completes the proof. �

The previous results tell us that the non-Archimedean Gromov-Hausdorff fuzzy distance satisfies con-

ditions (i), (iii), (NA) and (v) in definition of a non-Archimedean fuzzy metric. Notice that condition

(ii) can fail to be true: there are two different non-Archimedean fuzzy metric spaces (X,MX , ∗) and

(Y,MY , ∗) such that MGH(X,Y, t) takes the value one for all t > 0 as, for example, in the case of

([0, 1],Md, ·) and (Q ∩ [0, 1],Md, ·) where d denotes the Euclidean metric. In the case of compact

non-Archimedean fuzzy metric spaces, we shall prove that condition (ii) is satisfied modulo isometry.

For this, we need some previous results.

Recall (see [8, 16]) that a function f from a fuzzy metric space (X,MX , ∗) into a fuzzy metric space

(Y,MY , ?) is said to be uniformly continuous if for each ε ∈ (0, 1) and t > 0 there exist δ ∈ (0, 1) and

s > 0 such that MY (f(x), f(y), t) > 1− ε whenever MX(x, y, s) > 1− δ. Note that every isometry is

a uniformly continuous function.
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Every fuzzy metric space (Z,MZ , ∗) has an admissible uniformity, say UMZ
, which has as a base the

sets of the form

{(x, y) ∈ Z × Z : MZ(x, y, 1/n) > 1− 1/n}

for all n ∈ N (see [11, Theorem 1]). Manifestly, a function f : (X,MX , ∗) → (Y,MY , ?) is uniformly

continuous if and only if f is uniformly continuous as a function from the uniform space (X,UMX
) into

the uniform space (Y,UMY
). By means of this fact, the following lemma is a fairly direct consequence

of [6, Proposition 8.3.10]. Even though it can be stated in a more general setting by exploiting the

proof of [12, Lemma 2], this version is enough for our purposes.

Lemma 3.7. If D is a dense subset of a compact fuzzy metric space (X,MX , ∗), then every uniformly

continuous function f from (D,MX |D, ∗) into a compact fuzzy metric space (Y,MY , ?) has a uniformly

continuous extension to the whole (X,MX , ∗).

The two following lemmas provide some useful properties of isometries.

Lemma 3.8. Let D be a dense subset of a fuzzy metric space (X,MX , ∗) and let f : (D,MX |D, ∗)→
(Y,MY , ?) be an isometry. If f has a continuous extension f̂ to the whole (X,MX , ∗), then f̂ is an

isometry.

Proof. Fix x, y ∈ X and let C be the set of points of (0,+∞) where bothMX(x, y, ) andMY (f̂(x), f̂(y), )

are continuous. Now take two sequences {xn}n∈N and {yn}n∈N in D converging, respectively, to x and

y. If t ∈ C, Lemma 2.3 (b) and the continuity of f̂ imply

MX(x, y, t) = limnMX(xn, yn, t)

= limnMY (f(xn), f(yn), t) = MY (f̂(x), f̂(y), t) (I)

We conclude the proof by showing that MX(x, y, t) = MY (f̂(x), f̂(y), t) for all t ∈ (0,+∞)\C. Indeed,

since (0,+∞)\C is countable, given t /∈ C, we can choose a sequence {tn}n∈N in C converging to t with

tn < t for every n ∈ N. By the equality (I), the left-continuity of MX(x, y, ) and MY (f̂(x), f̂(y), )

yields

MX(x, y, t) = limnMX(x, y, tn)

= limnMY (f̂(x), f̂(y), tn) = MY (f̂(x), f̂(y), t)

which completes the proof. �

Lemma 3.9. If f is an isometry from a compact fuzzy metric space (X,MX , ∗) into itself, then f is

onto.

Proof. Suppose, on the contrary, that there is x0 ∈ X \ f(X). Since f(X) is closed, there exists a ball

B(x0, 1/n, t) such that B(x0, 1/n, t) ∩ f(X) = ∅. Now, take an integer k with (1− 1/k) ∗ (1− 1/k) >

(1 − 1/n) and consider the cover C = {B(x, 1/k, t/2)}x∈X of X. By compactness, there is a finite

subcover {B(xi, 1/k, t/2)}pi=1 of C of smallest cardinality. Since X and f(X) are isometric, every finite

cover of f(X) by balls of the form B(y, 1/k, t/2) has more than p− 1 elements. We shall see that this

leads us to a contradiction. In fact, select a ball B(xj , 1/k, t/2) (1 ≤ j ≤ p) containing x0. If there

exists z ∈ B(xj , 1/k, t/2) ∩ f(X), then

MX(x0, z, t) ≥MX(x0, xj , t/2) ∗MX(xj , z, t/2)

≥ (1− 1/k) ∗ (1− 1/k) > 1− 1/n.
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Hence z ∈ B(x0, 1/n, t) ∩ f(X), contrary to the fact that B(x0, 1/n, t) ∩ f(X) = ∅. We have just

shown that {B(xi, 1/k, t/2) : 1 ≤ i ≤ p, i 6= j} is a cover of f(X) which provides the promised

contradiction. �

It is plain that if f is an isometry from a metric space (X, d) into itself (i.e., d(x, y) = d(f(x), f(y))

for all x, y ∈ X), then f is an isometry considered as a function from the fuzzy metric space (X,Md, ·)
into itself. Thus, the following classic result arises.

Corollary 3.10. If f is an isometry from a compact metric space (X, d) into itself, then f is onto.

We now apply the previous results to the non-Archimedean Gromov-Hausdorff fuzzy distance.

Theorem 3.11. Two compact non-Archimedean fuzzy metric spaces (X,MX , ∗) and (Y,MY , ∗) are

isometric if and only if MGH(X,Y, t) = 1 for all t > 0.

Proof. Sufficiency. Let g be an isometry from (Y,MY , ∗) onto (X,MX , ∗). If i is the identity mapping

on X, then HMX
(i(X), g(Y ), t) = 1 for all t > 0. Thus, by Definition 3.1, MGH(X,Y, t) = 1 for all

t > 0.

Necessity. Suppose that MGH(X,Y, t) = 1 for all t > 0 and fix a sequence δn ∈ (0, 1) converging to

zero. Then, by Theorem 3.4, for each n ∈ N there exists an admissible non-Archimedean fuzzy metric

(Mn, ∗) on X t Y with HMn(X,Y, δn) > 1− δn.

Claim. If x0 ∈ X, then, for each n ∈ N, there exists y(n) ∈ Y such that Mn(x0, y(n), δn) > 1− δn.

Indeed, the definition of the Hausdorff fuzzy metric tells us that

sup
0<s<δn

inf
x∈X

Mn(x, Y, s) > 1− δn

which implies that we can choose sn < δn such that infx∈XMn(x, Y, sn) > 1 − δn. By the choice of

sn, we have

inf
x∈X

Mn(x, Y, δn) ≥ inf
x∈X

Mn(x, Y, sn) > 1− δn.

In particular, for x0 ∈ X,

Mn(x0, Y, δn) = sup
y∈Y

Mn(x0, y.δn) > 1− δn

so that there must exist an element y(n) ∈ Y with Mn(x0, y(n), δn) > 1− δn. This proves the claim.

Now notice that (X,MX , ∗) is separable because it is a compact fuzzy metric space. Let D be a dense

countable subset of X. With each n ∈ N, associate a function jn from D into Y as follows: for each

d ∈ D, jn(d) is a point y(n) ∈ Y such that Mn(d, y(n), δn) > 1 − δn. By compactness of (Y,MY , ∗)
and a standard diagonal argument, we can assume that {jn}n∈N pointwise converges to a function j

on D.

Next we shall prove that j is an isometry. For this, given di, dj ∈ D, let DX
ij (respectively, DY

ij ) denote

the set of points of discontinuity of MX(di, dj , ) (respectively, of MY (j(di), j(dj), )). Let C denote

the set

C = (0,+∞) \

⋃
i,j

DX
ij ∪

⋃
i,j

DY
ij

 .
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Now, fix t ∈ C and take n0 such that 2δn0 < t. Then, for every n ≥ n0 and every d1, d2 ∈ D, we have

MY (jn(d1), jn(d2), t) = Mn(jn(d1), jn(d2), t)

≥Mn(jn(d1), d1, δn) ∗Mn(d1, d2, t− 2δn) ∗Mn(d2, jn(d2), δn)

> (1− δn) ∗MX(d1, d2, t− 2δn) ∗ (1− δn).

Since [0, 1] is compact, we can assume that limnMY (jn(d1), jn(d2), t) exists. By Lemma 2.3 (b) and

the left continuity of MX(d1, d2, ), taking limits when n goes to infinity, we get

MY (j(d1), j(d2), t) ≥MX(d1, d2, t).

The same argument, but taking MX(d1, d2, t) at the starting, proves

MX(d1, d2, t) ≥MY (j(d1), j(d2), t).

We have just shown that, for every t ∈ C and every d1, d2 ∈ D, the equality MX(d1, d2, t) =

MY (j(d1), j(d2), t) holds. To see that the previous equality is valid for every t > 0, i.e., that j is

an isometry, consider t /∈ C and an increasing sequence tn ∈ C which converges to t. Then, for every

d1, d2 ∈ D,

MX(d1, d2, t)

= limnMX(d1, d2, tn) = limnMY (j(d1), j(d2), tn)

= MY (j(d1), j(d2), t),

because MX(d1, d2, ) and MY (j(d1), j(d2), ) are left-continuous functions.

Now, by Lemmas 3.7 and 3.8, there exists an isometry g : X → Y with g|D = j. To finish the

proof we shall show that g is onto. For this, repeat the construction of g but interchanging the roles

of (X,MX , ∗) and (Y,MY , ∗) obtaining an isometry h : (Y,MY , ∗) → (X,MX , ∗). Consider now the

isometry h ◦ g : (X,MX , ∗)→ (X,MX , ∗). By Lemma 3.9, h ◦ g is onto and so is g. �

Remark 3.12. Compactness was only used in the proof of necessity. Thus, if (X,MX , ∗) and

(Y,MY , ∗) are isometric, then MGH(X,Y, t) = 1 for all t > 0.

Corollary 3.13. For each i = 1, 2, let (Xi,MXi , ∗) be a compact non-Archimedean fuzzy metric space

isometric to (Yi,MYi , ∗). Then

MGH(X1, X2, t) = MGH(Y1, Y2, t)

for all t ≥ 0.

Proof. The case t = 0 is obvious. If t > 0, then, by Theorems 3.6 and 3.11, we have

MGH(X1, X2, t) ≥MGH(X1, Y1, t) ∗MGH(Y1, Y2, t) ∗MGH(Y2, X2, t)

≥ 1 ∗MGH(Y1, Y2, t) ∗ 1 = MGH(Y1, Y2, t).

The result now follows by interchanging the roles of (Xi,MXi , ∗) and (Yi,MYi , ∗) (i = 1, 2). �

Let M = {(Xj ,MXj , ∗) : j ∈ J} be a set of compact non-Archimedean fuzzy metric spaces and let

I(M) denote the set of all isometry classes of elements of M. The previous results show

Theorem 3.14. (I(M),MGH , ∗) is a non-Archimedean fuzzy metric space.
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4. Gromov-Hausdorff fuzzy convergence

This section is devoted to study criteria for convergence of sequences of non-Archimedean fuzzy metric

spaces. Taking into account the definition of a convergent sequence in a fuzzy metric space, the last

theorem in Section 3 suggests the following

Definition 4.1. A sequence {(Xn,MXn , ∗)}n∈N of non-Archimedean fuzzy metric spaces converges to

a non-Archimedean fuzzy metric space (X,MX , ∗) if limnMGH(Xn, X, t) = 1 for all t > 0.

We need some basic properties which will be helpful. First some lemmas that are of interest in

themselves.

Lemma 4.2. ([17]) For each subset A of a non-Archimedean fuzzy metric space (X,MX , ∗), the

equality

MX(x,A, t) = MX(x, clX A, t)

holds for any x ∈ X and t > 0.

Lemma 4.3. If A and B are two subsets of a fuzzy metric space (X,MX , ∗), then the equality

inf
b∈clX B

MX(A, b, t) = inf
b∈B

MX(A, b, t)

holds for all t > 0.

Proof. Let t > 0. We only need to prove that infb∈clX BMX(A, b, t) ≥ infb∈BMX(A, b, t). For this,

suppose, contrary we claim, that infb∈clX BMX(A, b, t) < infb∈BMX(A, b, t) and choose ε > 0 such

that

inf
b∈clX B

MX(A, b, t) + ε < inf
b∈B

MX(A, b, t).

Let b0 ∈ clX B with infb∈clX BMX(A, b, t) ≤ MX(A, b0, t) < infb∈clX BMX(A, b, t) + ε and let n ∈ N
such that infb∈BMX(A, b, t) ∗ (1− 1/n) > infb∈clX BMX(A, b, t) + ε. Since B is dense in clX B, there

is b1 ∈ B such that MX(b0, b1, t) > (1− 1/n). Therefore, if a ∈ A, then

MX(a, b0, t) ≥MX(a, b1, t) ∗MX(b0, b1, t)

≥MX(a, b1, t) ∗ (1− 1/n)

which yields

MX(A, b0, t) ≥MX(A, b1, t) ∗ (1− 1/n).

But MX(A, b1, t) ≥ infb∈BMX(A, b, t) so that

MX(A, b0, t) ≥MX(A, b1, t) ∗ (1− 1/n) ≥ inf
b∈B

MX(A, b, t) ∗ (1− 1/n)

≥ inf
b∈clX B

MX(A, b, t) + ε,

a contradiction. This completes the proof. �
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Sherwood showed in [33] that every Menger space having a continuous t-norm has a completion which

is unique up to isometry. Since every fuzzy metric space (Z,MZ , ∗) (in the sense of Kramosil and

Michalek) is equivalent to a Menger space belonging to this class (see [19]), one can easily deduce that

every fuzzy metric space has a metric completion (Ẑ, M̂Z , ∗) which is unique up to isometry (if no

confusion can arise, we simply write Ẑ). It is apparent that if (Z,MZ , ∗) is non-Archimedean, then so

is (Ẑ, M̂Z , ∗).

Lemma 4.4. Let (X,MX , ∗) and (Y,MY , ∗) be two non-Archimedean fuzzy metric spaces. Then every

admissible non-Archimedean fuzzy metric M on X t Y has an extension M̃ to X t Ŷ .

Proof. Let M be an admissible non-Archimedean fuzzy metric on XtY . Consider now the completion

(X̂ t Y , M̂, ∗) of (X t Y,M, ∗). As noted before, (X̂ t Y , M̂, ∗) is a non-Archimedean fuzzy metric

space. For each x ∈ X, cl
X̂tY ({x} × Y ) is a complete non-Archimedean fuzzy metric space where

{x}×Y is dense so that it coincides with the completion of {x}×Y . Thus, cl
X̂tY ({x} × Y ) = {x}×Ŷ .

This fact allows us to define an admissible non-Archimedean fuzzy metric M̃ on X t Ŷ as follows:

M̃(x, y, 0) = 0 for all x, y ∈ X t Ŷ ,

and, for all t > 0,

M̃(x, y, t) =


MX(x, y, t) if x, y ∈ X,
MY (x, y, t) if x, y ∈ Y,
M̂(x, y, t) otherwise.

Notice that M̃ is the restriction to X × Ŷ of the fuzzy metric M̂ which implies that it is a non-

Archimedean fuzzy metric. �

The following result is a straightforward consequence of Lemmas 4.2, 4.3, 4.4 and Theorem 3.4.

Corollary 4.5. Let (X,MX , ∗), (Y,MY , ∗) be two non-Archimedean fuzzy metric spaces. If A is dense

in X, then MGH(X,Y, t) = MGH(A, Y, t) for all t > 0. In particular, if {(Xn,MXn , ∗)}n∈N converges

to (X,MX , ∗), then {(Xn,MXn , ∗)}n∈N converges to the completion (X̂, M̂
X̂
, ∗) of (X,MX , ∗).

Definition 4.6. [27, Definition 1] A fuzzy metric space (X,MX , ∗) is called precompact if for each

r > 0, with 0 < r < 1 and t > 0, there is a finite subset A of X, such that X =
⋃
a∈AB(a, r, t). In

this case, we say that M is a precompact fuzzy metric.

Let (X,MX , ∗) be a fuzzy metric space. Given δ1, δ2 with δ1 ∈ (0, 1) and δ2 > 0, we define the

(δ1,δ2)-cover number of (X,MX , ∗) as

Cov(X, δ1, δ2) = min

{
|C| : X =

⋃
c∈C

B(c, δ1, δ2)

}
.

where |C| stands for the cardinality of C. Notice that Cov(X, δ1, δ2) is finite for all δ1, δ2 if and only

if (X,MX , ∗) is precompact.

If n,m are two natural numbers such that (1− 1/n) ∗ (1− 1/n) > (1− 1/m), then it is an easy matter

to show that 1/n ≤ 1/m. We feel free of using this fact without explicit mention.
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Lemma 4.7. Let (X,MX , ∗) be a precompact non-Archimedean fuzzy metric space. Given a non-

Archimedean fuzzy metric space (Y,MY , ∗), if there exist natural numbers s, p,m such that

(
1− 1

m

)
∗
(

1− 1

m

)
>

(
1− 1

p

)
,(

1− 1

p

)
∗
(

1− 1

p

)
>

(
1− 1

s

)
and MGH

(
X,Y,

1

m

)
≥
(

1− 1

m

)
, then

Cov

(
X,

1

m
,

1

m

)
≥ Cov

(
Y,

1

s
,
1

s

)
.

Proof. Since MGH

(
X,Y,

1

m

)
≥
(

1− 1

m

)
, we can choose an admissible non-Archimedean fuzzy

metric M on X t Y such that

HM

(
X,Y,

1

m

)
>

(
1− 1

m

)
.

Fix y0 ∈ Y . Taking into account the definition of HM , there is x0 ∈ X such that M(x0, y0, 1/m) >

(1− 1
m). Let now be {x1, x2, . . . , xn} with n = Cov(X, 1/m, 1/m) and X =

⋃n
i=1B(xi, 1/m, 1/m).

If now we choose xi such that M(x0, xi, 1/m) > (1− 1/m), we have

M(y0, xi, 1/p) ≥M(y0, xi, 1/m)

≥M(y0, x0, 1/m) ∗M(x0, xi, 1/m)

≥ (1− 1/m) ∗ (1− 1/m) > (1− 1/p).

As above, since HM (X,Y, 1/m) > (1− 1/m), we can pick, for each i = 1, 2, . . . , n, a point yi ∈ Y with

M(xi, yi, 1/m) > (1− 1/m). Notice that

M(xi, yi, 1/p) ≥M(xi, yi, 1/m) > (1− 1/m) ≥ (1− 1/m) ∗ (1− 1/m) > (1− 1/p).

We complete the proof by showing that Y =
⋃n
i=1B(yi, 1/s, 1/s). Indeed, if y ∈ Y , pick xi ∈

{x1, . . . , xn} such that M(y, xi, 1/p) > (1− 1/p). Then

M(y, yi, 1/s) ≥M(y, yi, 1/p)

≥M(y, xi, 1/p) ∗M(xi, yi, 1/p)

(1− 1/p) ∗ (1− 1/p) > (1− 1/s).

�

Lemma 4.8. If a sequence {(Xn,MXn , ∗)}n∈N of precompact non-Archimedean fuzzy metric spaces

converges to (X,MX , ∗), then (X,MX , ∗) is precompact.

Proof. It suffices to prove that, for each s ∈ N, Cov(X, 1/s, 1/s) is finite. By the continuity of the

t-norm ∗, we can find natural numbers m, p such that m, p, s satisfy conditions of Lemma 4.7. Now,

since {(Xn,MXn , ∗)}n∈N converges to (X,M, ∗), there exists n ∈ N such that MGH(Xn, X, 1/m) >
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(1− 1/m). By Lemma 4.7, Cov(X, 1/s, 1/s) ≤ Cov(Xn, 1/m, 1/m). Since (Xn,Mn, ∗) is precompact,

Cov(Xn, 1/m, 1/m) is finite and the proof is complete. �

Theorem 4.9. If {(Xn,MXn , ∗)}n∈N is a sequence of non-Archimedean fuzzy metric spaces converging

to (X,MX , ∗), then the following hold:

(a) {(Xn,MXn , ∗)}n∈N converges to every non-Archimedean fuzzy metric space (Y,MY , ∗) isometric

to (X,MX , ∗).
(b) If (X,MX , ∗) is compact and {(Xn,MXn , ∗)}n∈N converges to a compact non-Archimedean fuzzy

metric space (Y,MY , ∗), then (X,MX , ∗) and (Y,MY , ∗) are isometric.

(c) If (Xn,MXn , ∗) is precompact for all n ∈ N, then {(Xn,MXn , ∗)}n∈N converges to a compact

non-Archimedean fuzzy metric space (Y,MY , ∗).

Proof. (a) is a consequence of Theorem 3.6 and Remark 3.12 and (b) easily follows from Theorem 3.6

and Theorem 3.11. To obtain (c) it suffices to apply Corollary 4.5, Lemma 4.8 and the fact that

the completion of a precompact non-Archimedean fuzzy metric space is compact (see [17, Corolla-

ry 3.8]). �

We now work toward the establishment of Gromov’s theorem on completeness in the realm of non-

Archimedean fuzzy metric spaces, one of the most important tools in Gromov’s convergence. First we

need two lemmas.

Lemma 4.10. Let ∗ be a t-norm. Then there is a sequence {εn}n∈N ⊂ [0, 1] such that, for all n ∈ N,

0 < εn <
1
2n and the following holds: if 1 ≤ i < n, then

(1− εi) < (1− εi+1) ∗ (1− εi+2) ∗ · · · ∗ (1− εn).

Proof. We proceed by induction on n. Suppose we have {ε1, ε2, . . . , εn} satisfying

(1) 0 < εi <
1
2i

, i = 1, . . . , n.

(2) (1− εi) < (1− εi+1) ∗ · · · ∗ (1− εn) for all 1 ≤ i < n.

Take now a sequence (δk)k∈N converging to 1. Since each product (1−εi+1)∗· · ·∗(1−εn)∗δk converges

to (1− εi+1) ∗ · · · ∗ (1− εn), for each 1 ≤ i < n we can choose δi such that

(a) (1− εi) < (1− εi+1) ∗ · · · ∗ (1− εn) ∗ δi for all 1 ≤ i < n,

(b) (1− εn) < δn.

If we now choose 0 < εn+1 <
1

2n+1 with (1 − εn+1) > δi for all 1 ≤ i ≤ n, then {ε1, ε2, . . . , εn, εn+1}
verifies the desired properties. �

Suppose we are given a t-norm ∗. Then the real number a1 ∗ a2 ∗ · · · ∗ an (ai ∈ [0, 1]) will be denoted

by

n∏∗

k=1

ak. As usual, if the t-norm ∗ is the product ·, we simply write

n∏
k=1

ak.

Lemma 4.11. Let {(Xi,Mi, ∗)}i∈N be a sequence of compact non-Archimedean fuzzy metric spaces

and let N i,i+1 be an admissible fuzzy metric on XitXi+1. If i < j, then let M ij(x, y, t) be the function

on (Xi tXj)× (Xi tXj)×[0,∞[ defined as: if x ∈ Xi and y ∈ Xj, then

M ij(x, y, t) = sup{
j−1∏∗

k=i

Nk,k+1(xk, xk+1, t) : xk ∈ Xk, xi = x, xj = y}
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for all t > 0, and

M ij(x, y, 0) = 0, for all x ∈ Xi and y ∈ Xj,

M ij(y, x, t) = M ij(x, y, t) for all x ∈ Xi, y ∈ Xj and all t ≥ 0,

M ij(x, z, t) = Mi(x, z, t), for all x, z ∈ Xi and all t ≥ 0,

M ij(y, z, t) = Mj(y, z, t), for all y, z ∈ Xj and all t ≥ 0.

Then M ij is an admissible non-Archimedean fuzzy metric on Xi tXj satisfying the property

M ik(xi, xk, t) ≥M ij(xi, xj , t) ∗M jk(xj , xk, t)

for all i < j < k, xr ∈ Xr, r = i, j, k and all t > 0.

Proof. We have to check that M ij satisfies the conditions of Definition 2.1. Conditions (i) and (iii)

are obvious. Condition (NA2) is clear and Condition (v) follows from Proposition 2.6. To see Condi-

tion (ii), it suffices to consider the case x ∈ Xi and y ∈ Xj . Since Xi is closed in (XitXi+1, N
i,i+1, ∗),

there exists t > 0 such that N i,i+1(x,Xi+1, t) < 1 and then

M ij(x, y, t) ≤ sup
z∈Xi+1

N i,i+1(x, z, t) = N i,i+1(x,Xi+1, t) < 1

which shows (ii). We close the proof by showing Condition (NA1), that is, M ij(x, y, t) ≥M ij(x, z, t)∗
M ij(z, y, t) for all x, y, z ∈ Xi tXj and all t > 0. We need to consider only two cases:

Case 1: x, z ∈ Xi, y ∈ Xj .

Assume, with no loss of generality, that 0 < M ij(z, y, t). Then, for each ε > 0, there exists a chain

xi+1, . . . , xj−1 such that

N i,i+1(z, xi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−1,j(xj−1, y, t) ≥M ij(z, y, t)− ε

which implies that

M ij(x, y, t) ≥ N i,i+1(x, xi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−1,j(xj−1, y, t)

≥ N i,i+1(x, z, t) ∗N i,i+1(z, xi+1, t)

∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−1,j(xj−1, y, t)

≥M ij(x, z, t) ∗
(
M ij(z, y, t)− ε

)
and, taking limits when ε goes to zero, we obtain

M ij(x, y, t) ≥M ij(x, z, t) ∗M ij(z, y, t).

Case 2: x, y ∈ Xi, z ∈ Xj .

Assume, without loss of generality, that 0 < min{M ij(x, z, t),M ij(y, z, t)}. Given ε > 0, choose a

chain xi+1, . . . , xj−1 with

N i,i+1(x, xi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−1,j(xj−1, z, t) ≥M ij(x, z, t)− ε
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and a chain yi+1, . . . , yj−1 with

N i,i+1(y, yi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(yk, yk+1, t) ∗N j−1,j(yj−1, z, t) ≥M ij(y, z, t)− ε.

Then

M ij(x, y, t) = Mi(x, y, t) = N i,i+1(x, y, t)

≥ N i,i+1(x, xi+1, t) ∗N i,i+1(xi+1, yi+1, t) ∗N i,i+1(yi+1, y, t)

= N i,i+1(x, xi+1, t) ∗N i+1,i+2(xi+1, yi+1, t) ∗N i,i+1(yi+1, y, t)

≥ N i,i+1(x, xi+1, t) ∗N i+1,i+2(xi+1, xi+2, t) ∗N i+1,i+2(xi+2, yi+2, t)

∗N i+1,i+2(yi+2, yi+1, t) ∗N i,i+1(yi+1, y, t) ≥ . . .

≥ N i,i+1(x, xi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−2,j−1(xj−1, yj−1, t)

∗N j−1,j(xj−1, y, t) ∗
j−2∏∗

k=i+1

Nk,k+1(yk, yk+1, t) ∗N i,i+1(y, yi+1, t)

≥ N i,i+1(x, xi+1, t) ∗
j−2∏∗

k=i+1

Nk,k+1(xk, xk+1, t) ∗N j−1,j(xj−1, z, t) ∗N j−1,j(yj−1, z, t)

∗
j−2∏∗

k=i+1

Nk,k+1(yk, yk+1, t) ∗N i,i+1(y, yi+1, t)

≥ (M ij(x, z, t)− ε) ∗ (M ij(y, z, t)− ε)

and the continuity of the t-norm applies to obtain that

M ij(x, y, t) ≥M ij(x, z, t) ∗M ij(y, z, t).

This completes the proof of (NA1). We close the proof by showing that

M ik(xi, xk, t) ≥M ij(xi, xj , t) ∗M jk(xj , xk, t)

whenever i < j < k, xr ∈ Xr, r = i, j, k and t > 0.

We can assume with no loss of generality that there exists ε > 0 such that

0 < ε < min{M ij(xi, xj , t),M
jk(xj , xk, t)}.

Consider a chain xi+1, . . . , xj−1 such that

j−1∏∗

p=i

Np,p+1(xp, xp+1, t) ≥M ij(xi, xj , t)− ε

and a chain xj+1, . . . , xk−1 with

k−1∏∗

p=j

Np,p+1(xp, xp+1, t) ≥M jk(xj , xk, t)− ε.
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Then,

M ik(xi, xk, t) ≥
k−1∏∗

p=i

Np,p+1(xp, xp+1, t)

≥ (M ij(xi, xj , t)− ε) ∗ (M jk(xj , xk, t)− ε).

Since the t-norm ∗ is continuous, the result follows by taking limits when ε approaches to zero. �

Now, we prove a crucial property of the Hausdorff non-Archimedean fuzzy metric associated with

these fuzzy metrics M ij .

Lemma 4.12. If the fuzzy metric M ij is defined as in Lemma 4.11, then we have

HM ij (Xi, Xj , t) ≥ HN i,i+1(Xi, Xi+1, t) ∗HN i+1,i+2(Xi+1, Xi+2, t) ∗ . . . . . . ∗HNj−1,j (Xj−1, Xj , t)

for all t > 0, i < j.

Proof. Fix t > 0 and assume with no loss of generality that we can find positive real numbers

δi+1, δi+2, . . . , δj such that, for r = 0, 1, . . . , j − i− 1, we have

HN i+r,i+r+1(Xi+r, Xi+r+1, t) > δi+r+1.

Then, by definition of the Hausdorff fuzzy metric, given xi ∈ Xi, we can find a chain {xi, xi+1, . . . , xj}
such that

N i+r,i+r+1(xi+r, xi+r+1, t) > δi+r+1

(r = 0, 1, . . . , j − i− 1).

According to the definition of M ij , these inequalities imply

M ij(xi, xj , t) ≥ δi+1 ∗ δi+2 ∗ . . . ∗ δj.

We have just shown that, for every xi ∈ Xi,

M ij(xi, Xj , t) ≥ δi+1 ∗ δi+2 ∗ . . . ∗ δj.

Thus, infx∈XiM
ij(x,Xj , t) ≥ δi+1 ∗ δi+2 ∗ . . . ∗ δj. A similar argument to the previous one proves that

infx∈Xj M
ij(Xi, x, t) ≥ δi+1 ∗ δi+2 ∗ . . . ∗ δj so that

HM ij (Xi, Xj , t) ≥ δi+1 ∗ δi+2 ∗ . . . ∗ δj.

Choosing δr converging to HN i+r,i+r+1(Xi+r, Xi+r+1, t) (for all r = 0, 1, . . . , j − i− 1) and taking into

account that the t-norm ∗ is continuous, we obtain

HM ij (Xi, Xj , t) ≥ HN i,i+1(Xi, Xi+1, t) ∗HN i+1,i+2(Xi+1, Xi+2, t) ∗ . . . . . . ∗HNj−1,j (Xj−1, Xj , t).

This completes the proof. �
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Following [9], a sequence {(Xn,Mn, ∗)}n∈N of non-Archimedean fuzzy metric spaces is called an MGH -

Cauchy sequence if for each ε ∈ (0, 1) and each t > 0, there is n0 ∈ N such that MGH(Xn, Xm, t) > 1−ε
for all n,m ≥ n0. Recall that the notion of a fuzzy pseudometric arises when we replace condition (ii) of

Definition 2.1 by (ii′): M(x, x, t) = 1 for all x ∈ X and all t > 0. The definition of a non-Archimedean

pseudometric is apparent. The completeness theorem states the following.

Theorem 4.13. If {(Xi,Mi, ∗)}i∈N is an MGH-Cauchy sequence of compact non-Archimedean fuzzy

metric spaces, then (Xi,Mi, ∗) MGH-converges to a compact non-Archimedean fuzzy metric space

(X,M, ∗).

Proof. The proof proceeds via the construction of the limit space (X,M, ∗). To do this, first notice that,

since the sequence {(Xi,Mi, ∗)}i∈N is MGH -Cauchy, it suffices to obtain a convergent subsequence.

Hence we can assume with no loss of generality that there exists a sequence (εi) of real numbers as in

Lemma 4.10 such that

MGH(Xi, Xi+1, εi) > 1− εi, for every i = 1, 2, . . ..

The definition of the Gromov-Hausdorff non-Archimedean fuzzy metric permits us to choose admissible

non-Archimedean fuzzy metrics N i,i+1 on Xi tXi+1 with

HN i,i+1(Xi, Xi+1, εi) > 1− εi, for every i = 1, 2, . . ..

Let M ij be the admissible non-Archimedean fuzzy metric on Xi tXj , defined as in Lemma 4.11 and

consider the set

X̂ = {(xj) : lim
i,j
M ij(xi, xj , t) = 1, for all t > 0 }.

where, for sake of simplicity, (xj) stands for the sequence {xj}j∈N with xj ∈ Xj for all j ∈ N. As a

first step we state some useful facts about X̂.

Fact 1. X̂ 6= ∅.

Since HN i,i+1(Xi, Xi+1, εi) > 1− εi for every i = 1, 2, . . ., the definition of the Hausdorff fuzzy metric

allows us to obtain, for all x ∈ Xi,

N i,i+1(x,Xi+1, εi) > 1− εi i = 1, 2, . . .

With this in mind, it is straightforward to construct a sequence (xk) such that xk ∈ Xk and

Nk,k+1(xk, xk+1, εk) > 1− εk, k = 1, 2, . . .

We shall prove that (xk) belongs to X̂. For, fix t > 0 and choose εi < t. Acoording to Lemma 4.10

and Lemma 4.11, we have

M ij(xi, xj , t) ≥M ij(xi, xj , εi)

≥ N i,i+1(xi, xi+1, εi) ∗N i+1,i+2(xi+1, xi+2, εi) ∗ · · · ∗N j−1,j(xj−1, xj , εi)

≥ N i,i+1(xi, xi+1, εi) ∗N i+1,i+2(xi+1, xi+2, εi+1) ∗ · · · ∗N j−1,j(xj−1, xj , εj−1)

> (1− εi) ∗ (1− εi+1) ∗ · · · ∗ (1− εj−1) ≥ 1− εi−1

for all j > i. Then limi,jM
ij(xi, xj , t) = 1, that is, (xk) ∈ X̂.
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Fact 2. If (xj) and (yj) belong to X̂, then there exists limjMj(xj , yj , t) for all t > 0.

To see this, fix t > 0 and suppose that we have two convergent subsequences {Mnk(xnk , ynk , t)}k∈N
and {Mpk(xpk , ypk , t)}k∈N. Then, by Lemma 4.11,

Mnk(xnk , ynk , t) = Mnk pk(xnk , ynk , t)

≥Mnk pk(xnk , xpk , t) ∗M
nk pk(xpk , ypk , t) ∗M

nk pk(ypk , ynk , t).

Then, taking limits when k goes to infinity, we obtain

lim
k
Mnk(xnk , ynk , t) ≥ lim

k
Mpk(xpk , ypk , t).

Analogously by exchanging the roles of Mnk(xnk , ynk , t) and Mpk(xpk , ypk , t), we have

lim
k
Mpk(xpk , ypk , t) ≥ lim

k
Mnk(xnk , ynk , t).

Thus, we have proved that any convergent subsequence of {Mj(xj , yj , t)}j∈N converges to the same

limit and, consequently, there exists limjMj(xj , yj , t), for every t > 0.

Fact 3. If we define

M((xj), (yj), t) = sup
s<t

lim
j
Mj(xj , yj , s), for every t > 0

and

M((xj), (yj), 0) = 0,

for all (xj), (yj) ∈ X̂, then (M, ∗) is a non-Archimedean fuzzy pseudometric on X̂. Indeed, it is easy

to show that, for every (xj), (yj) ∈ X̂, limjMj(xj , yj , ) is a non-decreasing function so that there

exists M((xj), (yj), t) = sups<t limjMj(xj , yj , s). Now it is straightforward to show that M satisfies

all the properties to be a non-Archimedean fuzzy pseudometric on X̂.

Define next an equivalence relation on X̂ as follows

(xj) ∼ (yj) if, and only if, M((xj), (yj), t) = 1, for all t > 0

and let X = X̂/ ∼ denote the quotient space. Notice that the non-Archimedean fuzzy pseudometric

M defines a non-Archimedean fuzzy metric on X. For the sake of simplicity, we denote this non-

Archimedean fuzzy metric by M .

The next step is to consider an adequate admissible non-Archimedean fuzzy metric on Xi t X for

each i. To do this, for all y ∈ Xi, all class [(xj)] ∈ X and all t > 0, define

M i(y, [(xj)], t) := sup
s<t

lim inf
j

M ij(y, xj , s),

M i(y, [(xj)], 0) = 0,

M i(y, x, t) = Mi(y, x, t), for y, x ∈ Xi, and

M i([(xj)], [(yj)], t) = M((xj), (yj), t), for [(xj)], [(yj)] ∈ X.

Next we shall prove that the previous definition does not depend on the class representative selected.

To see this, if (xj) ∼ (yj) and y ∈ Xi (i ∈ N), then M ij(y, xj , t) ≥ M ij(y, yj , t) ∗M ij(yj , xj , t) for all

j > i. By the definition of M i and taking into account that every subsequence of {M ij(xj , yj , t)}j>i
converges to one, we have

M i(y, [(xj)], t) ≥M i(y, [(yj)], t).
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In a similar way, we obtain the inequality

M i(y, [(yj)], t) ≥M i(y, [(xj)], t)

and, consequently, the equality M i(y, [(xj)], t) = M i(y, [(yj)], t) holds. Thus, M i is well defined. A

straightforward argument shows that M i is a non-Archimedean fuzzy metric on Xi tX.

We close the proof by proving that the sequence {(Xi,Mi, ∗)}n∈N converges to the space (X,M, ∗).
For, we have to prove that there exists, for all t > 0, i0 ∈ N such that,

MGH(Xi, X, t) > (1− εi−2) , for all i ≥ i0.

Notice that, by definition of the non-Archimedean Gromov-Hausdorff fuzzy metric, it suffices to prove

that

HM i(Xi, X, t) > (1− εi−2) , for all i ≥ i0.

For this, fix t > 0 and choose i0 such that, for all i ≥ i0, εi < t. Let [(xj)] ∈ X. For all εi with i ≥ i0,
we know that limn,jM

nj(xn, xj , εi) = 1, so that we can find n ≥ i such that

lim inf
j

Mnj(xn, xj , εi) > 1− εi.

Then,

Mn(xn, [(xj)], t) = sup
s<t

lim inf
j

Mnj(xn, xj , s) = sup
εi<s<t

lim inf
j

Mnj(xn, xj , s) > 1− εi.

Claim: Given xn ∈ Xn, there exists y ∈ Xi such that M in(y, xn, t) ≥ (1− εi−1).
Indeed, from Lemma 4.10 and Lemma 4.12, HM in(Xi, Xn, εi) > (1− εi−1) which implies

M in(Xi, xn, εi) = sup
y∈Xi
{M in(y, xn, εi)} > (1− εi−1) .

Thus, there exists y ∈ Xi with

M in(y, xn, t) ≥M in(y, xn, εi) > (1− εi−1)

which proves our claim.

Now, from

M ij(y, xj , s) ≥M in(y, xn, s) ∗Mnj(xn, xj , s) for all s > 0,

we obtain

M i(y, [(xj)], t) = sup
s<t

lim inf
j

M ij(y, xj , s)

≥ sup
s<t

lim inf
j

(
M in(y, xn, s) ∗Mnj(xn, xj , s)

)
= M in(y, xn, t) ∗Mn(xn, [(xj)], t)

≥ (1− εi) ∗ (1− εi−1) > (1− εi−2)

for i ≤ n < j. We have just proved that M i(Xi, [(xj)], t) = supy∈XiM
i(y, [(xj)], t) > (1− εi−2) for

every class [(xj)] ∈ X. Therefore

(4.1) inf
[(xj)]∈X

M i(Xi, [(xj)], t) > (1− εi−2) .

Put y = xi ∈ Xi. In a similar way, for each j ≥ i we can successively find xj ∈ Xj with

N j,j+1(xj , xj+1, t) ≥ (1− εj). Then the sequence (xj) defines a class in X and
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M i(y, [(xj)], t) = sup
s<t

lim inf
j

M ij(y, xj , s)

≥ sup
s<t

lim inf
j

j−1∏∗

k=i

Nk,k+1(xk, xk+1, s)

≥ sup
εi<s<t

lim inf
j

j−1∏∗

k=i

Nk,k+1(xk, xk+1, εk)

≥ (1− εi) ∗ (1− εi+1) ∗ . . . ∗ (1− εj−1)

> (1− εi−1) > (1− εi−2) .

We have just obtained M i(y,X, t) = sup(xj)∈XM
i(y, (xj), t) > (1− εi−2), for every y ∈ Xi, so that

(4.2) inf
y∈Xi

M i(y,X, t) > (1− εi−2) .

Equations (4.1) and (4.2) imply

HM i(Xi, X, t) > (1− εi−2) for all i ≥ i0.

Thus,

MGH(Xi, X, t) > (1− εi−2) for all i ≥ i0,

and the sequence {(Xi,Mi, ∗)}i∈N converges to (X,M, ∗). By Theorem 4.9 (c), the proof is completed.

�

Our next theorem provides a link between the Gromov-Hausdorff distance on the realm of metric spaces

and the non-Archimedean Gromov-Hausdorff fuzzy distance. A well-known equivalent definition of

dGH (see, for example, [3, p. 79]), which will always be used in the sequel, can be given as follows:

dGH is the infimum of all ε > 0 such that there exists a metric d in the disjoint union X tY of X and

Y , extending the metrics of X and Y (that is, an admissible metric), such that dH(X,Y ) < ε. It is

a well-known fact that dGH is a metric in the isometric class M of nonempty compact metric spaces.

A sequence {(Xn, dn)}n∈N of (compact) metric spaces converges to a (compact) metric space (X, d) if

dGH(Xn, X) approaches to zero when n tends to infinity.

We will prove that the classical Gromov-Hausdorff convergence of a sequence {(Xn, dn)}n∈N of metric

spaces is equivalent to the convergence of the sequence {(Xn,Mdn , ·)}n∈N in the non-Archimedean

Gromov-Hausdorff fuzzy metric. First a lemma which follows from a straightforward calculation and

it is left to the reader.

Lemma 4.14. If (X, d) is a metric space, then the following conditions hold:

(i) For all p > 1, d(x, y) < 1/(p2 − p) if and only if Md(x, y, 1/p) > 1− (1/p).

(ii) For all p > 1, Md(x, y, 1/p) ≤ 1− (1/p) if and only if d(x, y) ≥ 1/(p2 − p).

Theorem 4.15. A sequence {(Xn, dn)}n∈N of compact metric spaces is dGH-convergent if and only if

the sequence {(Xn,Mdn , ·)}n∈N is MGH-convergent.
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Proof. Sufficiency. Suppose that {(Xn, dn)}n∈N converges to (X, d), that is,

lim
n
dGH (Xn, X) = 0.

Then, given ε > 0, there exists n0 such that, for every n ≥ n0,

dGH (Xn, X) < ε,

so that there exists an admissible metric d̃n on Xn tX such that (d̃n)H(Xn, X) < ε (n ≥ n0). By [25,

Proposition 3], the non-Archimedean fuzzy metric

(M
(d̃n)H

, ·) =

(
t

t+ (d̃n)H
, ·

)
(t > 0)

coincides with the fuzzy metric (HM
d̃n
, ·). Therefore HM

d̃n
(Xn, X, t) >

t
t+ε for all n ≥ n0 and all

t > 0. Since the fuzzy metric (M
(d̃n)H

, ·) is admissible on Xn tX for all n ≥ n0, we have just showed

that

lim
n
MGH(Xn, X, t) = 1,

for all t > 0, that is, the sequence {(Xn,Mdn , ·)}n∈N converges to (X,Md, ·).

Necessity. It suffices to show that every subsequence of {(Xn, dn)}n∈N has a subsequence converging

to the same metric space (X, d). Since {(Xn,Mdn , ·)}n∈N is a convergent sequence, we have that

{(Xn,Mdn , ·)}n∈N is a precompact set. Then Lemma 4.14 tells us that {(Xn, dn)}n∈N is precompact

so that every subsequence has a dGH -Cauchy subsequence.

Let {εn}n∈N be a sequence as in Lemma 4.10. It simplifies the argument, and causes no loss of

generality, to assume that {(Xn, dn)}n∈N is dGH -Cauchy sequence satisfying the property

dGH(Xn, Xn+1) <
1

p2n − pn

with limn(1/pn) = 0 and εn <
1
pn

for n = 1, 2, . . ..

Now, by definition of the Gromov-Hausdorff metric, we can choose admissible metrics dn,n+1 on

Xn tXn+1 such that

dn,n+1
H (Xn, Xn+1) <

1

p2n − pn
for n = 1, 2, . . ..

Now, by Lemma 4.14 and [25, Proposition 3], we have

HMdn,n+1 (Xn, Xn+1, 1/pn) > 1− 1

pn
, for every n = 1, 2, . . .

As in Lemma 4.11, we can consider an admissible non-Archimedean fuzzy metric on Xi tXj defined

as follows: for x ∈ Xi and y ∈ Xj ,

M i,j(x, y, t) = sup{
j−1∏
s=i

Mds,s+1(xs, xs+1, t) : xs ∈ Xs (xi = x, xj = y}.
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Consider now the space

X̂ = {(xj) : lim
k,j

Mk,j(xk, xj , t) = 1, for every t > 0 }

constructed as in Theorem 4.13 (remember that (xj) is a sequence with xj ∈ Xj for all j ∈ N). We

know that (X̂,M, ·) is a non-Archimedean pseudometric fuzzy space, where

M((xj), (yj), t) = sup
s<t

lim
j
Mdj (xj , yj , s), for all t > 0

and

M((xj), (yj), 0) = 0.

Notice that the existence of M((xj), (yj), t) (t > 0) above implies the existence of

d̂((xj), (yj)) := lim
j
dj(xj , yj)

and, consequently, d̂ is a pseudometric on X̂.

Now, define an equivalence relation on X̂ as follows:

(xj) ∼ (yj) if, and only if, d̂((xj), (yj)) = 0

and take the quotient space X = X̂/ ∼. In the usual way, the pseudometric d̂ defines a metric, say d,

on X. The construction of the limit space of Theorem 4.13 tells us that the sequence {(Xn,Mdn , ·)}n∈N
MGH -converge to (X,Md, ·). We close the proof by showing that the sequence {(Xn, dn)}n∈N converges

to (X, d) in the Gromov-Hausdorff distance. For see this, we first construct an admissible metric on

Xi tXj by putting

di,j(xi, xj) = inf{
j−1∑
k=i

dk k+1(xk, xk + 1) : xk ∈ Xk, k = i+ 1, . . . , j − 1}

for every xi ∈ Xi and xj ∈ Xj and every i < j. It is easy to show that

Mdi,j (x, y, t) ≥M i,j(x, y, t).

Define now, for every y ∈ Xi and [(xj)] ∈ X,

di(y, [(xj)]) := lim sup
j

di,j(y, xj)

which is an admissible metric on Xi tX. Taking the standard fuzzy metric Mdi associated to di, it is

easy to show that, for all t > 0,

(∗)
Mdi(y, [(xj)], t) =

t

t+ di(y, [(xj)])
= sup

s<t

s

s+ di(y, [(xj)])

= sup
s<t

lim inf
j

Mdi,j (y, xj , s) ≥ sup
s<t

lim inf
j

M i,j(y, xj , s).

As in the proof of Theorem 4.13, M i(y, [(xj)], t) := sups<t lim infjM
i,j(y, xj , s) is an admissible non-

Archimedean fuzzy metric on Xi t X verifying that, for all t > 0, there exists i0(t) such that, if

i ≥ i0(t), then εi < t and

HM i(Xi, X, t) > 1− εi−2.

Now, put ti = 1
pi

for all i ∈ N. By the above property, we can find ji ≥ i such that εji ≤ (1/pi) and

HMji (Xji , X, 1/pi) > 1− εji−2 > 1− εji > 1− (1/pi).

By equality (∗),
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HM
dji

(Xji , X, 1/pi) > HMji (Xji , X, 1/pi) > 1− (1/pi),

and Lemma 4.14 tells us that

djiH(Xji , X) <
1

p2i − pi
.

Therefore dGH(Xji , X) < 1
p2i−pi

. We have just proved that the subsequence {(Xji , dji)} dGH -converges

to (X, d). Since the sequence {(Xn, dn)}n∈N is dGH -Cauchy, this completes the proof. �

The previous result tells us that we can obtain the topological properties induced by the classical

Gromov-Hausdorff convergence by means of the fuzzy non-Archimedean Gromov-Hausdorff distance.

In addition, the following result is a straightforward consequence of Lemma 4.14 and permits us to

obtain the completeness Gromov-Hausdorff theorem as an implication of our outcomes.

Lemma 4.16. A sequence {(Xn, dn)}n∈N of compact metric spaces is dGH-Cauchy if and only if the

sequence {(Xn,Mdn , ·)}n∈N is MGH-Cauchy.

Now, Theorem 4.13 and Theorem 4.15 imply

Theorem 4.17. (Gromov-Hausdorff completeness theorem) If {(Xn, dn)}n∈N is a dGH-Cauchy se-

quence of compact metric spaces, then {(Xn, dn)}n∈N is convergent.

5. Conclusion

We have introduced the notion of the non-Archimedean fuzzy Gromov-Hausdorff convergence and we

have established the connection between this kind of convergence and the classical Gromov-Hausdorff

convergence. We have also shown its basic properties. Considering that Gromov’s theory is widely

used in a variety of ways, our results provide a new area for future research and also for further

applications of the fuzzy theory.
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[26] J. Rodŕıguez-López, S. Romaguera and J.M. Sánchez-Álvarez, The Hausdorff fuzzy quasi-metric. Fuzzy Sets and

Systems 161 (2010), no. 8, 1078–1096.

[27] V. Gregori and S. Romaguera, Some properties of fuzzy metric spaces. Fuzzy Sets and Systems 115 (2000), no. 3,

485–489.

[28] A. Sapena, A contribution to the study of fuzzy metric spaces. Appl. Gen. Topol. 2 (2001) 63–76.

[29] A. Sapena and S. Morillas, On strong fuzzy metrics, in: Proc. of the Workshop in Applied Topology WiAT09, pp.

135–141.

[30] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 313–334.

[31] B. Schweizer and A. Sklar, Probabilistic Metric Spaces, North-Holland, Amsterdam, 1983.

[32] C. Sempi, Hausdorff distance and the completion of probabilistic metric spaces. Boll. U.M.I. 6-B (1992) 317–327.

[33] H. Sherwood, On the completion of probabilistic metric spaces. Z. Wahrsch. very. Geb. 6 (1966) 62–64.

[34] R.M. Tardiff, Topologies for probabilistic metric spaces. Pacific J. Math. 65 (1976) 233–251.

[35] P. Veeramani, Best approximation in fuzzy metric spaces. J. Fuzzy Math. 9 (2001) 7580.


